ALGEBRA 2: CLASS FIELD THEORY

DR. EDGAR ASSING

ABSTRACT. In this lecture we will develop class field theory using the abstract
cohomological approach. The main references are [4] and [5]. These notes are for
personal use only and are likely to contain mistakes and misprints. At this place
I would like to thank the students of my course (WS 22/23 Bonn) who helped
to find and fix many misprints already. This script includes supplementary
exercises (without solutions), which where prepared with the help of Dr. B.

Michels.
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1. INTRODUCTION

We start with a brief motivation using ideas from [6]. Let f € Z[X] be a monic
irreducible polynomial and let p be prime. Write f,(X) € F,[X] for the unique
polynomial with

fp(X) = f(X) mod p.
Note that f, will not remain irreducible in general. One possibility is that f,(X)

factors into a product of distinct linear factors. In this case we say f(X) splits
completely modulo p. Set

Spl(f) = {p: f(X) splits completely modulo p}.

Question. Can we describe the factorization behavior of f,(X) as a function of
p? Or can we at least give a rule determining the set Spl(f)?

An answer to this ill posed question is a reciprocity law.

Example 1.1. Suppose f(X) = X? — ¢ for some fixed odd prime ¢q. There are
obviously three possible ways in which f, can factor:

fo(X) = (X —a)* & p {24},
q

RO = (X =) (X +a) @ pespl() e (1) = 1p# 2. and

fp(X) is irreducible < (%) =—1,p#2,q.

A direct consequence of quadratic reciprocity is that for p # ¢,2 we have

(q) _ (g) if g =1 mod 4,

p (—1)%" (g) if ¢ = 3 mod 4.

This gives us a clean description of the set Spl(f) in terms of congruence conditions
modulo 4q.

Exercise 1.1. Let ®, be the nth cyclotomic polynomaual, then it can be shown that
Spl(®,,) = {p: p =1 mod n}.

For more general f the situation becomes very complicated. Let’s take a look
anyway. We factor

n

f(X) = H(X — ;) € C[X] for n = deg(f).

i=1

The splitting field Ky = Q(ov, ..., a,) of f is a finite Galois extension of Q. For
simplicity we write Gy = Gal(Kf|Q). Let O = Ok, be the ring of integers of Ky
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and recall that this is a Dedekind domain. In particular we can decompose
pOx = [ %
i=1

and we have O/P; = F,; for all i. (Facts from Algebra 1: If e > 1, then
p | Dk, Furthermore we have ref = n.)
Recall that Gal(FF,s|F,) is generated by the Frobenius automorphism
p:a—>al.
This leads us to the following definition:

Definition 1.1. For p { D, we define the Artin Symbol op, € Gal(K;|Q) of B;
by requiring
og,(a) = a” mod B,

for all a € O.

Note that if B; # P;, then there is 7 € Gal(Kf|Q) such that 7(B;) = P, and
one has

op; = TaqgiT_l.
Thus we define the Artin Symbol o, of p to be the conjugacy class
Op = CGal(Kf|@)(O-‘43i) - Gal(Kf‘@>

for some 1.

From now on we suppose that Gal(K|Q) is abelian (i.e. f is an abelian poly-
nomial). Let

Lo, = (p: p1 Di,) € Q%

In this case the Artin symbol gives rise to a group homomorphism
0: p,, — G(f),

the so called Artin Map.

Lemma 1.2. Suppose f is an abelian polynomial. Up to finitely many exceptions
we have p € Spl(f) if and only if o, is trivial.

Proof. See Sheet 3, Exercise 1 below. it

We have the following deep result (containing essentially all the class field theory
over Q):

Theorem 1.3 (Q-version of Artin Reciprocity). Suppose Gal(K|Q) is abelian.
Then the Artin Symbol gives rise to a surjective group homomorphism o : FDKf —

Gal(K¢|Q) whose kernel contains the so called ray class group
' ={reQ*: 7“:2, (¢,da) =1 and ¢ = d mod a}

for a suitable a consisting of ramified primes (i.e. primes dividing Dy, ).
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Proof. This will follow from a more general theorem at the end of the course. G

Equipped with these tools we can return to our question of determining Spl(f).
Indeed we get

{p: p=1mod a} C* Spl(f),

where C* stands for inclusion up to the possibility of finitely many exceptions. To
make the set a little nicer to study we put

Spl(f) = [Spl(f) U {p = 1 mod a}] \ {p | a}.

One is led to the following very pleasing result:

Theorem 1.4 (Abelian Polynomial Theorem). If f is abelian, the §§1( f) can be
described by congruence conditions with respect to a modulus that only depends on

f. Furthermore, if Spl(f) is described by congruence conditions, then f is abelian.
A key ingredient for the second part of the theorem is:

Theorem 1.5. Let f, g € Z[X] be irreducible polynomials. Then
Ky C K, < Spl(g) C* Spl(f).
To highlight the strength of this result suppose that we know
{p =1 mod n} C* Spl(f)
for some n. Then, recalling that Spl(®,) = {p =1 mod n} we find that
QC Ky CKs,.
This implies that f is abelian. But we have seen even more:

Theorem 1.6 (Kronecker-Weber, 1853). Every abelian extension of Q is contained
i a cyclotomic field.

This classical theorem can be thought of in some sense as the origin of class field
theory.

Sheet 0, Exercise 1: Let d be a square free integer. Show that there is a mth root
of unity ¢, so that Q(+v/d) is contained in the cyclotomic field Q(¢,,). (Remark:
This is a special case of the Kronecker-Weber Theorem we will prove later in the
lecture.)

Sheet 0, Exercise 2: Let p be a prime and n > 2. Show that the nth cyclotomic
polynomial ®,, factors into distinct linear factors modulo p if and only if p =
1 mod n. (Hint: The following result can be used. Let a € [, be an nth root of
unity so that a? # 1 for all proper divisors d of n. Then X — a divides ®,,.)
Sheet 1, Exercise 1: Let K = Q((,) be the nth cyclotomic field. Recall the
definition of

F”:{CEZ € Q*: (¢,d) = (ed,n) = 1}
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as well as the definition of the Artin map
o: ', = Gal(K|Q) = (Z/nZ)*

above. Compute o explicitly and determine its kernel.

Sheet 2, Exercise 1: Let u, be a primitive nth root of unity and let Q C K C
Q(¢,) be a tower of filed extensions. Write D for the discriminant of K. Recall
the definition of I',, from Sheet 1, Exercise 1. We define the Artin maps

o) T, — Gal(K|Q) and ¢ @) : T, — Gal(Q(¢,)|Q)

as above. Show that the diagram
(Q(¢n)

I —— Gal(Q(¢)|Q)

l |

K)

T'p, —2 5 Gal(K|Q)

K
commutes and use the result from Sheet 1, Exercise 1 to deduce that the Artin
map o) : T'p, — Gal(K|Q) is surjective.
Sheet 3, Exercise 1: Let L|K be a finite Galois extension of algebraic num-
ber fields and let p be unramified in L such that pOp = Py --- P, for distinct
primes By, ...,P,. Consider the local fields I’ = K, and F; = Lg,. Recall the
identification

G(Bi) = {o € Gal(L|K): oB; =B} = Gal(E;|F)

of the decomposition group with the Galois group of E;|F. Under this identification
the Frobenius automorphism® is defined by

(L|K> _,
Pi Bl
LIK

(1) Show that p splits completely in K if and only if ( T

K3

> =1 for some 1.

Assume that L|K is abelian and let S denote the set of ramified primes p’ of
K. Write I2 for the group of fractional ideals in K generated by all primes not
in S. Then we can define the Artin Map opx: Iy — Gal(L/K) by extending
p— (%—f) multiplicatively. Write I7 for the pre-image of I under the norm
map Nrrzx.

(2) Show that NrL|K<[E> Q ker(0L|K).
Sheet 10, Exercise 3: Let K = Q(v/d) # Q. Show that K has an abelian

extension which is not contained in K(¢) for any root of unity . (Hint: Find
u € K such that K (y/u) is not normal over Q.)

"n the first lecture we used oy, because we were only working over Q. This notation is
slightly more standard keeping track of the extension L|K.
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2. RECAP: GALOIS THEORY AND PRO-FINITE GROUPS

We assume some familiarity with the Galois theory of finite extensions. The
theory for infinite extensions is slightly different and a brief introduction can be
found for example in [3, Chapter IV]. We start with an example:

Example 2.1. Consider the field [F,, with algebraic closure Fp. Then the Galois
group Gg, = Gal(F,|F,) contains the Frobenius automorphism ¢ given by

o(x) = 2? for all z € F,,.

Note that the fixed field of () = {¢": n € Z} is also F,. But it can be shown
that () is not G,, which is somehow counter intuitive from the point of view of
classical Galois theory.

To fix the theory we have to introduce some topology and define pro-finite
groups.

Lemma 2.2. Let T be a Hausdorff topological space. Then the following are
equivalent:

(1) T is the topological inverse limit of finite discrete spaces;

(2) T is compact and every point in T has a basis of neighborhoods consisting
of subsets that are closed and open;

(3) T is compact and totally disconnected.

Proof. (1) = (2): Since finite discrete spaces are compact and the inverse limit
of compact spaces is compact we can focus on the second property of 7" in (2).
But by definition of the inverse limit topology every point in T has a basis of
neighbourhoods consisting of sets of the from f~'(W), where W is a subset of a
finite discrete space V and f: T — V is a continuous map. These sets must be
open and closed.

(2) = (3): Let t € T be a point and let C; be the connected component of .
Since T is compact, C; is the intersection of all closed and open subsets containing
t. But since T is Hausdorff we obtain C; = {t} by (2). This shows that 7" is totally
disconnected.

(3) = (1): We write I for the set of equivalence relations R C T x T on T
such that 7'/ R is finite and discrete in the quotient topology. The set [ is partially
ordered by inclusion. Further it is directed, since Ry N Ry is in I if R; and R, are.
We will show that the canonical map ¢: T — 1&1 Rer T/R is a homeomorphism.

Surjectivity can be shown as follows. For an element {tg}res € m T /R the

sets (pr o @) (tr) are non-empty and compact. A finite intersection of these sets
will be still non-empty and by compactness

¢ ({tr}rer) = ﬂ (pro @) (tr) # 0.

Rel



ALGEBRA 2: CLASS FIELD THEORY 7

To see that this map is injective we take t,s € T with t # s. Since s is not
in the connnected component of ¢ there exists an open closed subset U C T with
t € U and s ¢ U. We define an equivalence relation R by (z,y) € R if and only if
x,y € U orz,y ¢ U. Note that R € [ and (r,s) € R.

We are done since a continuous bijection between compact spaces is a homeo-
morphism. s

Definition 2.1. A totally disconnected compact (Hausdorff) space T is called a
pro-finite space.

A topological group G is a group equipped with a topology so that the maps
G—G,g—~gtand G x G — G,(g,h) — gh are continuous.

Lemma 2.3. Let G be a Hausdorff topological group. Then the following are
equivalent:

(1) G is the topological inverse limit of finite discrete groups;

(2) G is compact and the identity in G has a basis of neighborhoods that consists
of normal subgroups that are open and closed;

(3) G is compact and totally disconnected.

Proof. (1) = (3): This is obvious since the inverse limit of compact and totally
disconnected spaces is compact and totally disconnected.

(2) = (1): Let U run through a system of neighbourhoods of the unit element
e € (G, which consists of open normal subgroups. We claim that the canonical
homomorphism

¢: G — lmG/U
U

is an isomorphism. Since G is Hausdorff the map is clearly injective. Now we take
r={ay}ly € im G JU. Arguing as earlier (finite intersections are non-empty and
we are intersecting compact spaces) we find that

¢ (@) = (65" (zv) # 0

so that the map is surjective. Since ¢ is open it must be a homeomorphism. Note
that the quotients G /U are discrete and compact and therefore finite.

(3) = (2): We already know that the underlying topological space is pro-
finite. In particular, every point has a basis of neighbourhoods consisting of open
closed subsets. Recall that an open subgroup is automatically closed (as it is
the complement of the union of its non-trivial cosets). Take any open closed
neighbourhood of the unit element e. We define

V={veU:UvCU}and H={heV:h '€V}

We claim that H is an open subgroup of G. Firstly we need to establish openness.
Fix v € V, so that by definition uv € U for all uw € U. Thus there is a neighbour-
hood U, of u and a neighbourhood V,, of v such that U,V,, C U. The open sets U,
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cover U and by compactness we find a finite sub-cover U,,, ..., U,,. Define
Vo=V, N...N0V, .

This is an open neighbourhood of v contained in V. Doing this for every v € V
shows that V is open and we conclude that H = V NV ~!is open. To see that H
is a group we first note that ¢ € H and that H~! = H. Now take z,y € H. We
find that Uzy C Uy C U so that zy € V. Similarly we see that y~'z~! € V. This
directly implies zy € H as desired. Thus we have found an open subgroup H of G
contained in U. In particular H has finite index in G and there are only finitely
many distinct conjugates of H in (. Taking the intersection of these yields an
open closed normal subgroup of G' contained in G. if

Definition 2.2. A totally disconnected compact (Hausdorff) topological group is
called a pro-finite group.

Example 2.4. Let p be a prime number. The rings Z/p"Z with n € N, form a
inverse system with respect to the projections Z/p"Z — Z/p™Z for n > m. The
inverse limit

Ly = lgl Z]p"Z
is the ring of p-adic integers. Viewed as an additive group it is pro-finite. Similarly
we can consider the inverse system Z/nZ with projections Z/nZ — Z/mZ when
n | m. The inverse limit of this system is the so called Priifer ring:

Z=1mZ/nZ.
It can be shown that Z = 1, Zp.

Given a field F we write F for a separable algebraic closure of F. Given a
finite extension E of F we write G = Gal(F|E). In particular G is the absolute
Galois group of F'. Our goal is to equip G with a topology, the so called Krull
topology, turning it into a pro-finite group.

Let 0 € G, then a basis of (open) neighborhoods of ¢ is given by cosets o - G,
where E ranges over finite Galois extensions of F (in F).

Proposition 2.5. Fquipped with the Krull topology G is a pro-finite group. Fur-
thermore we have

Gr = lim Gal(E| F)

where we consider the inverse family of finite Galois groups Gal(E|F') indexed by
finite Galois extensions E of F.

Proof. Multiplication and taking inverses are obviously continuous with respect to
this topology, so that G is a topological group.

Next we show that G is Hausdorff. Given 0,7 € G with o # 7, then there
exists a finite Galois extension E|F (in F) such that o|g # 7|g. Thus we have

O'GEQTGE:@.
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That G is pro-finite now follows from Lemma 2.3. The representation as pro-
jective limit is immediate. it

Corollary 2.6. We have
Gy, 2 7.

Proof. Recall that we have the isomorphisms Gal(F«|F,) — Z/nZ given by send-
ing the Frobenius automorphism ¢,, to 1 mod nZ. Taking projective limits con-
cludes the proof. i

Theorem 2.7 (Fundamental theorem of infinite Galois theory). The assignment
K + Gal(F|K) is a one to one correspondence between extensions K|F (in F)
and closed subgroups of Gr. The open subgroups of G correspond precisely to the
finite extensions of F (in F).

Proof. First note that every open subgroup of G is also closed. Indeed it is the
complement of the union of its non-trivial open cosets.
Next, suppose E|F is a finite extension and let N|E be the normal closure of
E. Then Gg is open, since each ¢ € G has the open neighborhood ¢ -Gy C Gg.
We can now show that given an arbitrary extension K|F the Galois group
Gal(F|K) is closed. Indeed

Gal(F|K) = (G,

where K;|F varies over all finite sub-extensions of K|F. Thus, according to our
previous observations, Gal(F|K) is the intersection of closed subgroups and there-
fore closed.

Note that the assignment is obviously injective, because K is the fixed field
of Gal(F|K). It remains to be seen that it is surjective. Let H be an arbitrary
closed subgroup of Gr and denote the fixed field of H by K. We obviously have
the inclusion H C Gal(F|K). To see that equality holds we argue as follows.
Let 0 € Gal(F|K). Given a finite Galois subextension L|K of F|K, we see that
o - Gal(F|L) is a fundamental open neighborhood in Gal(F|K). The map H —
Gal(L|K) is surjective by the main theorem of finite Galois theory. Therefore, we
can choose 7 € H such that 7|, = o|, (i.e. 7 € HNo - Gal(F|L)). Therefore,
o belongs to the closure of H in Gal(F|K). Since H is closed we conclude that
o € H. Thus we have seen that H = Gal(F|K).

Finally let H C G be an open subgroup. Then H is also closed. By the first
part of the theorem we find that H = Gal(F|K). Note that we can cover Gp
with the cosets of H, which are open and disjoint. By compactness we conclude
that there is only a finite number of these. In other words, H = Gal(F|K) has
finite index in Gr. This implies that K|F is of finite degree and the proof is
complete. it
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Sheet 1, Exercise 2: Let p be a prime and consider the finite field [, with
algebraic closure F,. Let ¢ be the Frobenius automorphism in Gr, = Gal(F,|F,)
and let H = (¢) C GF, be the group it generates.

(1) Construct a non-trivial sequence {a, },en of positive integers such that
a, = a,, mod m
whenever m | n. (The following two sequences are trivial: The constant
sequence a,, = a for some a € N and the identity sequence a,, = n.)
(2) Use the sequence from a) to construct an element in Gy, \ H, showing that
H # Gf,.
Sheet 1, Exercise 3: Let G be a group and let { H, },ey be a sequence of normal
subgroups of finite index satisfying H, O H,; and such that () H, is trivial. We
call a sequence (2, )nen @ Cauchy sequence (in G) if for every r € N there is N € N
such that for all n,m > N we have z,,x,,! € H,. Let C denote the set of all Cauchy
sequences in G. Further we call (x,),eny a Null sequence, if for all » € N there is
N € N such that for all n > N we have z,, € H,. Let N denote the set of all Null
sequences.
(1) Show that C' is a group with respect to the term wise product and that
N C C is a normal subgroup. This allows us to define the completion
G = C/N of G. Further, show that the map G > =z — (z,2,...) € C
induces an embedding G — G.
(2) Show that the completion G and the inverse limit m G /H, are isomorphic.

Sheet 1, Exercise 4: Show that 7 = Hp Z,, as topological groups. (The definition
of the pro-finite groups Z and Z,, (for p prime) can be found in Example 2.4 above.)
Sheet 10, Exercise 2: Let G be a pro-finite group. A closed subgroup H C G
is called a p-Sylow subgroup of G, if for every open normal subgroup N C G the

group HN/N is a p-Sylow subgroup of G/N. Compute the p-Sylow groups of Z
and Z*.
p

3. LocAL FiELDS

Roughly speaking local fields are certain locally compact fields. (Note that every
field with the discrete topology is locally compact, so that we will need to be more
precise.) We will roughly follow the exposition from [3, Chapter IT].

Definition 3.1. Let F' be a field. An absolute value of F'is a map |-|: FF — R
such that

(1) |z| > 0 and |z| = 0 if and only if z = 0;

(2) Jzyl = |2llyl,

(3) |z +yl < fz| + lyl.
The last property is called triangle inequality. A tuple (F,|-|) of a field F' and
an absolute value of F' is called a valued field.
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Example 3.1. The fields R and C can be equipped with the well known standard
absolute value |-|o.

Example 3.2. Let F' be a field equipped with a discrete valuation v (i.e. the field
of fractions of a DVR). Then |z| = ¢*(®) with ¢ > 1 defines an absolute value on
F'. Note that we have

o] = ) < 200 < mmax(al, Jy),

Definition 3.2. Let F' be a field with absolute value |-|.
(1) The absolute value |-| defines a topology on F' via the metric d(x,y) =
[z —yl.
(2) If ||+ is another absolute value, we say that |-| and ||, are equivalent
when they define the same topology on F.
(3) The absolute value |-| is called non-archimedean if it satisfies the strong
triangle inequality

|+ y| < max(|z], [y]).
Otherwise |-| is called archimedean.

Note that the trivial absolute value is given by || = d,—¢. Since it defines the
discrete topology on F' it will be excluded from now on.

Proposition 3.3. Two absolute values ||y and |-|s on F are equivalent if and only
if there exists a real number s > 0 such that one has

|z|y = |x|5 for all x € F.

Proof. Obviously |-| and |-|* define the same topology. Now let |-|; and |-|2 be two
equivalent absolute values. In particular we have the implication

|z <1 = |z]p < 1.

(This is because |z|; < 1 amounts to {z"},en converging to 0.) We fix y € F' with
lyl1 > 1. For x € F* we find a € R so that |z|; = |y|{. We can take a rational
approximation ** — « from above. In particular we obtain

X

n; T
<l = |

n;
e |2 < 1.

We conclude |z, < |y|;*. By taking the limit we see that |z|, < |y|$. Approxi-
mating « from below yields the opposite inequality so that

[zl = lyl3.
We get
log(lz) _ log(lyl1) _

log(|zl2)  log(lyl2)
Clearly s is positive, since |y|; > 1 so that also |y|s > 1. i
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Remark 3.4. Note that if v is a discrete valuation on a field F', then the two

absolute values |-|; = ¢;"" and || = ¢;°" define equivalent absolute values on

F.

Theorem 3.5 (Approximation Theorem). Let |-, ..., ||, be pairwise inequivalent
absolute values of a field F'. For all ay,...,a, € F and every e > 0 there ezists
x € F so that

lx —a;|; <€ foralli=1,... n.

Proof. We first claim that there is z € F such that |z|; > 1 and |z]; < 1 for
7 = 2,...,n. This is done by induction. For n = 2 we argue as follows. Since
||y and |-|,, are inequivalent there are o, € F so that |a|; < 1 < |a, and
1Bln < 1 < |Bly. We set y = g to find an element with |y|, < 1 < |y[;. We
can take z = y. For n > 2 we assume that we have found 2’ with |2’|; > 1 and
|2'|; < 1for j =2,...,n—1. Suppose |2|, <1, then z = 2"y will do the job for

m sufficiently large. If |2’|,, > 1, then we consider the sequence ¢, = % We

observe that this sequence converges to 1 with respect to |-|1, ||, and to 0 with

respect to |-|; for j =2,...,n — 1. For m sufficiently large we can set z = t,,y.
Now by permuting the indices we can run the same argument and find 24, ..., 2,

m

such that ¢\ = 1-Z+7 converges to 1 with respect to |-|; and to 0 with respect to

the other absolute values. We can then take
x = altgi + .+ apt™

mn

for sufficiently large integers mq,...,m,. it

Proposition 3.6. An absolute value |-| on a field F' is non-archimedean if and
only if the sequence (|n|)nen is bounded.

Proof. If F is non-archimedean then the strong triangle inequality shows
In|=1+...+1 <1.

To see the other direction we assume that |n| < N for all n € N. For any x,y € F
with |z| > |y| we have |z|"|y|"" < |z|" for v > 0. We get

n & n v, |n—v n
e +yl" <) I(U>|Il°| ly["" < N(n+ 1)[z|"
v=0

We get

[z +yl < Nv(1+ )7 max(fal, [y]).
We obtain the strong triangle inequality by taking n — oo. it
Exercise 3.1. Classify all absolute values of Q up to equivalence. More pre-

cisely, show that all absolute values of Q are equivalent to |-|s (when they are
archimedean) or |-|, for some prime p (when they are non-archimedean).
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Definition 3.3 (and Lemma). Let F' be a field equipped with a non-archimedean
absolute value |-|. Then we define the valuation ring of F'by O = {x € F: |z| <
1}. The units in O are O* = {x € F: x| = 1} and O has a unique maximal ideal
p={z € F: |z| < 1}. (In particular the ring O is a valuation ring.) The residue
field of O is £ = O/p.

Proof. Exercise. it

Definition 3.4. We define the valuation v on F' associated to |-| by v(z) =
—log(|z|). If there is a positive s € R such that v(F*) = sZ, then v is called
discrete. We say that v is normalized if s = 1.

Remark 3.7. If v is discrete and normalized, then O is a DVR and all non-zero
ideals of O are given by p" = w"-O = {z € F: v(x) > n}, where w is a uniformizer
(i.e. a fixed element @ € F with v(w) = 1). Furthermore, one has p™/p"™! = ¢.

Note that one can always assume that the valuation associated to |-| is normal-
ized after possible replacing |-| by an equivalent absolute value.

Given a field F' with non-archimedean absolute value |-| so that the associated
valuation v is discrete and normalized we introduce the following additional no-
tation: We write U™ = 1 + p” for the higher unit groups. For convenience we set
UY = O, Further, if £ is finite, let #& = ¢ = p/, where p is the characteristic of &.
Recall that f is the degree of £ over F, and ¢ = (O: p). The (normalized) absolute
value associated to v is given by

Recall that a noetherian integal domain R is a Dedekind domain if and only if
the localizations R, are DVR’s for all prime ideals p # 0 of R. Thus our discussion
so far applies to localizations of Dedekind domains and their fields of fractions
equipped with the appropriate absolute value. This will later turn out to be our
main source for local fields.

Before we further venture in this direction we return to the more general situa-
tion of a field F' equipped with a non-trivial absolute value.

Definition 3.5. A valued field (F, |-|) is called complete if every Cauchy sequence
(@n)nen in F' converges to an element a € F. (i.e. lim,_,oo|a, —a| =0.)

Remark 3.8. Any valued field (F,||) gives rise to a complete valued field (F,|-|)
via the usual completion process, which should be well known from Analysis 1.
(See the basic example (Q, ||o0) ~ (R, |"|s0)-)

Theorem 3.9 (Ostrowski). Let (F,||) be a complete valued field and suppose that

|-| is archimedean. Then there is an isomorphism o from F onto R or C satisfying
|z = [o(2)[%

for all x € F' and some fixed s > 0.
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Proof. Note that since |-| is archimedean the characteristic of F' must be 0 so that
it contains Q. By replacing || by |-|~® we can assume without loss of generality,
that the absolute value restricted to Q coincides with the normal absolute value
|'|so- Since F'is complete it must contain a completion of Q@ which is isomorphic

to R. Thus there is an isomorphism o: R — Q C F so that |a| = |o(a)].
We conclude the proof by showing that each x € F satisfies a quadratic equation
over R. Define

f(2) = |2* — Trer(2)z + Nrgr(2))-
Note that the image of f is in [0, 00). Because lim,_, f(z) = oo we find that f(z)
has a minimum, say m which is attained:

S={z€C: f(z) =m} #0.

We claim that m = 0, which concludes the proof.
We take zp € S such that |zg| > |z| for all z € S. This is possible because S is
nonempty bounded and closed. Suppose that m > 0. We look at

9(X) = X? — Trer(20) X + Nrgr(20) + €, for 0 < e < m.
Let z1, 21 be the two complex roots of this polynomial. These satisfy
2121 = Nrgr(20) + €,
so that
21| > |20l (1)
We consider the auxiliary polynomial

2n

G(X) =[g(X) =" = (=" = [ [(X — @)

i=1

Obviously G(z1) = 0 = G(z1) so that without loss of generality we can assume
z1 = «ay. Evaluating at x and rearranging products we find

G(x)|* = H Flag) > flz)m2 L,

On the other hand we can estimate

|G(z)] < f(z0)" + € =m" +€".

TG

Taking n — oo we find that f(z;) < m. By definition of m this implies f(z;) = m
so that z; € S. Now (1) is a contradiction to the maximality of z. 1

Remark 3.10. We call the fields R and C archimedean local fields.

We obtain
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Definition 3.6. A non-archimedean complete valued field (F) |-|) whose associated
valuation is discrete and the residue field is finite is called a non-archimedean
local field. A local field F is a field that can be equipped with an absolute value
|-| so that (F,|-|) is either a archimedean or non-archimedean local field.

Remark 3.11. Alternatively one can define a local field to be a non-discrete locally
compact topological field. This is somehow the cleaner definition, but for our
purposes the route taken appears to be quicker.

Proposition 3.12. Let (F,|-|) be a non-archimedean valued field with completion
(F,|]). Then we have O/p = O/p (i.e. the residue field is invariant under taking
completions). Furthermore, if the valuation v associated to || is discrete, then we
have

Ofp" = O/p" and O = 1im O /p".

Similarly one has O = lm ox/un.
Proof. Exercise. (See Sheet 3, Exercise 3 at the end of this section.) i

Lemma 3.13 (Hensel). Let (F,|-|) be a complete valued field with non-archimedean
absolute value |-|. Suppose that f € O|X]| admits a factorization

f =gh mod p (2)

modulo p into relative prime polynomials G, h € ¢[X]. Then f admits a factor-
ization f = gh into polynomials g,h € O[X] such that deg(g) = deg(g) and
g=79 modp and h = h mod p.

Proof. Put d = deg(f) and m = deg(g). We must have d — m > deg(h). We take
any polynomial go, hg € O[X] such that go = g mod p, hg = h mod p, deg(go) = m
and deg(hy) < d —m. Since h and g are relative prime there are polynomials
a,b € O[X] so that
ago + bhg = 1 mod p.

Consider the polynomials f — goho and agg + bhy — 1 and pick a coefficient of
minimal absolute value. We call this coefficient w. (Note that w € p.) Start-
ing here we want to define sequences g, and h, inductively and take the limit.
Thus we take n > 1 and suppose that ¢, ; and h,_; are defined such that
f = gn-1hp—1 mod (@"), ¢» = gp—1 mod (@w") and h, = h,—1 mod (w"). Put
fo=@"(f — gn-1hn—1) € O[X]. We make the Ansatz

In=09n1+@" -p,and h, = h,_1 + @" - qn,

for some polynomials p,,,q, € O[X] with deg(p,) < m and deg(g,) < d —m as
follows. Since

f - gnhn = wn(fn — gn—-1qn — hn—lpn)
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we get the condition

Gn—1Gn + hu_1Pn = godn + hopn = fn mod (o).
We define p,, by”
b fn=aq90+Pn
for deg(p,) < deg(go) = m. Since, by construction, the highest coefficient of gy is
a unit we have ¢ € O[X] and get

go(afn + hoq) + hop, = fn mod ().

We let ¢, be the polynomial obtained from ¢ by dropping all coefficients divisible
by w. It is easy to check that deg(g,) < d —m. This completes the inductive
process.

Obviously ¢ = lim, o0 g, and h = lim,,_, h, exist (due to completeness) and
do the desired job. it

Theorem 3.14. Let (F,|-|) be a complete valued field. Then |-| may be extended
in a unique way to an absolute value on any given algebraic extension E|F. If
E|F is of degree n < 0o, then the extension is given by

o] = Nrgje ()~ (3)
and (E,||) is again complete.
Proof. The archimedean situation can be easily treated using Ostrowski’s theorem.
Thus we assume that we are in the non-archimedean situation.
Note that (3) defines a valuation for finite extensions. Since every algebraic
extension is the union of finite subextensions this shows the existence of an ex-

tended valuation. Thus we only need to show uniqueness. Suppose | - |" is another
extension with valuation ring O%. We claim that

Op ={a € E: Nrgjp(a) € Op} C OF.

Indeed take a € Of \ O with minimal polynomial
flz) =2+ az ' + .. +agforay,...,a5€ Op.

Note that a~! € p’;, where p; is the unique maximal ideal of Q. Inserting o in
f, dividing by a? yields

O=1+aat+.. . +aa e 1+ pls,
which is a contradiction. Thus O C O and

o] <1 = |of < 1.

The latter implies that the valuations |- | and |- | are equivalent. (This is a quick

application of the approximation theorem.) Equality follows, since they agree on
F.

2We would want to use goafn + hobfn, = fr, mod (w). The only problem with this is that the
degree might become too large.
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Completeness can be reduced to standard analytic facts for finite dimensional
vector spaces and we omit the details. i

Theorem 3.15. The non-archimedean local fields are precisely the finite exten-
sions of the fields Q, and F,((t)).

Proof. That finite extensions of Q, and FF,((¢)) are non-archimedean local fields
should be clear.

Conversely, let (F,|-|) be a non-archimedean local field. We write p for the
characteristic of the residual field and ¢ for its size. If the characteristic of F' is
0, then F contains Q and the restriction of | - | to Q must be equivalent to | - |,.
We directly obtain Q, C F. That the extension is finite follows from standard
topological considerations (i.e. local compactness). If the characteristic of F' is
positive, one can show that F' =T, (¢) and F,((t)) C F. i

We gather some important facts on the unit group of a non-archimedean local
field F.

Theorem 3.16. Let F' be a non-archimedean local field. We have a decomposition
F* =0 x (w),
where @ is a generator of p (i.e. w is a uniformizer).
Proof. Once w is fixed every element x € F'* can be written as = u - @w” with
u € O* and k = v(x) € Z. This gives the sequence
150" = F* %70,
which splits. i

Theorem 3.17. Let F' be a non-archimedean local field. The group O* is an open
compact subgroup of F*. (In particular it is closed.) Furthermore, the group F*
18 locally compact.

Proof. We can cover O* by the open sets a - U' = a + p where a ranges over
a € O\ p. Therefore O* is open. Compactness follows by the (topological)
isomorphism O* = T&l@x /U™, Every point in F'* is contained in the compact
set w™ - O for some n € Z. This makes F'* locally compact and concludes the
proof. s

Lemma 3.18. Let F' be a non-archimedean local field of characteristic zero. For
m € N and sufficiently large n € N the map x — 2™ induces an isomorphism

U — g,
Proof. Take x =1+ a - w" and compute

m

xm:(1+a-w”)m:1+a-m-w”+(2

) ca? @+ ... =1mod p"tm.
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To see surjectivity we need to solve the equation
l+a- @™ =14+m- =" z+xf(z)
in z. Note that f € Z[X]. Writing m = u - @"™ yields the equivalent equation
—atu-z+" M. f(z) =0.

For m > v(n) this can be solved using Hensel’s lemma.
If we choose n large enough, so that U™ contains no m-th roots of unity, then
the map is also injective. it

Corollary 3.19. Let F be a non-archimedean local field of characteristic zero.
For every m € N the group of m-th powers F™* is an open subgroup of F*.

Furthermore,
[o.¢]

() Fm={1}.

m=1
Proof. Take ™ € F™*. Then, for sufficiently large n, we have

This is a neighbourhood of z.
Next take a € (~_, F"™*. Then we must have a € O*. Thus we can write
a = uyy with u,, € O for all m. This can only be true if a € (1,5, U" = {1}. &

Theorem 3.20. Let F' be a non-archimedean local field. The index of (F*)™ in
F* is finite and given by
[ F™ :m.qv(m) HF, = m

m|

where F, is the group of m-th roots of unity in F. If F' has positive characteristic
p, then we need to assume that (m,p) = 1.

£ Fm,

Proof. One way to see this is by using structural properties of Q. However,
there is (in our opinion) a more elegant way to see this using the Herbrand quo-
tient, which we will introduce later. Therefore we postpone the proof to Sheet 7,
Exercise 2 below. it

Corollary 3.21. Let F' be a non-archimedean local field of characteristic zero. We
have [Op: (Op)™] = |m|™ - £F,,.

Let (F,|-|r) be a non-archimedean local field and let vp be the associated nor-
malized discrete valuation. We will consider a finite extension E|F of degree n.
Then (F,|-|g) is a non-archimedean local field where |-|g is the unique extension
of |-|p. The associated valuation is given by

wel() = S0 (N ().
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In particular vp(F>*) C wg(E*). Similarly we have an inclusion of residue fields
tr C tg.

Definition 3.7. The index e = e(E|F) = [wg(E*): vp(F*)] is called the rami-
fication index of the extension E|F. The degree f = f(E|F) = [g: tp] is called
the inertia degree.

Proposition 3.22. Let E|F be a finite extension of non-archimedean local fields.
One has [E: F] = ef.

Proof. The inequality [E: F] > ef holds in general and does not need any as-
sumptions on the valuations. Indeed we can argue as follows. We choose a basis
wi,...,ws of Egltr. We can lift this basis to Og (by choosing representatives).
Abusing notation we will again denote the lifted basis by wi,...,w;. Next take
70, -+, Te—1 € Op\ {0} to be representatives of the cosets in wg(E™)/vp(F*). We
claim that w;m; are linearly independent over F'. Suppose

e—

f
Z Z Qi W;T; = O,

1
i=0 j=1

where a;; € I' are not all 0. We consider the j-sums s; = Zle ajwj. If s; # 0,
then wg(s;) € vp(F™). Now there are at least two indices iy, s so that wg(s;,m;,) =
wg(8i,m;,), but this contradicts the choice of the ;’s.

To see equality we need to use completeness.” Put M = Zf;ol Z;.c:l Opw;;.
We claim that O = M, which then completes the proof. First note that O =
M + prOpg. But since piM C M we get

Orp =M+ p30g

for all v > 1. We conclude that M is dense in Of. This completes the proof, since
M is closed by construction. it

Definition 3.8. A finite extension E|F is called unramified if the extension
of the residue fields ¢g|tr is separable and one has [E: F| = [¢g: €p]. An arbi-
trary algebraic extension is called unramified if it is the union of finite unramified
extensions.

Proposition 3.23. Let E|F and F'|F be two extensions of a non-archimedean
local field F (inside ). Put E' = EF'. Then E|F is unramified implies that
E'\F" is unramified. In particular, each subextension of an unramified extension
s unramified and the composite of two unramified extensions is unramified.

Proof. As usual we can assume that E|F is finite. Note that the extension of
residue fields €z |€r is separable and finite and thus generated by a primitive ele-
ment @. Let o € O be some lift of @ with minimal polynomial f € Op[X]. We

30ne could also assume that F |F' is separable and vp is discrete.
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have the inequality

[ex: tp] < deg(f) = deg(f) = [F(a): F] < [E: F] = [tg: tp].
We conclude that £ = F(a) and f is the minimal polynomial of @ over £z. This
implies ' = F'(«).

To see that E'|F is unramified we consider the minimal polynomial g € O [X]
of a over F’. In view of Hensel’s Lemma the reduction g of ¢ must be irreducible
so that we get

[EE/Z EF/] S [E/Z F/] = deg(g) = deg(g) = [Ep(&): EF/] S [EE/Z EF/]
We find that [E': F'] = [tg: €] so that the extension is unramified. i

Definition 3.9. Let F' be an non-archimedean local field and let E|F be an
algebraic extension. Then the composite T'|F of all unramified subextensions is
called the maximal unramified subextension of E|F.

Proposition 3.24. The residue field €1 of T is the separable closure of € in the
extension of tg|tr. The value group of T equals that of F.

Proof. Let @ € g be separable over €. We need to show that @ is in the residue
field of T. Let f € ££[X] be the minimal polynomial of @ with lift f € Op[X].
Then f is irreducible and using Hensel’s Lemma we see that it has a root « so that
a =a mod pg. This means [F(a): F| = [¢p(a): £x] so that F'(«)|F is unramified.
This gives F'(«) C T and thus @ is in the desired residue field.

The claim concerning the value groups is immediate. i

The following construction makes unramified extensions so important. Recall
that if E|F is an unramified extension, then we have e = 1 so that

The unramified extension is always normal and we have

Gal(E|F) = Gal(tg|tr).
The isomorphism is explicitly given by

o(rx+pg) =0r+pg.
Recalling that the group Gal(tg|tr) is cyclic and generated by a canonical auto-
morphism leads to the following definition
Definition 3.10. The automorphism ¢pr € Gal(E|F) that induces the automor-
phism

T — 77, for T € €.
on the residue field £z is called the Frobenius Automorphism.
Theorem 3.25. Let L O E D F be two unramified extensions of F'. We have
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Proof. This follows directly from the definition. it

Sheet 2, Exercise 2: Let O be a discrete valuation ring with valuation v and
unique maximal ideal p C O and field of fractions K. Suppose that the residual
field is finite and write ¢ = #O/p. Define the absolute value |z| = ¢~*®) on K.

(1) Show that | - | is indeed an absolute value and that it satisfies the strong
triangle inequality. (In other words show that (K, |-|) is a non-archimedean
valued field.)

(2) Define the sequence of subgroups {H,},en (of (O,+)) by H, = p". Show
that for a sequence (a,)nen in O the following are equivalent:

e (a,) is a Cauchy sequence (resp. (a,) converges to 0) with respect to
| - | (in the usual sense);
e (a,) is a Cauchy sequence (resp. (a,) is a Null sequence) with respect
to the sequence of subgroups { H, },cn as defined on Sheet 1, Exercise 3.
(3) Write O for (any) completion of @ and show that the field of fractions

K, = Q(O) is a non-archimedean local field.

Sheet 2, Exercise 3: Classify all absolute values of Q up to equivalence. The
candidates are:

e The usual absolute value |z|y = sgn(z) - z; and
e The p-adic absolute values defined by |z|, = p~%®) where v, is the usual
p-adic valuation.”
One can now proceed as follows

(1) Show that all the candidate absolute values are pairwise inequivalent.

(2) Show that each non-archimedean absolute value | - | is equivalent to | - |,
for some p. (Hint: Consider the ideal a = {a € Z: |a| < 1} in Z).

(3) Show that each archimedean absolute value |-| is equivalent to |- |.. (Hint:

Show first, that for all n,m € N one has |m|1°g%m> = |n|m)
(Bonus: What about the function field K = F,(X)?)
Sheet 2, Exercise 4: Let p be a prime.
(1) Show that Q, contains the (p—1)th roots of unity. (Hint: Hensel’s Lemma.)
(2) Determine all roots of unity in Q,.
(3) Show that @, contains infinitely many quadratic extensions Q(v/D) of Q.
Sheet 3, Exercise 2: Recall the absolute values of Q:
e The archimedean valuation: |z|, = sgn(x) - with corresponding comple-
tion Q4 = R;
e The non-archimedean absolute values indexed by primes p: |z|, = pur@)
with corresponding completion Q,.

40On Z it is defined by v,(0) = —oo and wv,(m) = k if k is the largest integer so that p* | m.
One then extends v, from Z to Q in the obvious way. Note that p is always prime in this context.
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(It was shown in Exercise 3, Sheet 2 that these are all inequivalent and exhaust
all possible absolute values up to equivalence.) Put P = {p prime } U {o0}.

(1) Show that for each x € Q we have

H ||, =
veEP
(2) Use the Approximation Theorem (i.e. Theorem 3.5) and 7 = [1,7Z, as
topological groups (see Exercise 4 from Sheet 1) to show that Z is dense in
Z.
(3) Let
(yv)ve’P € H @;}(
veP

and assume that for all but finitely many primes p we have y, € Z;. Show
that there are ¢, € Q* such that

Yp/ Gy € Z;

for all primes p and yoo/q, € Rxo.
Sheet 3, Exercise 3: Let (F,|-|) be a non-archimedean valued field with discrete
valuation v associated to |-|. with completion (F,|- -[). We write O for the valuation
ring in F and p for the unique maximal ideal in 0.

(1) Show that O/p” = O/p" and O Hm O/p".

(2) Show that O*/U" = (O/p)* and O* = lim O*/U".
This establishes most of Proposition 3.12. Note that all isomorphisms are to pre-
serve topologies, where all finite sets carry the discrete topology. (The statement
O/p = O/p from Proposition 3.12 is implicit in Exercise 2.c) from Sheet 2.)
Sheet 3, Exercise 4: Let E|F be an unramified extension of non-archimedean
local fields of characteristic 0. The corresponding residue fields are denoted by £g
and tp. Given xz € O we write T for the image in €5. Write n = [E: F|. Prove
that the norm map Nrgp: Op — Oj is surjective. One can argue as follows:

(1) Take z € Op and show that for T € £r there is @ € € such that
NrgE‘EF(E) =7 and EE = EF(E)
(2) Argue as in (the proof of) Proposition 3.23 of the lecture (notes) that
E = F(«a) for a lift « € Of of @.
(3) Conclude the proof by playing with the lift « to find a preimage of x under
the norm map Nrgp.
Sheet 4, Exercise 1: Let F' be a non-archimedean local field. Recall that an
infinite extension F|F is called unramified if it is a union of finite unramified

subextensions. Let F,, be the composite of all unramified extensions of F (in F).
We call F,, the maximal unramified extension of F'.
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(1) Let ¢ be a primitive p™-th root of unity. Show that the extension Q,(()
is totally ramified, in other words e(Q,|Q,) = [Q,(¢): Q,]. (Hint: Look at
the element 1 — ¢ € Z,[(].)

(2) Show that the maximal unramified extension of QQ, is obtained by adjoining
all roots of unity of order prime to p.

(3) Show that the maximal unramified extension of F,((T)) is

JF,- (1) CF,((T)).

seN

5

Sheet 9, Exercise 4: Set F' = Q,,, write p,» for the group of p"th roots of unity
and put £ = F(u,»). Show that

NE|FEX = Up X (p).

It can be used that the map exp: p*Z, — 1+ p*Z,, (defined by the usual power
series) is an isomorphism for n > 1 if p is odd and n > 2 if p is even.

4. COHOMOLOGY OF FINITE GROUPS

We will now introduce the basic Cohomology theory for finite groups. Note
that parts of this material were already discussed in Algebra 1. We will closely
follow [4].

4.1. G-modules, group rings and basic definitions. Let G be a finite group
(written multiplicatively). A G-module A is an abelian group on which G operates
so that
la=a, o(a+b) =oca+oband (67)a = o(ra),
for a,b € A and 0,7 € G.
The basic example of a G-module is the group ring Z[G]. It comes with the
map, called augmentation,

The augmentation ideal is I = ker(e).
We call the element
Ng = Z o c Z[G]
oeCG

the norm (sometimes also trace) of Z[G]. With this element we define the co-
augmentation by

w: Z — Z|Gl,n — n- Ng.

This is [3, Chapter II, Section 9, Exercise 3]. However it seems that in loc. cit. the formulation
is slightly inaccurate.
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The image of this map defines an ideal and we set Jg = Z[G]/Z - Ng. We get the
two exact sequences

0— Ig — Z[G] > Z — 0, (4)
025 Z[G] = Jg — 0.
of rings.
Lemma 4.1. As group Ig is the free abelian group generated by {oc — 1: 0 €
G\{1}}. Similarly Jg is the free abelian group generated by {o mod Z-Ng: o # 1}.

We have
ZIG| =2 187 = Js B Z.

Proof. The proof follows by observing that for x = Y _.n,0 € Z[G] we can write
T = Z ne(o —1) Z ny)l
1#0€G celG
Similarly we have the unique decomposition

x = Z (ne —nq)o +ny - Ne.
1#£0€eG

Lemma 4.2. We have I = Ann(Z - Ng) and Z - N = Ann(lg).
Proof. Let x =) __ons0. We compute

v Ng =Y ne(o-Ng) = (an>

ceG celG
In particular, - Ng = 0 if and only if > __.n, = 0. This implies the first claim.
The second claim is a similarly easy exercise. i

Definition 4.1. Let G be a finite group and A a G-module. We define the 4
submodules:

“={a€A:ca=aforaloecG}
NgA ={Nga: a € A},
NgA={a € A: Nga =0} and
IcA=A{ Z ne(0a, — ay): ay € A}.
1#0€G
We call A® the fixed group of A and NgA the norm group of A.
Given G-modules A and B we turn Hom(A, B) = Homyz(A, B) into a G-module

by setting
of =cofoo ! foroc€ G and f € Hom(A, B).
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Note that Homg(A, B) = Hom(A, B)¢.
Similarly we turn A ® B = A ®z B into a G-module by setting
ola®b)=c0a®cbforac A, be Band o €G.

Given two G-homomorphisms A M A and B B we get
(h,g): Hom(A', B) — Hom(A, B'), f +> go foh, and
h®@g: A9 B— A ®B',a®br h(a)® g(b).

Remark 4.3. Recall the definitions of flat, injective and projective G-modules.
Note that in particular for free Z-modules exactness of short exact sequences is
preserved under taking Hom and tensor products: If

0=-X—=>Y—=>2-=0
is a short exact sequence of free Z-modules, then
0 — Hom(A, X) — Hom(A,Y) — Hom(A, Z) — 0,
0 — Hom(Z, A) — Hom(Y, A) - Hom(X, A) — 0,
0> X®RA->YRA—>Z®A—0and
02 ARX 2 AQY - A®Z =0

are also exact.

Definition 4.2. Let G be a finite group. A complete free resolution of the
(trivial) G-module Z is an exact sequence

d d_
X, EE X & X X X
of free G-modules X, so that the diagram

<
S

— X_q ¢ do XO
Z
0 0

commutes. (All the maps are G-homomorphisms.)

Remark 4.4. Note that a complete free resolution is indeed a combination of two
free resolutions. Originally one serves for the definition of cohomology, while the
other is used to define homology. However, connecting both makes the theory
much more elegant.

Example 4.5. The following standard resolution is constructed based on ideas
from algebraic topology.
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We define Xy = X_; = Z[G] and
X,=X_a= P zZG)(or....00) forqg>1.

These are by definition free. The G-homomorphisms ¢ and p are now simply the
previously introduced augmentation and co-augmentation maps. Furthermore, the
G-homomorphisms d, are defined on the (free) generators (o4, ..., 0,) by setting

dol = Ng and dy(0) =0 — 1,

q—1

dq(O'l, PN ,O'q) = 0'1(0'2, c. ,O'q) + Z(—l)i(dl, e e30i-1,0041,042, ... ,Oq)
=1
+ (=1)4(01,...,04-1) for ¢ > 1,

d1=> [0 (c) = (0)] and
oeG

d_g-1(o1,...,04) = ZO'_I(O', O1y...,04) + Z Z(—l)i(al, e, 0i1,0,0,0 i,

oelG ceCG i=1

+ Z(—l)qﬂ(al, coy04,0) for —g—1<—1.
oG

Obviously we must have dy = poe (noe(l) = pu(l) = Ng = dpl). Thus we need
to check exactness of the sequence (X;),ez. We first consider the right part
04— Z +— Xo ¢2 X, <2 Xy <5
We define
E:7Z— Xy, 1—1,
Dy: Xo — X1, 0 (0) and
D,: Xy = X1, 00(01,...,04) — (00, ...,04).
We check that
FEoe+dyoDy=1d and Dy_; ody + dgy1 0 Dy = 1d.
This directly implies
ker(e) C Im(d;) and ker(d,) C Im(dy41).

On the other hand one directly checks that € o d; = 0. This shows exactness at
Xo. We continue by induction on ¢ and show that d; o d,; = 0. Note that

dy=(Dy—20dy;_1+dy0D,1)od,=d,0D, 10d,
by induction hypothesis (d,—1 o d, = 0). On the other hand
dy = dyo (Dy—10dy+dgi10Dy) =dyoDyyody+dyodyir oDy

,0q)
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Substracting these two formulae gives
dgodyii 0Dy =0.

But each cell in X, is in the image of D,, so that d, o dy1 = 0 as claimed.
Note that we directly obtain the sequence

0 — Hom(Z,Z) — Hom(Xy,Z) — Hom(X;,Z) — ...
which is exact since we are dealing with free Z-modules. Of course we have Z =
Hom(Z,Z) and an elementary calculation shows that X_, 1 = Hom(X,,Z) and
that the maps d_,_; arise naturally. Thus we get that the sequence
Iz d—y d—2 d_3
0=2Z—>X_1 > X o= X 53— ...
is exact. It remains to show the exactness at X, which is an elementary task.

We continue to work with the standard complex from the previous example. Let
A be a G-module and define

A, = Homg(X,, A).

The G-homomorphisms z: X, — A are called g-cochains of A. We get the
sequence

o— [ 0 e} 0! 0
B A AL A A B A, B

Note that because d,od,1 we directly get 0,100, = 0 so that Im(9,) C ker(Jy+1).
We define

Z, = ker(0y41) and R, = Im(0,).
Elements in Z, are called g-cocycle, while elements in Iz, are g-coboundaries.
Definition 4.3. Let ¢ € Z. We call
HY(G,A)=Z2,/R,
the gth cohomology group of the G-module A.

Remark 4.6. Note that the cohomology groups H 97!(G, A) are precisely the clas-
sical homology groups usually denoted by H,(G, A). This unification of homology
and cohomology goes back to J. Tate and will prove to be very useful.

We start by looking at the meaning of certain cohomology groups of small di-
mension. First observe that

AO = A,1 = Homg(Z[G], A) = A.

Furthermore
A,=A 1 ={z: G! - A} for ¢ > 1.
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Also the first couple of maps 0, of the standard complex are very simple:

0_1(z) = Z(J_lx(a) —x(0)) for x: G — A,
Oo(x) = (]7\6751: for x € A and
O(z) =ox —x for x € A.
We obtain directly the following
o 7y =ker(0y) = n,A and R_; = Im(0_;) = IgA. This gives
H NG, A) = y,A/IA.
o 7y =ker(0,) = A% and Ry = Im(9y) = NgA. This gives
H(G, A) = A /N¢A,
which is the norm residue group of the G-module A.
e The 1-cocycles are functions z: G — A with dyx = 0 (i.e. z(o7) = oz(T)+

z(o) for 0,7 € G). The l-coboundaries are functions z(¢) = ca — a with
fixed a € A. Note that, if G operates trivially on A, then we have

HY(G, A) = Hom(G, A).
Remark 4.7. Let us consider the following situation. Given a short exact sequence
05A5BLC—0
of G-modules we obtain the related exact sequence
0— A% 5 B L 06
Observe that by passing to the G-fixed modules we loose surjectivity of 5. This
can be explained as follows.
Take x € C. Since j is surjective there is b € B, so that j(b) = c¢. However, it
is not clear that b € B¢. The best we know is that
jlob—b) = o(j(b)) —j(b) = oc—c=0.

In other words ob — b € ker(j) and by exactness ob — b € Im(i). Thus there is
a, € A so that i(a,) = ob —b. The map o — a, is a 1-cocycle with coefficients
in A. Further note that the only choice we made was the choice of the pre-image
b of c. Suppose there is another one: j(b') = ¢. Then we find another 1-cocycle

/

al. The difference between a, and a is precisely a 1-coboundary. We conclude

that we can associate to each ¢ € C“ a unique cohomology class a, € H'(G, A).
Note that @, = 0 if we can choose b € BY in the first place. In summary we have

constructed a canonical homomorphism C¢ S H Y(G, A) so that the sequence
0— A% 5 BY L 09 % HY(G, A).

18 exact.
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Remark 4.8. Let A be a (multiplicatively written) abelian group and let F' be an
arbitrary group. Our goal is to classify groups G containing (up to isomorphism)
A as a normal subgroup such that G = CAJ/A

First suppose there is such a G. For cach o € G take a pre-image u, € G. In
particular each element of G can be written as

a-u, witha e A, o €.

By normality of A we have u, - a = a’u,. This turns A into a G-module. (More
precisely a® = u,au;'.) We also write

Uptly = (0, T) - Uyr for z(o,7) € A.
We claim that (o, 7) is a 2-cocycle. To see this we first observe
(Uotr )ty = (0, T)Ugru, = x(0, T)2(0T, p) - Ugrp
= Uy (Urty) = U (T, p)Urp, = 27 (T, p)Ustr, = 27 (T, p)2(0, TP) * Usrp.

Here we have only used associativity and the definitions. As a result we get

(o, )x(oT, p) = 27(7, p)a(o, 7p)
as desired. R

Choosing different representatives u/, of G /A we obtain a different system z/(o, 7)
of 2-cocycles. Tt is easy to check that these differ by the 2-coboundary 95 (u, u*t).

In summary we have seen that an extension Gof G gives rise to a unique class in
H*(G, A) given by z(o, 7). Furthermore, the multiplication table of G is uniquely
determined by the system z(o, 7).

On the contrary given an abelian group A and a homomorphism h: G — Aut(A)
we can turn A into a G-module by setting oa = h(c)a. (All G-module structures
on A arise this way.) Taking ¢ € H%(G, A) will give us a solution G to the extension
problem as follows: We let G be the group generated by elements u, for 0 € G
and a € A modulo the relations

a’ = uzau,' and uyu, = (0, T)Ugr,

where z(0,7) is a 2-cocycle in c. It is easy to verify that G has the desired
properties.

Sheet 4, Exercise 2: Let GG be a pro-finite group and let A be a G-module. We
endow A with the discrete topology. Show that the the following properties are
equivalent:
(1) The action G x A — A is continuous (where G’ x A carries the product
topology);
(2) For every a € A the subgroup G, = {g € G: ga = a} is open;
(3) We have A = |J,; AV where U runs through open subgroups of G and
AY ={a € A: ua =a for all u € U}.
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(If G is a topological group, then one usually distinguishes abstract G-modules and
topological G-modules. In the latter case A is a (Hausdorff) topological (abelian)
group and the G-action is assumed to be continuous. The exercise characterizes
those abstract G-modules which can be turned into topological G-modules by
endowing them with the discrete topology.)

Sheet 4, Exercise 3: In this exercise we are trying to explain the genesis of the
standard complex, which was introduced in the lecture in an ad-hoc way.

We start with the projections

di: G" — G™, (0¢,...,64,...,0,) fori=0,...,n.
Put M"(G, A) = Map(G™**, A). This is a G-module with the action
[0x](00,...,0,) = olz(c 0y, ...,07 0,)] where z € M™(G, A).

We define the maps®

n

0" )00, .. 0n) = > (=1)'z(00, ..., 6i,...,00).

i=0
from M" (G, A) to M"(G, A). One obtains an exact sequence
0= AL MG, A) S MYG, A) S 2GS
Passing to G-fixed maps we obtain the so called homogeneous cochains:
C"(G,A) = M™(G,A)° = {z: G"" = A: 5x(00,...,0,) = x(000,...,00,)}.

One obtains a complex

oG, A) L ova, A S oG, A) S
but exactness is lost in general. One attaches the cohomology groups

H™"(G, A) = ker(9"1) /Im(9") for n > 1.

These groups agree with the (Tate) cohomology groups defined in the lecture (for
n > 1). To show this one executes the following exercises:

(1) Let C°(G, A) = A and let C"(G, A) be the abelian group of maps G" — A.
Show that the map r: C"(G,A) > z — y € C"(G, A) given by

y(0-17-..,0'n) :x(l,al,alazj___7o'1-..O'n>

is an isomorphism of abelian groups and compute its inverse.
(2) Write down the maps 9" that make the following diagram commute:

6This is a natural construction maybe familiar from algebraic topology. Indeed, the d;’s induce
the maps df : M"1(G,A) - M"(G, A). Then 0" =Y (—1)"d;.
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cr i@, A) L 0@, A)

cY(G, A) —2— C™(G, A)

(3) Use the computation from the exercise above to identify the complex

(G, A) B, A B era ) s
with the complex Ag — A1 — Ay — ... from the lecture (notes).

Sheet 4, Exercise 4: A G-set X is simply a set with an G-action. (At the moment
we do not include any topological considerations.) An A-Torsor is a G-set X with
a simply transitive right-A-action,” which is compatible with the G-action.® We
write Tors(A) for the set of all isomorphism classes of A torsors.

(1) Give an example of an A-torsor.
(2) Show that H'(G, A) = Tors(A) as sets.

4.2. The long exact sequence. Let A and B be two G-modules together with
a G-homomorphism f: A — B. This canonically induces a homomorphism

?q: HY(G,A) - HYG,B)
constructed as follows. First,
(o1, ...,00) — f(x(on,...,00)).

gives a homomorphism f,: A, — B,. Note that 0,11 0 f; = fg4+1 0 Og41 so that we
get the commutative diagram

g1
y Ay —— Agyr —— -+

q
lfq lfq-ﬁ-l
0,
\ Bq

+1
“— Byp1 —— -

In particular, f, induces the desired homomorphism 7q.

Theorem 4.9. Suppose 0 - A — B — C — 0 is an exact sequence of G-modules.
Then there is a canonical homomorphism

6,0 HI(G,C) — HT™ (G, A)
called the connecting homomorphism (or also d-homomorphism,).

Proof. The construction is based on the snake lemma and was given in Algebra 1
(as an exercise). i

A simply transitive right action is a map X x A — X, (z,a) — za, such that for all z,y € X
there is a unique a € A with y = za.
8Compatibility means that o(za) = o(z)o(a) holds for all ¢ € G, z € X and all a € A.
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Theorem 4.10. A short exact sequence
05A5BL0=0

induces a long exact sequence

= HY(G,A) S HY(G, B) 2% HY(G,C) % HIY(G, A) — ...

Proof. Note that the relevant maps are given by
gq: [ag] = [iag],
Jq: [bg] = [jbg] and
Oq: [cq] = lag+1] with [cq] = [jbg] and [0by] = [iag41].
We can directly read off that
Jq©lqg =040, =lqs100,=0.

This implies the inclusions

Im(iq) C ker(j,), Im(j,) C ker(d,) and Im(dy) C ker(ig 1)

We compute the other inclusions by hand:

o Take [by] € ker(j,). Thus we can write jb, = Jcq—y for some ¢,_1. Choose
bg—1 so that jb,_1 = c4—1. Then j(b, — 0b,—1) = 0. So we can assume that
by is chosen so that jb, = 0. But then there is a, with b, = ia,. Since
ida, = Ob, = 0 this a, is a cocycle and we have [b,] = i,[a,] € Im(i,). Thus
we have Im(i,) 2 ker(j,).

o Let [¢,] € ker(d,). Let ag41 and b, be so that d,[c,] = [ag41] = 0, ia,41 =
ob, and ¢, = jb,. Since [a,4+1] = 0 we have a,41 = Ja,. One obtains
d(bg —iag) = 0 and ¢, = j(by — iay). This yields [c,] = j,[by — iay] so that
Im(j,) 2 ker(d,).

o Let [a,11] € ker(igy1), so that ia,y; = Ob, for some b,. Put ¢, = jb,.
Observe that dc, = 0jb, = jOb, = jias1 = 0. Thus ¢, is a cocycle and
[ag+1] = 84]c,) € Tm(5,). We have seen that Tm(d,) D ker (i, ).

This completes the proof of exactness. i

Theorem 4.11. Suppose 0 — A 5 B 0 = 0 s exact then we obtain the exact
sequence
0— A% - BY - C% - H'(G,A) - H(G,B) — ....

Proof. Note that we have explicitly constructed the map C¢ — H'(G, A) in Re-
mark 4.7.
The homomorphism §: C% — HY(G, A) is given by

CC = CC/NgC = H(G,C) 8 HY(G, A).
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Obviously we only need to check exactness at C¢. Take ¢ € Im(j|ge). Thus
c=j(b) with b € B¢ and we get

5¢ = bo(c+ NeC) = 6o(jb + NaC) = 60jo(b + NeB) = 0.

In particular, Im(j|ge) C ker(9).
On the other hand if ¢ € ker(§), this means ¢ € CY and §c = dy(c + NgC) = 0.
Then we have

Thus ¢ = jb+ Ngc'. Choose b’ € B with jb' = ¢/. Then we have ¢ = jb+ Ng(jb') =
jb+ jNgt' € j(BY). Thus Im(j) = ker(§) and we are done. i

Theorem 4.12. Let

N S BENYG s 0

RN

y ;
' 5 B y O s 0

0 >

0 5

be a commutative diagram of G-modules with exact rows. Then the diagram

HY(G,C) —2 HH (G, A)

lﬁq l?q+ 1

HY(G, ") —2y Hot (G, A
18 commautative.

Proof. We need to show that fqﬂ 00, = 04 oﬁq. To do so we only need to use the
definition of §,. Take [¢,] € HY(G,C). We pick g, and a,41 so that ¢, = jb, and
iag11 = Oby. Then d4[c,| = [a,4+1] and we have

(7q+1 © 6q)[cq] = fq+1[aq+1] = [fanrl]-

Next put ¢, = heg, b, = gb, and a = fage1. We deduce that ¢, = j'b, and
Ob, = i'ay ;. As a result we have (0, o hy)lcy] = d,lc;] = [fags1]. This completes
the proof. if

Theorem 4.13. Given the commutative diagram
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0 0 0
0 s A s A s A s 0
0 s B’ s B s B —— 0
0 s O s C s O —— 0
0 0 0

of G-modules with exact rows and columns, we have the corresponding commutative
diagram

H™YG, ") ——2—— HI(G, ")
Js |-
HY(G, A" ———— HTY@G, A

Proof. Let D be the kernel of the composition B — C' — C”. We define

e i: A - A® B by setting ia’ = (a,b') where A’ 5 @’ — a € A and
Asd—lVeb.

e j: A® B — D by d(a,l/) = dy — dy where A > a+ dy € D C B and
B' 35V w—dyeD.

We obtain the exact sequence
0-A5AeB L D0

and the commutative diagram

A > A > A" > B” > O
o o] A B
A —5 AeB — > D > B > C"
fIdl lOEB(—Id) V l lld
A > B’ > O > C > O

The dotted arrows stand for G-homomorphisms that can be added to the diagram
without destroying its commutativity. Indeed Im(D — B”) C Im(A” — B”) and
A" — B" is injective (resp. Im(D — C) C Im(C" — C') and C" — C' is injective).
By using the previous theorem we obtain
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HY(G,C") ———— HY(G,A") ——— H(G, A')

q I q

HT™YG,C") ———— HYG,D) ———— HY(@G, A)
lld l —Idl
HY(G,0") ——— HYG, (") —2— HI(G, A
and the proof is complete. it
Theorem 4.14. Let {A;: i € I} be a family of G-modules. Then we have

HY(G, P A) = P HIG, Ai) and
H(G, [T 4) = [[H(G. A).

Proof. We only proof the first statement, since the second one follows from essen-
tially the same argument.
Put A = §;A;. We have

A, = Homg(X,, A) = @ Homg (X, A;) = P(Ai),.

i

This leads to the diagram

o A N

~

[}

e @A~ Ay —

<R—

which yields the desired isomorphisms. it

4.3. Induced Modules and dimension shift.

Definition 4.4. A G-module A is called G-induced, if it can be represented as
A=73" cooD for asubgroup D C A.

The easiest example of an G-induced G-module is the group ring Z[G|]. In general
G-induced G-modules are of the form Z[G] ® D for arbitrary abelian groups D.

Lemma 4.15. Let A be a G-module and let X be a G-induced module. Suppose
H C G is a subgroup.

(1) X ® A is a G-induced module.
(2) X is a H-induced H-module.
(3) If H is normal in G, then X is a G/H-induced G /H-module.
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Proof. To verify (1) is straight forward. To see (2) we write X = @,cqoD and
modify this to get

X=p&&ho=Eph"r [@UD .

heH o heH o

Finally we turn to (3). We claim that
X"= & 7NuD.
T7eG/H

Obviously this is a direct sum and contained in X (since NyD C X#). Now
take z € X . By assumption we have a unique representation

T = Z 7d,.
TeG
Applying o~! € H has the effect

r=0lz= Za‘leT = ZTdm.

TEG TEG

We obtain d, = d,,. With this at hand we get

r=Y Y rod,= ZT (Z adT> = ZTNH(CZT),

T o€EH c€eH

as desired. o

Definition 4.5. We say that a G-module A has trivial cohomology if H1(H, A) = 0
for all ¢ and for all subgroups H of G.

The following theorem turns the notion of G-induced modules into a powerful
tool.

Theorem 4.16. Every G-induced module A has trivial cohomology.

Proof. 1t suffices to show that HI(G, A) = 0 for all ¢q. In other words, we need to
see that

... — Homg(X,, A) LA Homeg (X411, 4) — ...

is exact. To see this we write A = ©,0D and let 7: A — D be the natural
projection. We get a bijection

Homg(X,, A) — Homy(X,, D), f— mo f.
With this identification we obtain the sequence
... = Homy(X,, D) — Homg(X,41,D) — ...

which we know to be exact, since the X,’s are free Z-modules. it
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Recall the exact sequences from (4). From these we obtain the exact sequences

0= IgRA—=ZIG®A—A—D0,
0>A—-ZG®A— Jeo®A—N0.

for each G-module A. Note that Z[G] ® A is now G-induced and thus cohomologi-
cally trivial. Applying the lonng exact cohomological sequence yields isomorphisms

§: H"YH, Jg® A) — HI(H,A) and 6 ': H""'(H, I ® A) — HY(H, A),
for each subgroup H C G. We will iterate this process as follows. Define
A" =Ja® ... Jg®A for m >0
—_——
m—times

and
A" =15®...® I ®A for m < 0.
—_——

|m|—times
Iteration of & (or §~!) yields isomorphisms
5™ HI™(H, A™) — H(H, A).

This method is known as dimension shifting. Due to its great importance we
will reformulate it as a theorem.

Theorem 4.17. For each q and each subgroup H C G iteration of the connection
homomorphism & yields the isomorphism

5™ : HO™™(H, A™) — HY(H, A).

We will end this section by deriving some very important applications of this
theorem.

Theorem 4.18. The groups HY(G, A) are torsion groups. More precisely, the
orders of the elements of H1(G, A) divide the order of G.

Proof. Let n = #G. Since H°(G, A) = A“/NgA and na = Nga for all a € A%,
we have n - H°(G, A) = {0}. This holds for any G-module A and the general case
follows by dimension shifting since H1(G, A) = H°(G, A?). i

We say an abelian group A has unique unlimited division if the equation nz = a
has a unique solution for each a € A and each n € N.

Corollary 4.19. If a G-module A has unique unlimited division (as abelian group),
then it has trivial cohomology.

Proof. This is Sheet 5, Exercise 1 stated below. it

We can now compute two important Cohomology groups.
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Corollary 4.20. We have
H*(G,7Z) ~ HY(G,Q/Z) = Hom(G, Q/Z).
We write x(G) = Hom(G,Q/Z) and call this the character group of G.
Proof. This is Sheet 5, Exercise 1 stated below. it

Let G’ be the commutator group of G. Then we set G** = G/G’.
Theorem 4.21. We have
H%(G,7) = G™.

Proof. Recall that Z[G] has trivial cohomology (since it is G-induced). Considering
the exact sequence

0—Ig—Z[G) > Z—0
we obtain the isomorphism

§: H*(G,Z) — H G, Ig).

We recognize H ' (G, Ig) = I¢/I%. Thus we need to find an isomorphism between
G/G and Ig/I%.
We consider the map

G— Ig/Ig, o (0 — 1)+ I3.
To see that this is a homomorphism we compute

or—1l=(-1)+@F-1)+(c-1)-(r-1).

-~

2
eI

Because I is abelian, the kernel of this map must contain the commutator sub-
group G’. We therefore obtain the map

log: G/G" — Ig/1%.

Since I has the free generators (o — 1) for ¢ € G we can define a homomorphism
I - G/G by (6 — 1) — o - G'. Compute

(c-D(r—-1)=(cr—1)—(c-1)—(r—-1) = om0 '77'G' =G

to see that the elements (o —1)(7 — 1) are contained in the kernel of this map. We
obtain the homomorphism

exp: Ig/13 — G/G, (0 — 1) + 1% — oG’

Obviously we have log o exp = Id = exp olog giving the desired isomorphism. G2
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We have now computed the 5 cohomology groups
H*(G,Z) = G™,
H'(G,z) =0,
HY(G,Z) = Z/nZ,
H'(G,Z) =0 and
H*(G,7) = x(Q).
Remark 4.22. In general we have the duality principle
H™(G,Z) = x(HY(G, 7)) for all ¢ > 0.
Since we will not need this we omit the proof.

Sheet 5, Exercise 1: An abelian group A is said to have unique unlimited
division if the equation nz = a has a unique solution x € A for each a € A and
each n € N.

(1) Give an example of an abelian group A with unique unlimited division.

(2) Show that a G-module A which has unique unlimited division (as abelian
group) has trivial cohomology.

(3) Show that H?(G,Z) = x(G), where G acts trivially on Z and the character
group x(G) is defined as Hom(G,Q/Z).

4.4. Inflation, Restriction, Corestriction. We start by considering ¢ > 0.
Recall that if H C G is normal, then A” is a G /H-module.
Suppose H C G is normal, then we can take a ¢-cochain

z:G/H x - x G/H — A"
and associate a g-cochain y: G x --- x G — A by
y(or,...,00) =x(o1-H,...,0,- H).
We call this the inflation of x and write
y = Infx.

It is easy to see that J,41 o Inf = Inf o J,41. This makes the following definition
possible.

Definition 4.6. Let A be a G-module and H C G be a normal subgroup of G.
For ¢ > 1, we call the homomorphism
Inf,: HY(G/H, A") — HY(G, A)
inflation.
The other obvious operation on cochains is restriction. Taking z: G x --- X

G — A we write Resx: H x --- x H — A. Again one observes that this operator
commutes with the operator 0.
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Definition 4.7. Let A be a G-module and H C G be a subgroup of G. For ¢ > 1,
we call the homomorphism
Res,: H/(G,A) - HY(H, A)
restriction.

The following three theorems show that these two new maps are compatible with
the canonical homomorphisms encountered previously. The proofs are omitted,
since they are easy Exercises. (See Sheet 5, Exercise 2 below.)

Theorem 4.23. Let A and B be two G-modules, H C G be a normal subgroup of
G and let f: A — B be a G-homomorphism. Then the diagrams

HY(G/H, A"y — 1 go(G/H, BY) HY(G, A) —L & 1Y@, B)
llnf q llnf q lResq lResq
H(G, A) ! s HY(G, B) H(H,A) —L— He(H,B)

commute.

Theorem 4.24. Consider a short exact sequence
0>A—>B—-C—=0
of G-modules and let H C G be a normal subgroup. If
0 A" - B 5 C" -0
1s also exact, then the diagram

HY(G/H,CH) —2 5 He(G/H, AH)

lInfq llnqu

HY(G,C) d > HTPH(G, A)

commautes

Theorem 4.25. Let
0—-A—-B—->C—=0

be a short exact sequence of G-modules and let H C G be a subgroup. Then the
diagram

HY(G,C) —2—— HTYG, A)
lResq lRCSq+1
HY(H,C) ——— H(H, A)
commautes.

Combining inflation and restriction yields the following result.
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Theorem 4.26. Let A be a G-module and H C G be a normal subgroup. Then
the sequence

0— HY(G/H,A") ™8 HY(G, A) "3 H'(H, A)
18 exact.

Proof. We first show that inflation is injective. Take a 1-cocycle z: G/H — A,
so that Inf(x) is a 1-coboundary. Then we have

[Inf(z)](0) =2(c-H) =0a—a

for a € A. Thus for all 7 € H we must have 0a —a = 07a — a so that a = 7a and
therefore a € A®. We conclude that 2 must have been a 1-coboundary.

We turn to exactness at H'(G, A). Take a l-cocycle x: G/H — AH of Af.
Then, for ¢ € H, we have

[Res o Infz|(0) = [Infz|(0) = z(c - H) = z(H) = z([1]).
Obviously we have z([1]) = 0. We have seen that
Im(Inf;) C ker(Res;).
On the other hand we take a l-cocycle x: G — A of the G-module A, whose
restriction to H is a 1-coboundary of A. This means
z(t)=T1a—a
with a € A and for all 7 € H. Let p: G — A be the 1-coboundary p(c) = oa — a.
Then the difference 2/ = x — p is a 1-cocycle in the same cohomology class as x.
Furthermore 2'(7) = 0 for all 7 € H. We see that
2 (o7) =2'(0) + 02/ (1) = 2'(0) and /(7 - 0) = 2/ (7) + 72/ (0) = 72/ (0),

for all 7 € H. Define y: G/H — A by y(cH) = /(o). By the observation
above this is well defined 1-cocycle with image in A and Infy = 2. This implies
ker Res C ImInf and we are done. or

This can be extended to ¢ > 1 only under some conditions.
Theorem 4.27. Let A be a G-module and H C G be a normal subgroup of G. If
H{(H,A)=0 fori=1,...,q— 1 and ¢ > 1, then

0— HYG/H, A" ™ HY(G, A) %S HI(H, A)

18 exact.
Proof. The proof is via induction and dimension shifting. The case ¢ = 1 was
treated above. Put B = Z[G] ® A and C' = Jg ® A, so that we have the exact

sequence
0A—-B—=C-=0.

Since H'(H, A) = 0 also

0— A" - BHE COH 0
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is exact. This gives the commutative diagram

0 —— H"YG/H,CH) — ™ gY@, C) —2= 5 HIY(H,C)

| J Js
0 —— HYG/H, A"y — 0 H9(G,A) —2= 5 HI(H, A)
Note that B is G-induced and B is G /H-induced. This implies that the maps &
are isomorphisms. Furthermore we have
H'(H,C)=2H*H,A) =0fori=1,...,q—2.

With this additional information the diagram above makes the induction step
work. )

Next we want to obtain a reasonable definition of inflation and restriction for
q < 0. We start with the following simple observation.
The assignment

a+NgAr—>a+NHA, (IGAG QAH
yields a homomorphism
Resy: HY(G,A) = AY/NgA — H°(H,A) = A" /Ny A.

The next lemma establishes that this restriction has the desired properties.

Lemma 4.28. Let 0 — A 5 B % C — 0 be an exact sequence of G-modules.
Further let H C G be a subgroup of G. Then
HY(G,C) —— HY(G, A)
Jre [
H°(H,C) —>— H'(H,A)
18 commautative.

Proof. Let ¢ € C% be a 0-cocycle of the G-module C. Put [¢] = ¢+ NgC'. This is
the corresponding homology class. Note that by definition Resy([c]) = ¢ + NgC.
Choose b € B such that jb = ¢, then there is a 1-cocylce a;: G — A so that

iay = 0b. (This is because jOb = dc = 0 and exactness.) By definition we have
d([c]) = [a1] and

dResy([c]) = [Resi(a1)] = Resi([a1]) = Res1d([¢]).
&

In general there is not such a nice and elementary definition of the restriction
maps. However, we have the following axiomatic definition:
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Definition 4.8 (and Lemma). Let G be a finite group with a subgroup H C G.
Restriction is the uniquely determined family of homomorphisms

Res,: H/(G,A) — HY(H, A) for ¢ € Z,
with the properties
(1) Resg: H(G, A) — H°(H, A) is given by a + NgA — a+ NgA for a € A°.
(2) For every exact sequence 0 -+ A — B — C' — 0 of G-modules the diagram

HY(G,C) —— HI(G, A)

lResq lRequr 1

HY(H,C) —— He(H, A)
1s commutative.

Proof. We should show that restriction exists and that it is indeed unique.
The definition of restriction goes through the commutative diagram

HY(G, A1) 2 H(G, A)

lReso lResq

H(H, A7) — HI(H,A)

where
67 H°(G, A?) — HY(G, A) and §?: H°(H, A%) — HY(H, A)

are isomorphisms defined by ¢ applications of the connecting homomorphism §.
The same diagram shows uniqueness. In particular for ¢ > 0 we get the maps
introduced earlier.

We still need to check the second property. Consider the diagram

HY(G, C) 5 > HY(G, A7)
Res | Res
(1250
T HO(H, C) 5 s H'(H, A9)
HY(G,C) 51 s— HTYG, A) (~1)964
Res J/ Res
HY(H,C) 5 » HTM(H, A)

Here we use exactness of 0 - A — B — C — 0 to deduce exactness of
0 — A — BY — (7 — 0 via induction. Earlier we shew that the upper square is
commutative. The sides commute by definition of Restriction. The front and the
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back square are also commutative. This forces the bottom square to be commu-
tative, which is exactly what we want. it

Definition 4.9. The map G* — H®* induced by
Res_»: H *(G,Z) — H *(H,Z)
is called Verlagerung (also transfer) and is denoted by Ver.

Next we define the co-restriction
CoRes,: H1(H,A) - HY(G, A).
For ¢ = —1 we define this map via
a+IgA—a+IgA for a € n, A C N A
For ¢ = 0 we have obtain it from”’
a+ NyA+— Ng/pa+ NgA for a € Al
From this direct definitions it is straight forward to verify

Lemma 4.29. Let 0 - A — B — C — 0 be an exact sequence of G-modules.
Then

HY(H,C) —2—— H(H, A)

lCoRes _1 lCoReso

HYG,C) —2—— H(G, A)
15 commutative.

Proof. Exercise. yif

Definition 4.10 (and Lemma). Let G be a finite group with subgroup H C G.
The Co-Restriction is the uniquely determined family of homomorphisms

CoRes,: HI(H,A) - HY(G,A) for g € Z
satisfying

(1) CoResy is defined by a + NgyA + Ng/pa+ NgA for a € A7,
(2) For each exact sequence 0 -+ A — B — C' — 0 the diagram

HY(H,C) ——— H'(H, A)
lCOResq lCoResq_,_l
HY(G,C) ——— H(G, A)
is commutative.
Proof. See Sheet 6, Exercise 2 below. it

9Even though G'/H is not necessarily a group we define N¢/p simply as the sum over a system
of representatives for G/H. Since a is H-fixed the choice is irrelevant.
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Theorem 4.30. The map k: H*® — G* induced by

CoRes_»: H *(H,Z) — H *(G,Z)
is the canonical homomorphism given by cH' — oG'.

Proof. This follows from the diagram

H2(H,Z) —"— H '(H,Iy) —== Iy/I} +3— H™

CoRes_gl lCoRes_ 1 l’@

H2(G,2) —— H (G, 1g) —== lo/I} «— G™

Theorem 4.31. The composition

HY(G, A) % HI(H, A) "B (G, A)

gives the endomorphism
CoResoRes = [G: H]| - 1d.
Proof. Write [a] = a + NgA € H°(G, A) for a € A®. We compute
CoResg o Resy([a]) = CoResg(a + NgA) = Ng/na + NgA
=[G: H-a+ NgA=[G: H] - [a].
The general result follows by dimension shifting. s

Theorem 4.32. Let f: A — B be a homomorphsim of G-modules and let H C G
be a subgroup. Then the diagram(s)

HY(G, A) —L— HYG, B)

Resq\U\COResq Resq\U\COResq

HY(H,A) <? HY(H, B)
is/are commutative.

Proof. This can be checked directly for ¢ = 0. The general case follows from a
standard dimension shifting argument. it

Since the groups H?(G, A) are abelian torsion groups, they are the sum of their
p-Sylow groups:

H(G, A) = P HY(G, A),.

We call HY(G, A), the p-primary part of H%(G, A). We have the following result.
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Theorem 4.33. Let A be a G-module and G, a p-Sylow group of G. Then
Res,: H1(G,A), — HI(G,, A)
15 injecctive and
CoRes,: HY(G,, A) — HY(G, A),
18 surjective.

Proof. Note that [G: G,] is co-prime to p. In particular, by Theorem 4.31, we find
that
HY(G, A), S HY(G,, A) “B® HY(G, A),

is an automorphism. This directly implies that Res must be injective when re-
stricted to H1(G, A),.

Since the orders of elements in H9(G,, A) are all powers of p we must have
CoRes(HY(Gp, A)) € HY(G, A),. Surjectivity follows again since the composition
with Res is an automorphism. i

This theorem gives the following very useful vanishing criterion.

Corollary 4.34. Suppose that for each prime p there is a p-Sylow group of G so
that H1(G,, A) =0, then H1(G,A) = 0.

Proof. This is clear since Res: HY(G, A), — HY(Gp, A) = 0 is injective, so that
HY(G,A), =0 for all p. e

We end this subsection with a nice application of this criterion.

Definition 4.11. Let GG be a finite group and H a subgroup of G. A G-module
is called G/ H-induced, if it has a representation

A — @o—eG/HO-D,
where D C A is a H-module.

Theorem 4.35 (Shapiro’s Lemma). Suppose A = @JeG/H oD is a G/H induced
G-module, then

HY(G,A) = HY(H,D,).
Furthermore, the isomorphism is given explicitly by Res together with the homo-
morphism induced from the projection m: A — D.

Proof. We choose representatives G/H = {[o1],...,[om|} with oy = 1. For ¢ =0
we consider the map

ASINGA S AT /Ny A S DY /Ny D.
In the opposite direction we define

v: DY /NyD — A%/NgA, d+ NyD Y 0yd + NGA.

i=1
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We leave it as an exercise to verify that
(T oRes) ov =1d = v o (T o Res).

This gives the result for ¢ = 0.
For the general case we apply a dimension shifting argument. Define

A Jo®..0Ja®A ifqg>0,

N Ie®..0IcRA ifqg<O0;
DI — Jg®®Jg®D lquO,
Nl Ig®.. @D ifqg<0; and

DI — JH®®JH®D lquO,
Ip®..®01g®D ifq<0.

The decomposition A = @;", 0;D implies A7 = ;" 0;D?. In particular A? is
also G/ H-induced. Further we have

Jo=Jg® K, forKI:@T<zm:Z-E-).

TeH =2

Similarly

Ig=Iy®K_ for Ky =P (ZZ-((E—U) :

TeH =2
As a result we can (canonically) decompose D? = D?&C? where C'? is a H-induced
H-module. We obtain the diagram

(G, A7) =0 [0(H, A1) —™ HO(H, DY) —2— HO(H, D9)

b e I

Resq 7

HY(G, A) —= Ga(H, A) T s H9(H, D)

We have already seen above that 7, o Resg is bijective. Furthermore the map p
is bijective since C'? has trivial cohomology. We conclude that the top row of the
diagram is a bijection. Since A? 55 D? % D7 comes from 7: A — D, the diagram
is commutative and we are done. it

Sheet 5, Exercise 2: Prove the compatibility statements for the Inflation map
Inf, (with ¢ > 1) from Theorem 4.23 and 4.24. More precisely:
(1) Let A and B be two G-modules, H C GG a normal subgroup and let f: A —
B be a G-homomorphism. Show that Inf, o 7(1 = Tq o Inf,.
(2) Let 0 » A — B — C — 0 be a short exact sequence of G-modules and let
H C G be a normal subgroup. Suppose that 0 — A# — B? — CH — 0 is
also exact and show that 6 o Inf,;; = Inf, 0.
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Sheet 5, Exercise 3: Let H C G be a subgroup and let D be a H-module. Then
we define

Ind§(D) = {f: G — D: f(hg) = hf(g) for all h € H, g € G}.
We turn this into a G-module by setting [¢f](z) = f(xg) for f € Ind$(D) and

g,v € G.

(1) Show that for H = {15} (trivial) we have Ind% (D) = Z[G] ® D. (In
other words the G-induced G-modules are precisely given by Ind{Glc}(D)
for abelian groups D.)

(2) Show that Homg(Ind$ (D), B) = Hom(D, Res%(B)). (This is called Frobe-
nius reciprocity.) Here Res%(B) is the H-module obtained by restricting
the action of G on B to H.

Sheet 6, Exercise 2: Verify the claims from Definition and Lemma 4.10 of the
lecture (notes): Let G be a finite group with subgroup H. Then there is a uniquely
determined family of homomorphisms (called Co-Restriction)

CoRes,: Hi(H,A) — HY(G,A) for g € Z

satisfying

e CoResy is defined by a + NyA — Ng pa + NgA for a € A7,
e For each exact sequence 0 - A — B — C' — 0 the diagram

HY(H,C) —>— H™'(H, A)

CoResql lCoRestHl

H™Y (@G, 0) —— HI(G, A)
commutes.

Sheet 6, Exercise 3: Let GG be a finite group with subgroup H. Write G =
g1H U...Ug.H where r = [G: H]. We define

o(g) =g if g € g;H.

We set V(g) = [Ti_; ¢(99:)~" - (99:)-
(1) Show that V' induces a homomorphism V: G* — H?2 which is indepen-
dent of the representatives g;.
(2) Find an isomorphism Hg: H*® — (Ig — Igly)/Igly such that the dia-
gram

Gab v Hab
logl log
Ig/13 —2—= (Iy + Icly)/Icly

commutes, where v(z + Ig) =z (g1 + ... + g,) + IcIy.
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(3) Does the map V agree with the map Ver defined using cohomolgy groups
(i.e. Definition 4.9)7

Sheet 7, Exercise 1: We continue Sheet 6, Exercise 3 using the same notation.
Our goal is to show that, if G is a finite group with commutator subgroup G’, then
Ver: G* — (G')?" is trivial.

This can be done by completing the following sketch:

e Reduce to the case where G’ is abelian. Further, show that IZ[G] is a
two-sided ideal of Z[G] and that the quotient by it is a commutative ring.

e Use the classification of finite abelian groups to write G** = G/G’ =
Z]erZ x ...x ZL]esZ and choose elements in o7y, ...,0, such that o; - G’
generates {1} x ... Z/e;Z x ... x {1}.

e Find elements p; € Z[G] such that o' — 1 = (0; — 1) ;.

o Check that py -+ - ps + I Z|G] = 1 + ... + 9, + [ Z]G].

4.5. The cup-product. Let A and B be two G-modules. Obviously A ® B is
also a G-module and we have a canonical bilinear map

A% x BY - (A® B)Y, (a,b) — a ®Db.
Of course NgA x NgB is mapped to Ng(A ® B). This induces a bilinear map
H°(G,A) x H(G, B) = H(G,A® B), ([a], [b]) = [a ®b].

We write [a] U[b] = [a®b] and call it the cup-product. As in the case of restriction
and co-restriction we can extend the definition of the cup-product to arbitrary
dimension by dimension shifting.

Definition 4.12 (and Lemma). There is a family of bilinear maps
U: H?(G,A) x HY(G, B) — H""(G, A ® B)
called the cup-product. It is uniquely determined by the following properties
(1) For p = ¢ = 0 the cup-product is given by
(@b) —aUb=a®b.

(2) Suppose0 = A - A" 5 A" - 0and 0 - A®B > A®B—A"®B —0
are both exact, then the diagram

HP(G,A") x H1(G, B) — 5 HPH(G, A" @ B)
[ |s
HP(G, A) x HY(G, B) — grttY(G A® B)
commutes.

(3) Suppose0 = B— B - B" - 0and0 - A®B - A®B — A®B" — 0
are both exact, then the diagram
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HP(G, A) x H1(G, B") — s H"(G,A® B")
ln& l(—l)f’d
HP(G, A) x H*Y(G, B) —2 & grttYG A® B)
commutes.
Proof. This is the usual dimension shifting argument and we omit it. it

Theorem 4.36. Let a, (resp. b,) be a p-cocycle (resp. a q-cocycle) of A (resp.
B). Then we have

EOUI_)q:a()@bq andEpUEO:ap@)bo (5)

Proof. This is a direct consequence of the proof (that we omitted) of the lemma
part of the definition above. it

For the usefulness of the cup-product it is important, that it behaves well with
other cohomological operations. This is the content of the following theorems.

Theorem 4.37. Let f: A— A" and g: B — B’ be two G-homomorphisms. Then
we have

f@ugd) =feg@ub).
Proof. This is obvious in (diagonal) dimension 0 and the general case is derived
using dimension shifting. i

Theorem 4.38. Let A, B be G-modules and let H C G be a subgroup. Then we
have

(1) Fora € H?(G,A) and b € HY(G, B) we have
Res,,(@Ub) = Res,(a) URes,(b) € H*™(H,A® B).
(2) Forae HP(G,A) and b € HY(H, B) we have
CoRes,,(Res,(@) Ub) = a U CoRes,(b) € H"(G, A® B).
Proof. We only sketch the p = ¢ = 0 case for (2) (since (1) is trivial):

CoResg(Reso(@)Ub) = CoResg(a®@b+ Ny(A® B)) = Z 0(a®b)+ Ng(A® B)
ceG/H

= Y a®ob+ No(A®B)=a® | Y ob|+Ne(A® B) = aUCoResy (D),
ceG/H oceG/H

where we used that a € A® and b € B¥. As usual the rest of the proof proceeds
by dimension shifting. it

Theorem 4.39. We have
aub=(—1)"(bua) and (@Ub)Uc=auU (bU?).
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Proof. The proof relies on the canonical identifications A®@ B =B ® A and (A ®
B)®(C =A® (B®C). (Actually these were already used above in the dimension
shifting arguments that we omitted.) it

Finally we derive some explicit formulae for the cup-product in small dimensions.

Lemma 4.40. The cup product @; Ub_y € H°(G,A® B) is given by

T = Zal(T) ®Tb_q.

TeG

Proof. Let A’ = Z|G] ® A. This is a G-induced G-module and we have the exact
sequences

0—>A—A - A" =0 and
0—A®B A xB—>A"®B—0.

Since H'(G, A’) = 0 we have a O-cochain aj, € A’ with a; = daj. Thus
a1 (1) = Tay — ag for all T € G.

Let af € (A”) be the image of al) in A”. By definition of § we have 6(af]) = @;.
Since Ngb_; = 0 we can compute:

CL1 U b_1 = (S( ) U b_1 = 5( Ug_1) = 5(&” & b_l) = 80(% X b_l)

= Ne(a) @b_y) ZT% ®Tby = Z(al(T) +ap) @ Th_y

TEG TEG
= Z a1(T) ® Tb_1 + ay ® Ngb_1 = Z a1 (1) @ Tb_y.
TEG TEG

i

Now we take B = Z and use the identification AR Z = A given by a®@n +— n-a.
Recall the canonical isomorphism

2(G,Z) = G*™.
Thus we can view the class @ = 0G' € G® of o € G as an element in H2(G,Z).
Lemma 4.41. We have a; U = a,(0) € HY(G, A).

Proof. Look at the exact sequence 0 - A® I — A® Z[G] — A — 0 to obtain
the isomorphism
NG, A) D NG AR I).
Obviously it suffices to show that §(a; U7) = d(ai(0)).
To so we recall the definition of 4 and find

8(ar(0)) = Tp with g = ZTal(J) ®T
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On the other hand we remember that §: H %(G,Z) — H (G, Ig) is given by
0o = 0 — 1. We obtain
daUo)=—(aUd(0) =—a1 U (o0 —1) =7,.
We can rewrite g, as

Yo = —Zcu(T) RT(c—1) = ZCh(T) QT — Zal(T) R To = Zml(g) ® T0.

TEG TEG TEG TEG

In the last step we used the 1-cocycle property a;(7) = a1(70) — Tay(0) and a
change of variables in one of the resulting sums. Now we can check

o — 20 =Y _7ai(0) ®7(0c — 1) = Ne(ai(0) @ (0 — 1)).
TG
In particular Ty =y, and we are done. if
The final theorem will turn out to be of great interest for class field theory.
Theorem 4.42. We have
A, UG = ZGQ(T, o) € H(G, A).
T€G

Proof. Again we consider A’ = Z|G] ® A and A” = Jo ® A so that 0 - A —
A — A” — 0 is exact. Recall that H*(G, A’) = 0. Therefore we find a 1-cochain
a} € A} with ay = dd). In particular

as(1,0) = Tai (o) — dy(t - o) + ay (7).

The image a” of a/ is a 1-cocycle of A” with @, = 6(a}). This allows us to compute

@ U7 = 0(af) U = §(a] U7) = 6(af(0)) = Dai(0)) = 3 rai (o)

= ZCLQ(T, o)+ Zall(T o) — Zall(T) = ZCZ?(T’ 7).

TEG TEG TEG TEG

Sheet 7, Exercise 3: For p > —1 and ¢ > 1 let [a,] € HP(G,A) and [b,] €
H9(G, B) be two classes in the corresponding cohomology groups. Write [a,] U
b = [z] € HY*9(G, A B).
(1) Show that for p > 1 we can take
(0155 Opig) = Ap(01, - 0g) @ 01+ Opbg (01, - - -, Opag)].

(This generalizes the case p = 0 stated in Theorem 4.36.)
(2) Show that for p = —1 we can take = to be the co-cycle:

-1
:z::g oa, @ oby(07 ", 01,...,04-1).

oeG
(Convince yourself that this is consistent with Lemma 4.40.)
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4.6. The Herbrand quotient. Let G = (o) be a finite cyclic group of order n.
We have

n—1
Z[G| :@Zoi and Ng=1+0c+...+0" "
i=0
Note that ¥ —1 = (¢ — 1)(¢* ' + ...+ ¢ + 1). This means that
Ig = Z|G](o —1).
Theorem 4.43. Let G be a (finite) cyclic group and let A be a G-module. Then
HY(G,A) = H"*(G, A) for allq € Z.
Proof. Note that it suffices to proof H (G, A) = H'(G, A), since the general case
follows from dimension shifting:
HY(G,A) = H (G, AT = HY(G, AT = HT(G, A).

Recall that the group Z; of 1-cocycles consists of crossed homomorphisms x: G —
A. Thus, for x € Z; we have

k—1
z(o*) = ox (") + (o) = Zaix(a).
=0
Obviously we also have z(1) = 0. We conclude that
n—1
Nex(o) =Y o'z(o) = z(0") = (1) = 0.
=0

This implies z(0) € n,A.

On the other hand, we can take a (—1)-cocycle a € Z_; and define = € Z; by
2(0) = a and z(o%) = Zi:ol o'a. Thus we have an isomorphism

Zy vz~ x(o) € Z_;.
This isomorphism maps 1-coboundaries to (—1)-coboundaries and we are done. &Z
We have just seen that for cyclic groups
H*(G,A) = H°(G, A) and H*"(G, A) = HY(G, A).

If we now take a short exact sequence 0 - A — B — C' — 0 we can write the
long exact sequence as

HY(G,A) — HY(G,B)

7 T

H(G,C) H™YG,C)

\ /

HY(G, B) «—— H(G, A)
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It is not completely obvious that this is exact. Indeed at H~1(G, A) one needs to
check that the isomorphism H'(G, A) = H~1(G, A) respects the kernel, but this
is easy to see.

Definition 4.13. Let A be an abelian group and f,¢g endomorphisms so that
fog=0=go f. Then we define the Herbrand quotient by

o) lerth): I

[ker(g): Tm(f)]’
as soon as both indices are finite.

An important special case is the following. Let G be a cyclic group of order n
and let A be a G-module. We consider

f=D=o—-landg=N=1+...+0"..
We have Do N = N o D = 0. Even more,
ker(D) = A%, Im(N) = NgA, ker(N) = y.A and Im(D) = I A.

This implies
1H°(G,A)  $H?(G, A)
ap.N(A) = = =
tH-Y(G,A)  tHY(G, A)
as soon as the relevant cohomology groups are finite. If this is the case we call A
a Herbrand module.

Definition 4.14. Let G be a cyclic group of finite order and let A be a G-module.
We set

h(A) = QD,N(A)-

Theorem 4.44. If G is a cyclic group of finite order and 0 - A - B — C — 0
s a short exact sequence of G-modules, then

h(B) = h(A) - h(C).

This equality includes the statement, that if two of the quotients are defined, then
so 18 the third.

Proof. Exactness of (4.6) directly yields
tH (G, A)-tH (G, C) - tH*(G, B) = tH (G, B) - tH*(G, A) - £ H°(G, C).
This implies the result. yif

Another interesting case is given by f = 0 and ¢ = n. Here n: a — n-a. We
obviously have
[A:n - A
n A =
qo,n(A) A

(Recall that ,A={a € A: n-a=0}.)
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Theorem 4.45. Suppose the cyclic group G of order n operates trivially on A,
then we have h(A) = qon(A). In particular, given a short exact sequence 0 — A —
B — C — 0 of abelian groups, we get

Go.0(B) = q0,0(A) 90,2 (C).
Proof. Clear. it
Theorem 4.46. If A is a finite group, then qr4(A) = 1.
Proof. We clearly have
{4 = tker(f) - sTm(f) = 2 ker(g) - £m(g).
This implies the result. s

This implies the following important fact. Suppose A C B is a submodule of
finite index, then h(B) = h(A).

Lemma 4.47. Let f and g be commuting endomorphisms of an abelian group A.
Then

Q0,91 (A) = qo4(A) - q0,s(A).

Proof. We start with the following commutative diagram with exact rows:

0 —— g(A) Nker(f) > g(A)

]

fg(A) — 0
0 —— ker(f) > —

\

7
\
7

f(A) 0

We obtain the exact sequence

0 — ker(f)/[g(A) Nker(f)] — A/g(A) — f(A)/[fg](A) — 0.
This yields
[A: [fol(A)] _ [A: g(A)] - £9(A) Nker(f)

[A: f(A)] tker(f)

The result follows after observing that

ker(fg)/ ker(g) = g~ '[g(A) Nker(f)]/g*(0) = g(A) Nker(f).

With this at hand we can prove the following important theorem:

Theorem 4.48. Let G be a cyclic group of prime order p and let A be a G-module.
If qop(A) is defined, thenn qo,(AY) and h(A) are defined. Even more, we have

WA = qop(A) /qop(A)-
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Proof. Suppose o generated G and put D = o — 1. We have the usual exact
sequence

0 A% 5 A2 1,4 0.
Clearly if g ,(A) is defined also g ,(I¢A) is defined (since I¢A is a subgroup and
a factor of G(A)). By multiplicativity we get

Qop(A) = QO,p(AG) “qop(IcA).
In particular gy, (A) is defined. Furthermore, since G acts trivially on A% we get
h(A%) = qo,(A%).
We need to compute g ,(lgA). To do so we observe that the ideal

p—1
Z-Ng=17 (Z ai)
1=0

kills the module IgA. Thus, we can view IgA as a Z|G|/Z - Ng-module. We have
the ring isomorphism

ZIG))Z - Ng 2 ZIX])/(1+ X + ...+ XP7h) 2 Z[(],

where ( is a primitive pth root of unity. (Recall that Z[(] is the ring of integers
of thy cyclotomic field Q[¢]). The isomorphism is given by o — (. We have the
factorisation

p=e- (-1
for some unit e. Translating this back gives
p=c- (01",

for some unit € in Z[G]/Z - Ng. The unit € defines an automorphism on IgA, so

that qo(IgA) = 1. We compute that

1
IcA) = p—1(IgA) - qo.c(IgA) = IcAP = —— —

q0(IcA) = qo.pr-1(IgA) - qoe(IcA) = qo.p(IcA) apo(Ig A1

As observed above N = N annihilates /oA and we can write

1 1 1
qo,p(IGA) =

apo(laA)P™ ~ apn(IgAP ~ h{IgAp—
Using the exact sequence 0 — A% = A — IgA — 0 yields

h(A)P~™t = h(AC)P h(Ig AP
We have now all the information we need and compute

G\p—1 G\p
BAYPY = h(ACYp(Ig Ayt — 22T dop(A7)

QO,p(IGA) QO,p<A> '

We complete this subsection with the following nice application.
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Theorem 4.49 (Chevalley). Let G be a cyclic group of prime order p and let A be
a finitely generated G-module. Suppose « is the rank of A and that B is the rank
of A%. We have

h(A) = pPB=e)/(p=1),

Proof. Write A = Aq ® A;, where Ay is a torsion module and A; is torsion free.
We obtain AY = A§ @ AY. The finite generation of A tells us that Ay is a finite
group, so that the rank of A is the rank of A;. Similarly the rank of AY is the
rank of A§". Applying our last theorem yields

p—1 _ QO,p(A%Y)p.
CJo,p(A1)
Finally qo,(A{) = [A¥: pAY] = p® and qo,(41) = [A1: pAi] = p*. pid

Sheet 7, Exercise 2: Use the Herbrand quotient gg ,,,(F*), where m denotes the
map x — =", to proof Theorem 3.20. More precisely, show that

[F: (F)™) = mg"™ - 8 F,,

for a non-archimedean local field F'. Recall that F,, = F' N u,, where pu,, is the
group of mth roots of unity. Further, ¢ is the residue characteristic and v is the
normalized valuation on F.

WA~ = h(A,)

4.7. A theorem of Tate. We begin with the Theorem of Cohomological
Triviality:

Theorem 4.50. A G-module A is cohomological trivial if the is qo so that H*(H, A) =
H® Y (H, A) =0 for all subgroups H C G.

Proof. For the cyclic group this is obvious. Indeed we will reduce the case of general
G to the cyclic one. Either way it suffices to show that H®(H, A) = H**(H, A) =
0 for all subgroups H C G implies that H®~1(H, A) = H®*2(H, A) = 0 for all
subgroups H C (G. By dimension shifting we can further assume that go = 1. We
do so by induction over the order n = §G of G. The case n =1 is trivial.

Thus we suppose that H'(H, A) = H*(H, A) = 0 for all subgroups H C G and
(by induction hypothesis) we also suppose that H°(H, A) = H*(H, A) = 0 for all
proper subgroups H C G.

If G is not a p-group, then all Sylow subgroups are proper subgroups and the
result is clear (see Corollary 4.34).

The critical case we need to consider is the one where GG is a p-group. In this
case there is a normal subgroup H C G, so that G/H is cyclic of prime order. By
assumption we have H'(H, A) = 0 for i = 0,1,2,3. We consider the map

Inf;: HY(G/H,A") — H'(G, A).

For ¢ = 1,2,3 this is an isomorphism. We use this in two ways. First we ob-
tain HY(G/H,A") = 0 for i = 1,2. In particular, since G/H is cyclic we find
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that H3(G/H, A") = 0, which then implies H3(G, A) = 0. But we also have
HY(G/H,A") = 0. Note that since H°(H, A) = 0 we have A = NyA. This

allows us to compute
A% = NggA" = Ngyu(NgA) = NGA.
This implies H*(G, A) = 0 and we are done. s

Given a fixed element a € H?(G, A) we look at the canonical map
aU: HY(G, B) = H"*(G,A® B), b~ aUb.

Theorem 4.51. Let A be a G-module such that for each subgroup H C G we have

(1) H~Y(H, A) = 0;

(2) HY(H, A) is cyclic of order tH.
Let a be the generator of H*(G, A). Then the map

alJ: H1(G,Z) — H(G, A)

18 an isomorphism for every q € 7.

Proof. Instead of working with A directly we use the module B = A ® Z[G]. We
can do so without changing the cohomology groups. Indeed, if i: A — B is the
canonical injection, the 7: HY(H,A) — H9(H, B) is an isomorphism. (This is
because Z[G] is cohomological trivial.)

We can now take ag € AY so that a = ag + NgA is the generator of H(G, A).
We consider the map

f:Z— B,n— ay-n+ Ngn (6)

Due to the presence of the second term this map is injective. (This was the hole
point of passing from A to B.) We obtain the induced homomorphism

f: HY(H,7Z) — H(H,B).
This leads to the commuting diagram

HY(G,Z) — s HI(G, A)

\ l

It remains to show that f is bijective. To see this we look at the exact sequence

O—>Zi>B—>C’—>O

of G-modules. Since H'(H,B) = H'(H,A) = 0 and H'(H,Z) = 0 for all
H C G we get an exact sequence

0 H'(H,C) — H(H,Z) % H(H, B) - H(H,C) - 0
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Since for ¢ = 0 the map f is obviously an isomorphism we get H'(H,C) =
H°(H,C) = 0 for all subgroups H C G. Applying the Theorem of Cohomological
Triviality we get HY(H,C) = 0 for all ¢ and all subgroups H C G. By looking at
the long exact sequence of cohomology we see that this implies that f: H(G,Z) —
HY(G, B) is an isomorphism for all ¢. i

This brings us to the following major theorem:

Theorem 4.52 (Tate). Let A be a G-module such that for all subgroups H C G
we have

(1) HY(H,A)=0;

(2) H*(H, A) is cyclic of order tH.
Let a be the generator of H*(G, A). Then

aJ: H1(G,7Z) — H"(G, A)

is an isomorphism. Furthermore, Res(a) generates H*(H, A) and we obtain iso-
morphisms

Res(a)U: HY(H,Z) — H'"*(H, A)
for all subgroups H C G.

This theorem has several generalisations. However, the version given here is
enough for our purposes.

Proof. We consider the dimension shift §%: HI(H, A?) — H?™?(H, A). We know
that H~'(H, A%?) = 0 and that H°(H, A?) is cyclic of order #H. We get the
commutative diagram

HY(G,Z) —22 He(G, A?)

L l(s?
4

HY(G,7) —*—— H™?(G, A)

According to our previous theorem 6 2aU is bijective. In particular aU must be
bijective.

The remaining statement follows directly as soon as we can show that Res(a)
generates H?(H, A). But this is true since CoRes o Res(a) = [G: H]-a so that the
order of Res(a) must divide fH. i

Sheet 8, Exercise 2: Let GG be a finite group and let A and B be G-modules.
Suppose that A has trivial Cohomology and that B is without p-torsion for all
primes p dividing #G. Show that A ® B has trivial Cohomology. (It can be used
that every module with trivial cohomology can be written as a quotient of a free
Z|G]-module.)
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4.8. Examples from Galois theory. We end this section by considering some
important examples of trivial cohomology groups arising from Galois theory.

Theorem 4.53. Let G = Gal(L|K) be the Galois group of a finite Galois exten-
ston. Then

HY(G,L)=0
for all q.
Proof. This was an exercise in Algebra 1 based on the fact that H4(G, Z[G]®7K) =
0 for all ¢. The latter fact has been established above. i

Theorem 4.54 (Hilbert-Noether-Speiser). Let G = Gal(L|K) be the Galois group
of a finite Galois extension. Then

HY(G,L*) =1.
Proof. This was proven in Algebra 1. it

Theorem 4.55. Let L|K be an extension of finite fields with Galois group G =
Gal(L|K), then
HYG,L*) =1 for all q.

Proof. Exercise. it

Sheet 5, Exercise 4: Let L|K be a finite Galois extension with Galois group
G. We let ¢ € G act on L™ component wise and write v,: L™ — L™ for the
corresponding map. Further, for X € GL, (L) set

X7 =v,Xv,;' € GL,(L).
We call f: G — GL,(L) a 1-cocycle (with values in GL,, (L), if

flgh) = f(g) - f(h)? for all g,h € G.

(1) Show that if X = (ij)lgmgn, then X7 = (O-Xz])lgl,jgn

(2) Let f be a l-cocyle a defined above and set u, = f(o)v,. Check that
usu; = u(or) and o(l) - uy = u, -l for o,7 € G and | € L*. (Note that
here we view L* as the center of GL,(L).)

(3) Let & = > . Lu, be the K-subalgebra of Endg(L™). Show that 2 is
isomorphic to Endg (L).

(4) Use the Skolem-Noether Theorem'’ to find a € GL,(L) such that f(o) =
a-a~?. (In some sense this says that H'(G,GL,(L)) = {1}, even if the
latter is not appropriately defined for n > 1.)

10This theorem states the following: Let B be a finite dimensional central simple K-algebra,
and let A be a central simple K-algebra. Further let f,g: A — B be two K-algebra homomor-
phisms, then there exists a unit b € B* such that for all a € A we have g(a) = bf(a)b~1. It can
also be used that Endg (L) is a finite dimensional central simple K-algebra.
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Sheet 7, Exercise 1: Let K be a field containing the n-th roots of unity and
suppose that n is co-prime to the characteristic of K. A (not necessarily finite)
abelian Galois extension L|K is called kummerian if G(L|K’) has exponent n (i.e.
o" =1 for all 0 € G(L|K)). If L|K is a kummerian extension, then we call L a
kummerian field over K. The exercise is to proof the following result:

Theorem (Kummer Theory): There is an inclusion preserving isomorphism
between the collection of kummerian fields L over K and the collection of subgroups
A C K* containing (K*)". It is given by the assignment

L—A=(L")"NK*,

A L= K(Aw).

Furthermore, the factor group A/(K*)"™ is isomorphic to the character group
X(G(L|K)).

Note that in the current multiplicative setting it is convenient to define the char-
acter group by

WG(LIK)) = {€: GILIK) — po}, where jioe = | e = {272 2 € Q/Z},
k>0
where p, is the group of kth roots of unity. Note that if L|K is an infinite extension,
then G(L|K) is a pro-finite group and we additionally require that £ € x(G(L|K))
is continuous (where i, is equipped with the discrete topology).
One can proceed as follows:

(1) Construct maps such that the sequence

1= g — K%L (090 KX = (GLIK)) — 1
is exact. Conclude that this gives the isomorphism
(L7)" N K7/ (K7)" = x(G(LK)),
where the class a-(K*)" € (L*)*"NK*/(K*)" corresponds to the character
Xa given by x.(c) = o(an)/ax.
(2) Determine the largest kummerian field over K and its Galois group.
(3) Conclude the proof of the theorem using Galois theory. (If needed it can

be used that for pro-finite groups G the map ev: G — x(x(G)), g — [x —
x(9)] is a topological isomorphism.)

Sheet 7, Exercise 4: Let F be a non-archimedean local field with residual
characteristic ¢q. Let E|F be a finite Galois extension with Galois group G =
Gal(E|F) and degree n = ef. (Recall that e is the ramification index and f is the
inertia degree.) Further suppose that (n,q) = 1 and put k = (¢ — 1, ). Show that

H YG,05) = Z/KkZL.
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We can proceed as follows:

(1) Use the assumption (g,n) =1 to see that H~ (G, 05) = H (G, £5).
(2) Let T be the kernel of the reduction map G — Gal(£g|tr). Show that the
map H (G, t}) — H(T,t}) induced from the norm is an isomorphism.
(3) Conclude the proof by computing H (T, £5).
(This can be found as a result in the very nice article [2].)

5. ABSTRACT CLASS FIELD THEORY

We start with some abstract definitions and observations. The notation is on
purpose very suggestive. Indeed we will set up a formal Galois theory for arbitrary
pro-finite groups.

Let G be a pro-finite group and let {Ggx: K € X} denote the family of all
open subgroups of G. (Recall that these are precisely closed subgroups with finite
index.) We call the index K of Gk field. We write G = G, and call K; ground
field. Formally we write K C L when G O G, and set

This is said to be the degree of the extension L|K. Further we call L|K normal if
G, is normal in Gk. In this case the factor group G x = Gk /Gy is the Galois
group of the extension L|K. We say L|K is cyclic (resp. abelian or solvable)
if Gpk is cyclic (resp. abelian or solvable). If Gx = [, Gk,, then we write
K =TJ, K; and call K the composite. Similarly we write K =, K; if Gk is
(topologically) generated by the G, in G.

Definition 5.1. Let G be a pro-finite group and A a G-module so that one of the
following equivalent conditions holds:

(1) The map
GxA— A (0,a) — oa

is continuous when A is equipped with the discrete topology;
(2) For every a € A the group {¢ € G: o0a = a} is open in G;
(3) A=y AY, where U runs through all open subgroups of G.

Then we call the pair (G, A) a formation.
Given a formation (G, A) we write
Ag = A% ={a € A: sa = afor all 0 € G},
for each K € X. If L|K is normal, then Ay is a Gpjx-module. Further write
HY(L|K) = HY(Gyre, Ap).

Given a tower N O L O K of normal extensions we obtain the homomorphism
Inf

HY Gk, Ar) = HY(G ik, AﬁN‘L) — HY(G Nk, An),
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for ¢ > 1. In our notation this reads

HY(LIK) ™ HY(N|K).

Similarly we obtain

Res

Hq(N|K) = Hq(GN|K,AN) — Hq(GN‘L,AN) = Hq<N‘L) and

CoRes

Hq(N|L) = Hq<GN|L,AN) — Hq(GN‘K,AN) = Hq(N|K)

The resulting maps will be denoted by Res; and CoResk. Note that if N and L
are both normal, then the sequence

1 — HY(L|K) "™ HY(N|K) "S* HY(N|L)

is exact for ¢ = 1. The exactness persists for ¢ > 1, if H{(N|L) = 1 for i =
1,...,9—1.
If L|K is normal and o € G, then we look at the map

TG — oo G,y

This induces an isomorphism Grjx — Gorjox. Further, a — oa gives an isomor-
phism A; — A,;. Both isomorphisms are compatible and we get an equivalence
between the G g-module Ay, and the G,r|ox-module A,,. We conclude that each
o € (G induces an isomorphism

HY(L|K) S HYoL|oK).
Furthermore, the isomorphism ¢* commutes with inflation, restriction and co-

restriction.

Definition 5.2. A formation (G, A) is called a field formation if for every normal
extension we have

HY(L|K) =1.

In view of the Hilbert-Noether theorem this definition is reasonable. Further,
note that for field formations we always have that the sequence

1 H2(L|K) "% H*(N|K) "S" H2(N|L)

is exact for a normal tower N DO L DO K. Therefore, if the extensions N D L DO K
are normal, then we can view H?*(L|K) as a subset of the group H?(N|K). This
is because inflation

H2(LIK) ™S H2(N|K)

is injective. Taking this to an extreme we observe that the groups H?(L|K) form
a direct group system with respect to inflation. Thus we define the direct limit

HA(|K) = ling (L] )
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running through all normal extensions of K. We will interpret inflation as an
inclusion and abuse notation to write

H*(|K) = | JH*(L|K) and H*(L|K) € H*(N|K).

For an arbitrary extension K’|K we obtain the canonical homomorphism
(1K) " (| K.
This homomorphism is constructed so that the restriction to H%(L|K) yields the
usual homomorphism
HX(L|K) " H(L|K).
(To see this is well defined one recalls that Res and Inf behave nicely together.)
We get the following theorem:

Theorem 5.1. Let (G, A) be a field formation and K'|K normal. Then we have
the exact sequence

1 H2(K'|K) "™ 52(|K) "2 H2(|K).

We will now define the notion of a class formation. This definition might seem
ad-hoc right now, but later we will see that it is exactly what we need. Right
now let us just say that the axioms are TaylorMade for an application of Tate’s
Theorem.

Definition 5.3. A formation (G, A) is called a class formation if it satisfies the
following axioms:

e Axiom I: H'(L|K) =1 for every normal extension L|K. (I.e. we have a
field formation.)
e Axiom II: For every normal extension L|K there is an isomorphism

invyx: H*(L|K) — [L:—lK]Z/Z,
called invariance map, with the following properties:
(1) For a tower of normal extensions N O L O K we have
vy g = invyg| a2 K)-
(2) For a tower N O L O K where N|K is normal we have
invy, o Resp = [L: K] - invy|k.

In other words the diagram

K

inv |
HY(N|K) — wigZ/Z

lResL \L[L: K]

invN‘L
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commutes.

The compatibility condition II (1) allows us to obtain an injective homomor-
phism
invg: H*(|K) — Q/Z.
For this homomorphism we get
invy o Resy = [L: K] -invg
from II (2).

Theorem 5.2. Let N DO L DO K be extensions such that N|K is normal. Then we
have
(1) invy(x(c) = invyk(c) if LK is normal and ¢ € H*(L|K) C H*(N|K);
(2) invyir(Resp(c)) = [L: K] -invy g (c) for c € H*(N|K);
(3) invyx(CoResk(c)) = invy(c) for ¢ € H*(N|L) and
(4) invyniex(0¥c) = invy|k(c) for c € H*(N|K) and o € G.

Proof. We have observed that (1) and (2) hold above.

To see (3) we first observe that Axiom IT implies that H2(N|K) "S* H2(N|L)
is surjective. Thus we choose ¢ so that Resy(¢) = ¢. With this we get

CoResg (c) = CoResg (Res,(¢)) = &b K1,
On the other hand we have
inv |k (CoResk(c)) = [L: K] -invyk(¢) = invy|r(Res,(€)) = invyL(c).

Finally we need to show (4). Let N|K, be a normal extension such that N C N.
(Here K is the base field of G.) We have o N = N, so that the map a — oa defines
a G | x,-automorphism of the G g, -module Ag. Obviously

o*: H}(N|K,) — H*(N|K,)
is the identity. We can compute
v, Njox (07C) = v g, (07¢) = inv g g, (CoResg, (07¢c))
= v g g, (0" CoResy, (¢)) = inv g g, (CoResg,c) = invy x(c) = invr(c).
i

Definition 5.4. The unique element upx € H*(L|K) defined by

. 1
invy g (urx) = m + Z

is called fundamental class of the normal extension L|K.
We record the following compatibility properties of the fundamental classes.

Theorem 5.3. Let N O L O K be two extensions with N|K normal. Then
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(1) If L|K is also normal, then urx = (UN|K)[N: L.
(2) Resg(unjx) = unjL;
(3) CoResk(unz) = (UN|K)[L: Kl and
(4) U*(UN|K) = UyN|ok for o € G.

Proof. Exercise. it
Applying Tate’s Theorem we directly obtain the following crucial theorem.

Theorem 5.4. For every normal extension L|K and every dimension q the cup-
product with the fundamental class urx € H*(L|K) gives an isomorphism

upgU: H(Gp g, Z) — HI7(L|K).
Applying this to ¢ = —2 together with the canonical identifications
G = H (G, Z) and H'(L|K) = Ax /N AL
gives the general law of reciprocity. We record this in the following theorem.
Theorem 5.5. For every normal extension L|K we get a canonical isomorphism
Ouic: Gt = H (G, Z) 57 HYLIK) = A /Ny Ap.
This isomorphism is called Nakayama map.

We can give the following explicit description of the Nakayama map:

6L|K<UGIL|K): H u(t,o)| - NpxAr,

TGGL|K

where u is a 2-cocycle from the fundamental class urx and aG’L‘ x € G%'TK.
The inverse isomorphism

QZ\IK AK/NL|KAL — G%?K

is called the reciprocity isomorphism. Lifting it to Ax gives the norm residue
symbol denoted by (, L|K). More precisely we have an exact sequence

1 — NL|KAL — AK (’L—|>K) G%}TK — 1.
In particular a € A is a norm (from L) if and only if (a, L|K) = 1.

Lemma 5.6. Let L|K be a normal extension. Further, take a € Ax and @ =
a-NyxAp € H(L|K). Then we have

(@, L|K)) = vy (@ U oy) € ﬁZ/z,

for every character x € X(G‘ZTK) = H' (GLk,Q/Z).
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Proof. To save chalk we write o, = (a, L|K) € G%]\DK and &, for the corresponding
class in H (G k,Z). By definition we have
a= U'L|K UO'_Q € HO(GL|K,AL).
Using compatibility with 6 and the cup-product we get
aUox = (upxk Ud,) Udx = urx U (G, UdX) = urx Ud(ag UX).
Further we compute
r 1
TaUx=x(0u) = ~+Z € -Z/Z=H"(Gux,Q/Z)
with n = [L: K]. Applying § yields
3(x(0a)) = n(% +Z) =1 +nZ € H Gk, Z) = Z/nZ.
Finally we obtain
aUdx =ugx U (r+nZ) = upy,
so that ,
invyg(@Udyx) =r-invyk(ugk) = - +7Z = x(04).
it

Theorem 5.7. Let N O L D K be extensions of K such that N|K is normal.
Then the following diagrams commute:

(1) For the canonical projection m: G?\'})‘K — Giﬁ’K we have

(NIK)
A L g
|

1

AK (7L|K) G%}:‘)K

™

(2) For the Verlagerung (i.e. Ver) we have
(NIK) .
A G
|
Incl Ver

1
(,N|L)
Ap GNiL

(3) For the canonical homomorphism k: G?\ZL — G‘}‘\HK we have

GNIL)
AL 5 G

wl L

(,N|K a
Ay YK G

1

(4) For the maps o: a — ca and c*: 7 +— oTo~" we have
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GNIE) v,
A M, G

(,oN|oK)

ab
Aok ’ G0N|0K

Proof. We heavily use compatibility properties of the fundamental classes. And
other basic properties of cohomological operators developed earlier.
To see (1) we take x € x(G3)x). Then we have
x(m(a, N|K)) = Infx((a, N|K)) = invy|x (@ U é(Infx)) = invy g (@ U Inf(dx))
= invyx(Inf(@U (0x))) = invyx (@ U dx) = x(a, L|K).

Since the inequality holds for all characters y the arguments must agree.
We turn to (2) and (3). The results will follow from commutativity of the
diagrams

un|gY

AK E— H0<N|K) Hiz(GN‘K,Z> e G]a\l[)‘K
|

II\]:?I lRes lRes lver

Ap —— HYN|L) " H(Gy1.Z) — G,

un| LY

AL Em— HO(N|L) Hiz(G]\”L,Z) E— G?\]ﬂ[/

J/N L|K lCoRes lCoRes lﬁc

AK E— H0<N‘K) W H_Q(GN‘K,Z> E— G?\HK

We leave the verification of this as well as the proof of (4) as an exercise. &

With these results we already established the key properties of class formations.
We can go even further in this abstract setting.

Definition 5.5. A subgroup I of Ak is called norm group if there is a normal
extension L|K so that [ = NpjgArg.

Theorem 5.8. Let L|K be a normal extension and let L* be the maximal abelian
extension of K contained in L. Then

NL|KAL == NLab‘KALab g AK
Proof. We apply the reciprocity law twice:
AK/NL|KAL = G%:TK = GLab‘K = AK/NLab‘KALab'

This suffices since the inclusion Ny g Ar € Npav g A is obvious. if



ALGEBRA 2: CLASS FIELD THEORY 69

Corollary 5.9. The index [Ag: NpjxAy) divides the degree [L: K|. Equality holds
if and only if L|K is abelian.
Theorem 5.10. The map
Lw— I = NL|KAL
gies an inclusion reversing isomorphism between abelian extensions L of K and
norm groups I in Ag. Indeed we have
ILl D [L2 = L1 - LQ; ]L1~L2 = ILl ﬂ]L2 and ]L10L2 = ILl . ]Lg-

Furthermore, every group containing a norm group I C Ay is itself a norm group.

Proof. Let L; and L, be two abelian extensions. Multiplicativity of the norm
implies I1,.r, C I, N I, On the other hand, if a € Iy, N I,, then (a, L L] K)
has trivial projections (a, L;|K) = 1 and (a, L2|K) = 1. Thus (a, L1 Ls|K) = 1.
Therefore a € Ip,.r,. We have seen that Ir,.;, = Iy, N Iy,. Combining these
observations gives

]Ll QILQ <:>IL1 ﬁ]L2 :[L2 :IL1~L2 54 [Ll'LQZ K] = [Lgl K] < Ly C L.

Note that we have observed above that every norm group is obtained by norms
of an abelian extension. This implies bijectivity. The rest of the result follows at
once. it

We conclude this section by briefly adding some topological considerations. Note
that the groups G'j‘:'TK form a projective group system. (We can think of this as
the group system of all Galois groups of all abelian extensions of K.) We set

Gy = 1&“ aLl|)K'
(This can be thought of as the Galois group of the maximal abelian field over
K.) By our compatibility conditions we get the universal norm residue symbol by
setting
(a, K) = lim(a, L|K) € G2,
Note that this element is uniquely determined by 7 (a, K) = (a, L|K). It gives a
map
A B g
Theorem 5.11. The kernel of (,K): Ax — G322 is given by the intersection
Dk =\ NuxAs.
L

Further, the image is dense in G52 (with respect to the pro-finite topology).

Proof. We observe that (a, K) = 1 if and only if (a, L|K) = 1 for all normal
extensions L|K. But this precisely says a € Dg. To see density of the image we
recall that for o € G the sets 0 H form a basis of neighborhoods of o, when H runs
through all open subgroups of G&°. But for H open we know that G2 /H = Gk is
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the Galois group of an abelian extension L|K. By surjectivity of the norm residue
symbol (, L|K): Agx — Gk we find a € Ag with 7p(a, K) = (a, L|K) = m0. In
other words (a, K) € o - H. oo

Sheet 8, Exercise 3: Prove Theorem 5.2. More precisely, let (G, A) be a class
formation. Let N O L O K be normal extensions. Show that

(1) invy(x(c) = invy(c) for ¢ € H*(L|K) C H*(N|K);

(2) invyr(Resi(c)) = [L: K] - invyk(c) for ¢ € H*(N|K);

(3) invy x(CoResg(c)) = invyz(c) for ¢ € H*(N|L) and

(4) invynjox(0¥c) = invyk(c) for ¢ € H*(N|K) and 0 € G.
Sheet 8, Exercise 4: Show that (Gal(C|R),C*) is a class formation. Write down
the invariance map and determine the norm residue symbol.
Sheet 9, Exercise 1: Complete the proof of Theorem 5.10: Suppose that (G, A)
is a class formation. Given an abelian extension L of K we set I, = NpgArp.
Show the following:

(1) Carefully explain why the map L + I is a bijection between (finite)
abelian extensions of K and norm groups [ in Ag.

(2) I, NIy, =15, - 1Ip,.

(3) Every group containing a norm group is itself norm group.

6. LocAL CLASS FIELD THEORY

We start by investigating the class formation of unramified extensions.

Theorem 6.1. Let E|F be an unramified extension of non-archimedean local fields.
Then

HY(Gal(E|F),0F5) =1
for all q € Z.
Proof. We consider the exact sequence
1= 1+4pp— 05—t —1

of Gal(E|F')-modules. Recall that by Theorem 4.55 we have H(Gal(E|F), ¢5) =1
for all ¢q. Considering the long exact sequence of cohomology yields

HY(Gal(E|F),0F) = HY(Gal(E|F),1 4+ pg).
Similarly, considering
1> Up—=Upt =g —0
yields
HY(Gal(E|F),Up) = HY(Gal(E|F), U™ ).
Inductively we obtain HY(Gal(E|F),Uy) = HY(Gal(E|F), O) for all n.
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By Lemma 3.18 we have the isomorphism (-)™: UL — Un™™for n sufficiently
large."" On the level of cohomology this gives us the commutative diagram

H(Gal(E|F),Ut) ——~—— HY(Gal(E|F), 0%

L
. |
HY(Gal(E|F),Up™"™) — ~—— H(Gal(E|F),0})
Thus we found that for all m € N the homomorphism
(y": HY(Gal(E|F), 05) — H*(Gal(E|F), 0)

is bijective. However, the elements of HY(Gal(E|F),O}) have finite order. This
implies the result. it

Corollary 6.2. Let E|F be an unramified extension of local fields, then
Op = NgirOj.
Le. every unit is a norm element.
Proof. This follows from the theorem above by considering ¢ = 0. if

Alternative argument for Theorem 6.1: If F' has positive characteristic the
proof of Theorem 6.1 has a gap. In this case one can argue for example as follows.
First we observe that, since E|F is unramified, the Galois group Gal(E|F) is cyclic.
In particular, it suffices to show that H?(Gal(E|F'), Of) is trivial for ¢ = 0,1. The
case ¢ = 0 is easily derived from the fact that the norm map is surjective. (The
latter fact can be shown without using Theorem 6.1, so that the argument is not
circular!) For ¢ = 1 we observe that B = Of x w?. Since Gal(E|F) operates
trivially on w?, the cohomology group H'(Gal(E|F),O}) is a direct summand of
H'(Gal(E|F), E*). One concludes by applying Hilbert 90. i

Our goal is to show that the unramified extensions F|F' together with the mul-
tiplicative groups E* form a class formation. To see this we need to define the
map inv. We start with the exact sequence

1= 05— FE*B7 1.

We have already seen that HY(Gal(E|F),O}) = 1, so that by the long cohomo-
logical sequence we get an isomorphism

H*(Gal(E|F), EX) 5 H*(Gal(E|F),Z).

Further we recall that Q was cohomologically trivial, so that from 0 - Z — Q —
Q/Z — 0 we obtain an isomorphism

H(Gal(E|F),Z) = H'(Gal(E|F),Q/Z) = Hom(Gal(E|F),Q/Z) = x(Gal(E|F)).

Hpis technically uses that E and F' have characteristic zero. We sketch an alternative
argument below.
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For every character x € x(Gal(E|F)) we have x(¢gr) € ﬁZ/Z. Recall that

¢pr is the Frobenius automorphism which generates Gal(E£|F). Thus we get an
isomorphism

o 1
HY(Gal(E|F),Q/Z) = x(Gal(E|F)) % WZ/Z.
We combine these isomorphisms:
H*(Gal(E|F), E*) N H*(Gal(E|F),Z) 6;; H'(Gal(E|F),Q/Z) R ﬁZ/Z.

Definition 6.1. Let E|F be an unramified extension we define
1
[E: F|

invg p: H*(Gal(E|F), E*) — YAY/

by invgp =@od !t om.
We now set
HYE|F)= HYGal(E|F),E™).

Let Ky be a fixed underlying local field and let T" be the maximal unramified
extension of K.

Theorem 6.3. The formation (Gal(T|Ky),T™) is a class formation.
Proof. Axiom I is true due to the Hilbert-Noether theorem. To see both parts of

Axiom II we need to verify that the following diagrams commute:

H2(B|F) —— H(Gal(E|F),Z) —— H'(Gal(E|F),Q/Z) —— F'HZ/Z

| I
Incl llnf llnf Incl
< N

H*(N|F) —— H?*(Gal(N|F),Z) - H'(Gal(N|F),Q/Z) —— A/

H2(N|F) — H2(Gal(N|F),Z) - H'(Gal(N|F),Q/Z) —— —A=7/Z

I
Res lRes lRes l [E: F)
4

H*(N|E) —— H2(Gal(N|E),Z) =~ H'(Gal(N|E),Q/Z) —*— A=7/Z

where N D E DO F are two unramified extensions of F'. We have already gathered
all the necessary properties to see commutativity. We leave it to the reader to
collect them together. ]

This theorem allows us to apply all the results from abstract class field theory.
We will give a precise interpretation of these later when also ramified extensions
can be included.
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As in the abstract setting we write

HA(TIK) = | J HA(LIK),

where L runs through all finite unramified extensions of K and obtain an injective
homomorphism

invg: HY(T|K) — Q/Z.
Note that Q/Z = |, £Z/Z. Furthermore, there is precisely one unramified exten-
sion E|F' of degree n for each natural number n. Since for this extension we have
an isomorphism invgp: H*(E|F) — 17/7 we see that

H*(T|K) = Q/Z.
Furthermore, for each unramified extension E|F we get the exact sequence
1 = NppE* — F* Y57 Gal(B|F) - 1.
(Here we use that Gal(E|F') is cyclic and in particular abelian.)
Theorem 6.4. For E|F unramified we have
(a, B|F) = o
for all a € F*.

Proof. Recall that
x(a, E|F) = invgp(aUdx).
For all characters xy we compute
X(a,E|F) = ¢od ' oT(@Udx) =pod ' (vr(a) - dx)
= (vr(a) - X) = vr(@)x(prr) = X(CEx):
This gives the desired identity. i
This is the natural definition of the norm residue symbol.

Theorem 6.5. Let F' be a local field with uniformizer wo. Then the norm group
of the unramified extension E|F of degree f is precisely

Ox x (w!).
Proof. Note that f is the order of pp in Gal(E|F). An element a € F* is a norm
from £ if and only if (a, E|F) = ¢ @ — 1. This gives the result. it

We now introduce the so called universal norm residue symbol. To do so recall
that

Gal(T|F) = lim Gal(E|F).
E
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Thus we can set
(a,T|F) = T&n(a,E]F).
E

This defines a homomorphism

< "I Galr|p).

Since the Frobenius elements form a compatible system we can also define the
universal Frobenius element

YF = @(,OEUE’ c Gal(T\F)
E

(Note that ¢p has infinite order.) The universal symbol is described by the fol-
lowing theorem:

Theorem 6.6. We have
(0, TIF) = 9"
for all a € F*. The kernel of (,T|F): F* — Gal(T|F) is the unit group Oj.

Proof. This is Sheet 9, Exercise 2 below. it

We now turn towards more general extensions. Let Ky be a fixed non-archimedean
local field with algebraic closure Ky. We write G = Gal(K|Kj) for the absolute

Galois group of Ky. Then (G, K, ) is a field formation since by Hilbert 90 we have
H'(E|F) = 1. We will need to show that this is a class formation.

Lemma 6.7. For every finite normal extension E|F we have
(tH*(E|F)) | [E: F).

Proof. We start by considering the case when E|F' is cyclic and of prime degree
p=[E: F]. In this case we need to show that the Herbrand quotient is

_ BHA(EIF)

ME") = CHEF)

— $H*(E|F) = p.

Note that we have
n(E<pt = o)
QO,p<EX)
But we have seen in Theorem 3.20 that for local fields'?
Qop(F™) = (F*: (F*)?)/4F, =p- qlvwF(p) and
Gop(EX) = (E*: (EX))/4E, = p - ¢2F?).

12For fields F of positive characteristic this holds only if p is co-prime to it. To fix the proof one
can consider the exact sequence 1 = Of — EX — Z — 0 to get h(E™) = h(Z)-h(Of) = p-h(OF)
by multiplicativity of the Herbrand quotient. It remains to show that h(O) = 1 for completely
ramified E|F, which we leave as an exercise.
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Note that we have p = ef with g = q}; and vg(p) = e - vp(p). In particular we

have ¢}’ ® _ g ) Tnserting this above gives h(E*)P~! = pP~1 as claimed.

The general case can be derived as follows. First note that Ggp is solvable.
Thus there is a field F’ with F' C F/ C F so that the extension F'|F is cyclic of
prime order. We have the exact sequence

1 — H*(F'|F) — H%(E|F) 'S H*(E|F).

This yields
(tH*(E|F)) | ((H*(E|F)) - ((H*(F'|F)).
=[F': F]

The result follows by induction on the degree of the extension. it

Lemma 6.8. Let M|F be a normal extension containing two extensions E|F and
E'\F. We assume that E'|F is unramified. In particular N = E - E' is unramified
over E. Suppose [c] € H*(FE'|F) C H*(M|F), then Resg(|c]) € H*(N|E) C
H?*(M|FE) and we have

invyg(Resg([d])) = [£: F| - invegp([c]).

Proof. Let f be the inertia degree and e the ramification index of E|F, so that
[E: F] = ef. When we view the valuations v and vg extended to M then we have
vg = e - vp. Recalling the definition of the invariant map we obtain the diagram

H(E'|F) — H(Gpip,Z) " H'(Gpr,Q/Z) —* Frel/Z

[E': F)
' | | e
Incl Inf Inf Incl
<+ + + +
H*(M|F) H2<GM|FvZ) Hl(GMIFvQ/Z) [M%F]Z/Z
| | | I
Resy, e-Res e-Res (E: F)
+ + + v
H*(N|E) —— H*(Gnp,Z) —— H'(Gnip. Q/Z) —5— g Z/Z

The commutativity of the two left blocks of the diagrams follows directly from the
properties of the underlying cohomological constructions. To see that the right
hand side commutes we need to see that

onElE = Phe
To see this we take an integer a in E’ and check that
ene(a) = a?” mod py = a®F mod PN = a®F mod pp = cpé,w(a).
Further, for x € H'(Gp/r, Q/Z) we have
[E: F]-x(¢mp) = e [ X(epr) = e X(¢hp) = € X(onple)
=e-Infx(¢ne) = e (Res o Inf)x(oniE).
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The required identity follows directly. it

Theorem 6.9. Let E|F be a normal extension and let E'|F be the unramified
extension of the same degree. Then

HY(E|F) = HX(E'|F) € H*(|F).
Proof. Note that it suffices to show
H*(E'|F) C H*(E|F).

This is because we already know that [E: F| = [E': F] = tH*(E'|F) and ({H?*(E|F)) |
[E: F].

Put N = E - E’ so that N|E is an unramified extension. Let ¢ € H*(F'|F) C
H?(N|F). We look at the exact sequence

1 — HX(E|F) — HX(N|F) “S® HX(N|E).
We conclude that ¢ € H*(E|F) if and only if Resgc = 1. But the latter is the case
if and only if invy|z(Resg(c)) = 0. Thus, since invgr(c) € [E:—IF]Z/Z, we need to
show that
invyp(Resp(c)) = [E: F] - invgp(c).
But this follows from the more general lemma that we shew before. it

The Brauer group is defined by
Bi(F) = H*(|F) = | HA(EIF)
E

where the union is taken over all finite normal extensions L of K. By the theorem
the union can be restricted to all unramified extensions. The following theorem is
now immediate:

Theorem 6.10. The Brauer group Br(F') of a non-archimedean field of charac-
teristic 0 is canonically isomorphic to Q/Z.

Definition 6.2. Let E|F be a normal extension and let E'|F' be the unramified
extension of equal degree (i.e. [E: F] = [E': F]), so that H*(E|F) = H*(E'|F).
Then we define

. 1
MVEF: HQ(E‘F) — WZ/Z

by invgr(c) = inve|p(c).

The following central theorem will allow us to use the key theorems from abstract
class field theory.

Theorem 6.11. The formation (G,FOX) is a class formation.

Proof. This follows from the construction. it
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For each normal extension E|F we obtain a fundamental class
1
UE\F€H2(E|F) so that iIlVE|FUE‘F [E F] + Z.

Theorem 6.12 (Main Theorem of Local CFT). For every normal extension E|F
and every q the homomorphism

UE‘FUI Hq(GE|F, Z) — Hq+2(E|F)
18 bijective.
Proof. This is a restatement of Theorem 5.4, which in turn is a direct application
of Tate’s theorem. it

Corollary 6.13. We have H*(E|F) =1 and H*(E|F) = x(Ggr).
Proof. Apply the main theorem for ¢ = 1, 2. it

Theorem 6.14 (Local Reciprocity Law). For each normal extension E|F we have
the isomorphism

E|F

u (@]
Gy = H*(Gppr,Z) — H°(E|F)=F"/NgrE*.
The inverse isomorphism gives the exact sequence
Proof. This is a restatement of Theorem 5.5. if

Recall that (, E|F') is the all important norm residue symbol. Unfortunately we
don’t have an explicit formula for it. But the following compatibility properties
will turn out helpful.

Theorem 6.15. Let N DO E D F be two extensions of F. Suppose that N|F and
E|F are normal then

NIF) GNIF)

}T GN\F P — GN\F
Ft (E|F) GETF prx CNE), GNV;r
g W g P L, g

N . o o*
E|;X (.N|F) GN‘F FX(,O’N|O'F GUN\JF

are commutative for o € G.
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Proof. This is a restatement of Theorem 5.7. it
Lemma 6.16. Let E|F be a normal extension, a € F* and a = a - NgrE™ €

HO(E|F). Then, for every character x € X(G%blF) = x(Ggr) = H(Ggir,Q/Z),
we have

. _ 1
X(CL,E‘F) = IDVE‘F(CLU (SX) € WZ/Z,

where 0y is the image of x under §: H (Gpgip, Q/Z) — H*(Gpr,Z).

Proof. This dual characterisation of the norm residue map already appeared in
Lemma 5.6. i

Theorem 6.17. Let E|F be an abelian extension of non-archimedean local fields.
Then the norm residue symbol (, E|F) maps the unit group OF on the inertia
group and U} is mapped on the ramification group.

Proof. Let Er be the maximal unramified subextension between E and F, f =
[Ep: F] and Gy the inertia group in Ggp. For u € O we have
w(u, B|F) = (u, E|F) - Gr = (u, Er|F) = ¢ () = 1.
Thus (u, E|F) € Gp. Suppose now 7 € Gp and a € F* with (a, E|F) = 7. Then
n(a, E|F) = (a,E|F)-Gr = 1.
Thus 1 = (a, Ep|F) = gpqg;(l'?. We conclude that vp(a) = 0 mod f. Choose b € E*

so that vg(b) = %vp(a), then

UE<NE|FZ)) =€ - UF(NE‘Fb) =n- ’UE(b) =€ - UF<G).
We have seen that vp(a) = vp(Ngrb) and we can write a = u - Ngp(b) with
u € Of. We are done since (a, E|F) = (u, E|F) = 7.

To see the second point we observe that (Up, E|F) = 1 for sufficiently large n.
Since G, is the only p-Sylow group of G it must be the image of the p-Sylow
subgroup U} /U of Oy /UR. oy

We can also pass through the usual limiting procedure. Indeed we have

G = @GE‘F for E|F abelian
The universal norm residue symbol is then simply
(a, F) = @(@,E!F) € G2 where a € F*.
(7

The so obtained map F'* A G is injective.'” If T is the maximal unramified
extension of F', then we obtain

(a, F)|r = (a,T|F) = W%F(a) € Gr.

13This requires a little proof left as an exercise.



ALGEBRA 2: CLASS FIELD THEORY 79

Theorem 6.18. Let F' be a non-archimedean local field. Then we get a correspon-
dence
between finite abelian extensions E|F and norm groups in F*. This correspondence
15 incluston reversing and each group containing a norm group is itself a norm
group.

Proof. This is Theorem 5.10. s

Theorem 6.19 (Existence Theorem). The norm groups of F* are the open sub-
groups of finite indez.

Proof. First, by the reciprocity law, each norm group [z has finite index in F'*.
Let m be this index, then (F*)™ C Ig. But (F*)™ is open. In particular we can
write Ip as union of translates of (F*)™ which are open.

Now we take I C F* open of finite index. Then (F*)™ is contained in I for
some m. Thus it suffices to show that (F*)™ is a norm group. We will do this
for the case when the characteristic of F' does not divide m using Kummer theory.
The remaining case requires a separate argument, which we omit.

We do so first assuming that F' contains the mth roots of unity. For every
a € F* we write L, = F( {/a) and define

The so obtained extension of F' is finite and abelian. We claim that

(F)"=1,= () IL.
acF~
The degree [L,: F] = d obviously divides m. In particular (F*)? C I . This gives
the inclusion (F*)™ C I, and thus (F*)™ C I;,. Now we use Kummer theory.
Indeed we have
[F>: (F*)"] =G p = [F*: IL).

This gives the desired equality.

Finally, if F' does not contain the mth roots of unity, then adjoining them gives
a new field F;. The extension L|F; constructed above gives (F{*)™ = Npp L*.

Let L be the smallest normal extension of F containing L. Then we get
NipL™ = Npyp(Nijp L) € Neyp(Npjs L) = Neyp((F)™)
= (N p 7)™ S (F7)™.
This concludes the proof. i

This theorem tells us that for each open subgroup I of finite index in F'* there is
an abelian extension F|F so that N pipE” = 1. We call E the class field associated
to 1.
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Theorem 6.20. Let I be a subgroup of F*.Then the following are equivalent

(1) I is a norm group;

(2) I is open and of finite index;
(3) I is closed and of finite index;
(4) I is of finite index.

Proof. This is Sheet 9, Exercise 3 below. pif

Theorem 6.21. Fach norm group contains a group of the form
U x (@)
forn € Z>y and f € N.

Proof. This follows directly from the topological description of the norm groups
and the structure of the multiplicative group F’*. s

We now discuss some applications of local class field theory.

Corollary 6.22 (Local Kronecker-Weber Theorem). Every finite abelian extension
of L|Q, is contained in a field Q,(C), where ¢ is a root of unity. (I.e. the mazimal
abelian extension QZWQP is generated by adjoining all roots of unity.)

Proof. We find f,n € N such that
Ug, x (') € Nijg, L™
Thus by the existence theorem L is contained in the class field of
[=Ug x () =[Ug, x N[O, x (")
But to Og X (p”) belongs the unique unramified extension of degree f and [Ug, %

(p) belongs to Q,(pn). (The latter was computed in an exercise.) This completes
the proof. i

This already implies the classical Kronecker-Weber Theorem:

Theorem 6.23 (Kronecker-Weber). Every finite abelian extension L|Q is con-
tained in a cyclotomic field Q(uy,). (Here p, is the group of nth roots of unity.)

Proof. Let S be the set of all primes p that are ramified in L. (By Minkowski’s
theorem this set is non-empty as there are no unramified extensions of Q.) For
each p we fix a prime P C Oy, lying over p and consider the completion Ly with
respect to the non-archimedean absolute value obtained from 3.

Since the extension Lg|Q, is abelian we find n, such that

Qp € Loy © Qp(ptm,)-
Let p® be the precise power of p dividing n, and put

n = Hpep.

peS
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Put M = L(p,). We claim that L C Q(u,,). To see this it suffices to show that

M = Q(ptn)-
Note that M|Q is abelian and observe that the primes that ramify in M |Q must

lie in S. Consider P C Oy lying above P and thus over p. The completion Mg
of M with respect to the absolute value associated to 9 contains Ly. We have

M‘i‘ = La(pn) = Qp(ppernr) = Qp(ttper ) Qp (1)

with (n’,p) = 1. Since Q,(uy)|Q, is the maximal unramified subextension of
Qp(1pern)|Q, we find that the inertia group I, of Mg|Q, is isomorphic to
Gal(Qp(pper )| Qp).-

In particular 41, = ¢(p°). Put
I'=(l,:peS) CGal(M|Q).

The fixed field of I must be unramified and thus equals Q. We conclude that
I = Gal(M|Q). We can therefore compute

(M:Q) =4l =[]t = [[ (™) = ¢(n) = [Qu): Q.

peES peES
Since Q(u,) € M this establishes the claim and completes the proof. if

Theorem 6.24. Let p be odd, then there are exactly p + 1 extensions of Q, with
degree p.

Proof. The existence theorem transforms this into the problem of computing index
p subgroups of Q. Each of these subgroups contains (Q,)?, so that we further
reduce the problem to computing index p subgroups of Q. /(Q,)".

Structurally we have

Q) =2ZXZ,xZ/(p—1)Z.
Thus

Q) /(Q))" = Z/pZ x L[pZL.
Subgroups are now easily found. Indeed any tuple (z,y) # (0,0) generates a
subgroup of order p and (2, y’) generates the same subgroup exactly when (z,y) =
z(2',y') for z € (Z/pZ)*. We conclude that the number of index p subgroups is
precisely

P -1)/p-1)=p+1L
i

Suppose that F' is a non-archimedean local field containing the group of nth
roots of unity p,. We assume that n is co-prime to the characteristic of F. Let
L be the maximal abelian extension of exponent n. This is the class field of the
norm group

[ = (F*)" = NypL*.
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In this situation we write the characters multiplicatively so that
x(Gal(L|F)) = Hom(Gal(L|F), ).
We have the natural pairing
Gal(L|F) x \(Gal(L|F)) = jin, (0.X) = x(o).

Recall that using the local reciprocity law we identify Gal(L|F) = F*/(F*)™. On
the other hand Kummer Theory gives an identification x(Gal(L|F)) = F*/(F*)™.
Thus we obtain a natural pairing

() s £y P =

called the Hilbert symbol.
Lemma 6.25. Let F' be as above. Then for a,b € F* we have

(a, F(V/D)|F)Vb = (‘;—:) - V.

Proof. By definition the image of a € F*/(F*)" in Gal(L|F') is the norm residue
symbol

0. = (a, L|K).
Similarly the identification from Kummer Theory is given by b +— Y, where
xs(1) = (Vb)) V.

By definition we have

a, b n n

(%2 = valou) = au( VD) .

Pr

This gives the desired result. &

Example 6.26. For n = 2 it can be shown that
b
<0L) —1
pr
azx® + by? = 22 (8)

has a non-trivial solution x,y,z € F. Because py = {%1} this determines the
Hilbert symbol completely.

if and only if

This brings us to the end of our discussion of local class field theory. A major
flaw is that we did not describe the norm residue symbol explicitly. This can be
done but would take us too far afield. For later use we only write down some
pieces of the full picture without proof:
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e Theorem: Let a = u-p™ € Q),
primitive p”th root of unity. Then

(a,Qp(¢)|Qp)¢ = (" (9)

where r is determined modulo p™ by r = u~! mod p".

e Theorem: The norm groups of purely ramified (abelian) extensions E|F
contain U} x (w) for some n € Zxy.

e Definition: Let E|F be an abelian extension and let n be the smallest
non-negative integer so that Up € NgjpE*. The conductor f of E|F is p".

e Theorem: An abelian extension E|F is unramified if and only if f = 1.

where v is a unit. Further let ¢ be a

Sheet 8, Exercise 1: Let E|F be a finite Galois extension of non-archimedean
local fields and write G = Gal(E|F). Let n be the degree of the extension and ¢
the residue charcteristic. We assume (¢, n) = 1.

(1) Suppose that E is the bi-quadratic extension of F' and assume that the
residue characteristic is odd. Show that H (G, E*) = Z/2Z. (Why is
there only one bi-quadratic extension?)

(2) Show that in general H!(G, E*) depends only on the (isomorphism class
of the) Galois group G and not on the extension E.

(3) Show that G is abelian but not cyclic, then H~(G, E*) is non-trivial.

To solve this exercise one can use Sheet 7,Exercise 4 above as well as the general
reciprocity theorem (i.e. Theorem 6.14).
Sheet 9, Exercise 2:

(1) Prove Theorem 6.6 from the lecture (notes): Let F' be a non-archimedean
local field and let 7" be its maximal unramified extension. We have

(0. T|F) = ot
for all a € F*. The kernel of (,T|F): F* — Gal(T|F) is the unit group
(2) ghlgw that the universal norm residue symbol
(,F): F* = Gy
is injective.'
Sheet 9, Exercise 3: Prove Theorem 6.20: Let F' be a non-archimedean local
field. Let I be a subgroup of F'* then the following are equivalent

(1) I is a norm group;

(2) I is open and of finite index;
(3) I is closed and of finite index;
(4) I is of finite index.

Sheet 10, Exercise 1: Show that there are 7 abelian extensions of QQ; of degree
2.

M1t can be assumed that F' has characteristic 0 for convenience.
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7. ADELES AND IDELES

Throughout let K be a number field with ring of integers Ok. (Function fields
can be treated similarly.)
We start by introducing some notation:

o Let p C Ok be a prime ideal of Og. We write v, for the corresponding
(normalised) non-archimedean valuation on K and we define the absolute
value by |z], = Nrgjo(p)~*@. The completion of K with respect to | - |,
will be denoted by K,. We call v, a finite place of K.

e Let v: K — R be a real embedding of K, then we associate the absolute
value |z|, = |v(z)|. The corresponding completion is K, = R. We call v a
real infinite place of K.

e Let v: K — C be a complex embedding of K, then we associate the ab-
solute value |z|, = |v(x)[>. The corresponding completion is K, = C. We
call v a complex infinite place of K. (We encounter them always in pairs
v and ¥ and we do not distinguish these two!)

Together these make up all the places of K, which we usually denote by v. We
have the following result:

Lemma 7.1. For x € K* we have
Izl =1,

where the product is taken over all places of K.

Proof. After observing that the product is actually finite (and therefore well de-
fined), we arrange it as

[T1ele= TIl=le -TT ITll;

v|oo P plp
—— ——
=|Ngo(@)]oo =|Ngjo@)lp

The claim is thus reduced to the case where K = Q, which is easily verified. (Note
that we have crucially used that the absolute values are appropriately normalized!)

&

Let S be a set of places containing all infinite (or archimedean) ones. The
S-units of K are defined by

K%={aec K*:|a|,=1forall v ¢S}

The name comes from the fact that a € K is a unit in the ring of integers of K,
for all v ¢ S. Note that if S = S, contains precisely the infinite places, then we
have

K% = Of.
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To unify notation we set

e :
Uk, if v =, is finite,

O if v = v, is finit
Ov:{ p LU =Up 18 LINILE, and U = ¢ RT  if v | oo is real,,

K, else “ ) )
C if v | oo is compex.

As usual we will put U? = O.
We recall two important facts from algebraic number theory:
(1) The ideal class group Cx = Jk/Pxk is finite. (Here Jk is the group of
fractional ideals of K and P is the group of principal ideals.)
(2) The group of S-units K* is finitely generated and has rank S — 1. (This
is a slight generalization of Dirichlet’s unit theorem.)

Consider now a finite extension L|K. We usually write B for ideals in Or. We
write B | p, if P lies above p. We get a corresponding extension of completions:

(Places of L will be denoted by w and as in the finite place we write w | v if w lies
above v. Of course we have L, O K, as above.)
We have the classical decomposition

p =Py P
satisfying

> Ly K] = [L: K] and [Ly,: K] = ¢; - fi.
i=1
In the completed fields we have the identity ’i?\ie =p.
Assuming that L|K is a Galois extension with Galois group Gal(L|K) allows
us to observe that for ¢ € Gal(L|K) we have o3; = B, for some 1 < i, < r.
Therefore o induces a K,-isomorphism

o*: ngz — Lo-q}i = Lsp .

In the special case, when o*3; = B, (i.e i = i,), we obtain an automorphism, so
that o* € Gal(Lg,|K,). This way we can identify the Galois group Gal(Lsy,|K,)
with the decomposition group Gy,. We thus have

Gal(Ly, | Ky) = Gy, = {0 € Gal(L|K): o'B; =P, } C Gal(L|K).

We now introduce the adeles and ideles. In particular the ideles will be of great
importance to us, because they will serve as the correct module to set up the global
class formation.

Definition 7.1. Let S be a finite set of places of K. Then we define

Ay =T[ K. <[]0, ] %0

vES vgS v
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This is called the group of S-adeles. The adele group is given by
Ag =A%
s

We write K C Ak for the diagonal embedding z — (x),.

Remark 7.2. Note that the S-adeles naturally carry the product topology, turning
them into locally compact groups (with respect to componentwise addition). We
make Ay a locally compact topological group by declaring that the S-adeles are
open subgroups. One can show that

K+ A% = Ag.

(This is nothing more than the chinese remainder theorem.) It follows immediately
that Ay /K is compact.

Definition 7.2. Let S be a finite set of places of K. Then we define

AP =TI & x[Tor <] &
veS vgS v

This is called the group of S-ideles. These are locally compact topological groups
with respect to pointwise multiplication and the product topology. The idele group

is given by
S
Ax=JAR".
S
This is a locally compact topological group containing the S-ideles as open sub-
groups. We write K* C Ay for the diagonal embedding x — (x), and we call
Cx = A% /K> the idele class group of K."”

For each place v of K we have the embedding ¢,: K — A} given by

()] = {ac if v =w,

1 else.

The induced map 7,,: K0 — Cg sending x € K* to ¢,(x)-K* € C is a topological
embedding.

Note that we recover the S-units of K by taking the intersection of K* (em-
bedded diagonally as always) with the S-ideles:

S X xS X
K> =K*"NAy” CA%.
51t is easy to see that K* (embedded diagonally) is discrete in A%. Indeed this is clear
because the neighbourhood
{a € Ak |a, — 1|, <1forves, |ay|, =1forv¢S}

of 1 does not contain any other element of K*. Thus Cx equipped with the quotient topology
is itself a locally compact (i.p. Hausdorff) topological group. The projection Ay — Cg is
continuous and maps open sets to open sets.
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Recall that the non-zero fractional ideals of O C K form a group denoted by
Jk . The subgroup of principal (fractional) ideals is denoted by Py and we obtain
the class group

Cx = Jk/Pxk.

In contrast to the idele class group Cg, the class group Ck is finite. The following
results will show that they are still closely related.

Theorem 7.3. We have the isomorphisms
Ax/AR™ = T and A [ARP= K> = Cy.
Proof. Given an idele a € A} we define the corresponding ideal
H pve(ee),
pfoo

(Note that this product is actually finite.) We obtain a homomorphism ¢: Ay —
Jk with kernel AIX(’S‘X’. This gives the first isomorphism.
The second isomorphism is easily obtained by computing the kernel of

A% — Ck, a— 1(a) - Pk.

Indeed we observe that ¢(a) € Pk precisely when ¢(a) = (z) for + € K*. This

implies that
H p”p(%) — H pvp(ﬂf).

pfoo pfoo
We obtain that vy(apz™') = 0 for all p { co. This can be rewritten as

a€x- AIX(’S“’ C AIX(’S‘X’KX.

Theorem 7.4. We have
AY =AY K and C = AYS - KX /K™,
where S O Sy is a finite but sufficiently large set of places.

Proof. Take class group representatives ay,...,a,, € Jx. We can take

hk
S={p|[]ai} VU S
=1

Indeed we morally write
AY = Ti - A% = CrAR™™ KX C A - K™

It is not hard to make this rigorous. it
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Remark 7.5. We can equip Ay with the modulus

|ala = H |y lo.

v

By construction all these products are actually finite and thus well defined. We
define

Al = {a€A%: |al, =1},
We see that K* C AL so that we can define Ck = AL /K*. It can be shown

that this group is compact. (This is essentially equivalent to the finiteness of the
classical class group.)

It remains to study the relation between the idele groups Ay and A} when L|K
is a finite extension. We first define an injective homomorphism (interpreted as
embedding)

A% 3 aw d € AT with d, = a, for w | v.
Thus, the idea is to embed K, diagonally in wa L. Next suppose that L|K is

normal with Galois group Gal(L|K). We define the following action of the Galois
group on the ideles: Given a € AT and ¢ € Gal(L|K) we define oa € A} by

(ca)y = o(a,-1q).
(Note that this induces the usual Galois action on the (fractional) ideal group J.)
Remark 7.6. Algebraically we can write A;, = A @k L and then the Gal(L|K)
action is given by o(a ® I) = a ® o(l). This is because (for separable extensions)
there is an isomorphism
K, @k L— Ly = [ Ly
Flp

Theorem 7.7. Let L|K be a normal extension, then
(AE>GaI(L\K) _ A;{

Proof. Obviously Gal(L|K) acts trivially on A% (when viewed inside A7).

Now take a € A} with oa = a for all ¢ € Gal(L|K). We first observe that by
definition we must have

(oa)y = o(a,-1p) = asp.

We get for each o € Gy that cap = ag. Using the identification Gy = Gal(Lg| K,)
this yields ap € K,. Now if g and P’ are two places over p we find o € Gal(L|K)
with o~ = 9. This directly implies ap = aqv, since we already now that both
components are in K. it

Theorem 7.8. Let L|K be any extension. Then
L*NnAg =K~
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Proof. Clearly K* C L*NAj. For the other inclusion we take a normal extension
L|K containing L. Taking a € L* N A we observe that a is fixed by Gal(L|K).
But this implies that a € (L)% X)) = K% and we are done. g

This allows us to define the injective homomorphism
L: CK—>(CL, a-K*+—a-L*.
We therefore view Ck as a subgroup of C,. (Note that a - L* € Cj, lies in Cg
precisely when a - L* = a' - L* with o/ € A%.)

Theorem 7.9. Let L|K be a normal extension. Then Cp, is a Gal(L|K)-module
and we have
CEHEHE) _ o

Proof. The action is simply given by o(a - L*) = o(a) - L*. To see the Galois
descent property we recall the exact sequence

1 — (LX) GEHE) o (A)GER) P g (Gal(LIK), L*).
By Hilbert 90 we have H'(Gal(L|K), L*) = 1, so that we obtain a short exact
sequence. We are obviously done since (L*)GLE) = K and (AF)CEE) =
A% op
Remark 7.10. Note that these facts are all not true in general on ideal level:

e A non-principal ideal of K can be principal in some extension L.
e The classical ideal class group does not have Galois descent. To be more
precise let L|K be a Galois extension. Then the homomorphism Cx —

Gal(L|K) . - . o .
C La( %) is in general neither injective nor surjective.

Sheet 10, Exercise 4: Let K be a global field with adele ring A and idele ring
Ak
(1) Show that the embedding Ay — Ak is continuous.
(2) Show that the topology on A% is different from the subspace topology
obtained via A C Ag.
(3) Show that the topology on A% coincides with subspace topology obtained
using the embedding
A% = Ag x Ak, o> (2,271,
where Ag x A is equipped with the product topology.

Sheet 11, Exercise 3: Let L|K be a finite normal extension of algebraic number
fields with ideles A} (resp. A%).
X

(1) Show that the norm Ng, , defines an homomorphism from Aj — Ax.
(2) Show that for every place v of K we have

(NGL\K&)U = HNLw|KU(CLw), for a € A7.

wlv
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3) Show that Ng, .o = Npgx € K*, where v € L* C A7 is embedded
( LIK | L
diagonally as usual and Ny, is the usual norm.

Sheet 11, Exercise 4: Let n € N be a natural number and let K be an algebraic
number field containing the nth roots of unity p,. Show that
K52 ()] = nt,

where S is a finite set of places containing all archimedean ones. (Hint: The
Generalized Dirichlet Unit Theorem can be used here.)

8. GLOBAL CrLASS FIELD THEORY

We will continue to use notation from the previous section. In particular K is
a number field. If we have an extension L|K and S is a finite set of places of K,
then we write S for the set of places that lie above those in S. We abuse notation
and write A% = A
For a place v (resp. p) of K and S = {v} (resp. {p}) we introduce the notation
Ay, =[] Ly esp. A, =] L)
wlv PBlp
Similarly we set
OZ,U = H O, (resp. (’)Zm = H (9;3)
wlv PBlp

wi® =TT a5, < T[ 05

veES vegS

In particular we have

8.1. Cohomological Preparations.

Theorem 8.1. Let w be a place of L lying over v. Then we have
Hq(GL\K’ Az,q) = Hq(Gw7 L;)’

where G, is the decomposition group of w over K. Note that we interpret G, as
the Galois group of the extension L, |K,. If v is a finite unramified place, then

HYGLk,0F,) =1
for all q.
Proof. We write

Ar,= I Zi.= I oL
O'EG/GU) UEG/GU)
Similarly we have

X
0/,= [ oOLuw
0€G /Gy
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Thus, by the Lemma of Shapiro (Theorem 4.35) we have
Hq(GL‘K,AE’v) = HII(Gw, L;;) and HQ(GLU(, OZ,@) = Hq(Gw, OZ,U}>’

The triviality of the second cohomology group follows from Theorem 6.1 of local
class field theory. i

Theorem 8.2. Let S be a finite set of places containing Sy as well as all ramified
places. Then we have

HY Gy, A®) = [ H(Guw, L) and

veSs

HY(G g, Af @H (G, L),

Proof. The first part follows directly from the previous result and Theorem 4.14.
For the second isomorphism we observe that A} = Jg AX’S. We can compute

HY(Gprx,A}) = QH%GL\K, @H (Gu, L)

it
Remark 8.3. Unraveling the construction of Shapiro’s Lemma we find that the
projections H?(Gpk,Af,) — HY(Gy, L) are given by

HYG i, AY) 58 HY (G, AY) B HYG,, L),

where 7 is induced by the projection A¥ — LY. Patching these together precisely

gives the isomorphism in the previous theorem.

The theorem allows us to introduce the following notation. Givenc € HY(Gpk,A])
we attach v-components ¢, using the isomorphism above. The local components
are almost all trivial and completely determine c.

Theorem 8.4. Let N D L D K normal extensions and w'|wlv places in the
respective fields. We have

(Infyc), = Infy , (c,) for c € HY(Gpx,Af) and ¢ > 1,
(Respc)w = Resg,, (¢,) for c € HI(Gnk,Ay) and
(CoReskc), Z CoResk, (cw) for c € HY (G, Ay)-
w|v

Proof. This is Sheet 11, Exercise 2 below. (Note that the statement of the Exercise
also includes a clarification on how the statement is to be interpreted.) it

The following direct corollary of the complete localisation of idele group coho-
mology is not to be confused with the Hasse Norm Theorem, which we will see
later.
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Corollary 8.5. An idele a € Ay is a norm of an idele b € AT if and only if it is
locally a norm everywhere.

Proof. We have
HY(Grix,A}) = Ag/Ng, AL and HO(Gy, Ly) = K, /Ney Ly
Putting this together we obtain

A /Na,  Af = P K} /Ney L.
P

Similarly one can see that
HY (G, Af) = H (G, Af) = L.

In particular, the extensions L|K (and the corresponding Galois groups) together
with the idele groups A7 D A} form a field formation. Formally we write

H*(Gox, Ay) = | B*(Gryx, A).
L

As before we view inflation as inclusion so that
H*(Grix, Af) € H(Grik, Ay) € H*(Gajre, Ag)
for N D L DO K both normal.

Remark 8.6. More precisely €2 is the field of all algebraic numbers and we view
Aj = @L A}. Then AJ is a (discrete) Gox-module and H?(Gqx,Ay) can be
defined directly.

Lemma 8.7. Let K be an algebraic number field and S be a finite set of places
and m € N. Then there is a cyclic extension L|K such that

o m | [Ly: K| for all finitep € S;

o [Ly: K| =2 for allv € S that are real.

Proof. We start by considering K = Q. Let [™ be a prime power and ( be a
primitive {"th root of unity.

If I # 2, then Q(¢)|Q is a cyclic extension of degree ["~'(I —1). We denote the
cyclic subfield of degree ["~! over Q by L(I™).

If I = 2 the situation is slightly different. In this case the Galois group of Q(¢)|Q
is the direct product of Z/27Z and a cyclic group of order 2"~2. We let L(2") be
the field Q(§) where £ = ¢ — % One computes that the Galois group of L(2")|Q
is cyclic of order 2772 and L(2") is totally imaginary (for sufficiently large n).

We observe that for a prime p the degree [L(I")y: Q,] becomes an arbitrar-
ily large power of [ as n grows. Indeed [Q,({): Q,] gets arbitrarily large while

[Qp(¢): L(I"™)yp] < max(l —1,2).
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We conclude the proof (of the case K = Q) by writing m = 20 - {{* --- 17> and

setting

L=LQ) - L) - L(2").
For sufficiently large nq,...,ns,t this field has the desired properties. Note that it
is totally imaginary since L(2') is. It further is cyclic since the extensions L(I™)
(resp. L(2%)) are all cyclic of co-prime orders. Finally the divisibility condition is
achieved by making the exponents sufficiently large.

Turning to the general case. Let N|Q be a (totally imaginary) cyclotomic field
such that for each prime p lying under S (i.e. there is f € S with p | p in the
extension K'|Q) the degree of [Ny: Q,] is divisible by m - [K: Q]. Then L = K- N
has the desired property. i

Theorem 8.8. For any algebraic number field K we have

Br(K) = | J H*(Gux,L*) and H*(Gox, As) = | H*(Grix. Af).

LK, LK,
cyclic cyclic

Proof. Take [c] € H*(Gpk,A}) € H*(Gor,Ag) and let m be the order of [d].
Further let S be the set of places v of K where the local component ¢, is non-trivial.

Applying Lemma 8.7 we find a cyclic extension L|K such that m | [Ly: K] for
p € S finite. We also have [L,: K,] = 2 for all real places v € S. We consider the
composite N = L' - L. Note that

H*(Grr, A}, H*(Grix, AY) € H*(Grir, AY).
We claim ¢ € H*(Gpk,A]). To see this we use the exact sequence

Res

1— H2(GL|K, Az) — HQ(GN|K, AXI) — Hz(GN‘L, A;,)
We need to show that Res(c) = 1. This can be checked locally:
Res(c) =1 < (Res(c))p = Res(c,) =1 for all

< vy, |y (Res(cp)) = invay, 1k, C,[JLm: %l — 0 for all p
& CLLm: Bl = for all pels.

The final statement is true since the order m of ¢ divides [Lg: K] for all finite
places by construction. (The real places are easily dealt with.)
The proof for Br(K) is Sheet 12, Exercise 1 below. it

Instead of the ideles Ay themselves one uses the idele class group Cg in global
class field theory. Thus we need to study the cohomology of this group.

Theorem 8.9 (First Fundamental Inequality). Let L|K be a cyclic extension of
prime order. We have
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In particular
[(CK: NGLlKCL] Z p-

Proof. Let S be a finite set of places of K such that

e [t contains S, and all places that ramify in L;

o A% = Alei K*; and

o AY = AP® . L* (as announced earlier we will abuse notation and write

5= 9).
In particular we have
Cp=Ap" - L/L* = A}°/L5,
since L® = L* N Az’s. Using the properties of the Herbrand quotient we get
h(CL) = h(AS®) - h(L%) .

It remains to compute the Herbrand quotients on the right hand side. (In partic-
ular, if they are defined then also h(Cyp) is.)

The problem of computing h(AZ’S) is a purely local endeavour. We write n = 45,
N =4S and let n; be the number of places that are non-split. Note that since
L|K is of prime degree we must have

N =ny +p(n —ny).
First we recall that
H' (G, AP®) = [ H (Gu, L) = 1.
veS

Thus we are left with the zeroth cohomology group. By local reciprocity we have
H(Gy, LX) = G
This implies that

1 if wlv with v split,
p else.

tHY (G, Lyy) = {

Since also H(Gypx, A% factorizes we arrive at
WAL®) = tH (G, Ap) = p

To compute h(L®) we use the generalised Dirichlet unit theorem which implies
that the S-units L have rank N — 1 and K* has rank n. By Theorem 4.49 we

have
h(LS) = p®(N-D=(n=1)/(>=1),

It is easy to compute that (p- (N —1) —(n—1))/(p—1) = ny — 1. This concludes
the proof. id
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Corollary 8.10. Let L|K be a cyclic extension of degree p™ (where p is prime and
n € N).Then K has infinitely many non-split primes.

Proof. We start with the case when [L: K] = p (i.e. n = 1). Suppose that the
set 4l of non-split primes is finite. Take @ € Ck represented by a € Aj. For
each v € 4 the set a, - (K))P is an open neighbourhood of a, in K. By the
approximation theorem we find x € K* such that z € a, - (K*)? for all v € Y. We
claim that ' = a-2~ " is in the image of the norm map from A}. It suffices to check
this at all places. For v € 4l this is obvious by construction since [L,: L,] = p
and a,, = a, - x~' € (KX)?. On the other hand, for v & 4 we have L, = K,,
since the extension is of prime degree. Thus we find that there is b € A} with
NGL\Kb =a' € a-K*. This implies that Cx = NGLIK(CL. But this is a contradiction
to the first fundamental inequality:

1= [(CK NGLlK(CL] Z D

We conclude that £l must be an infinite set.

Now we treat the general case. First note that there is exactly one prime cyclic
extension Lg|K contained in L. Suppose that almost all primes of K split in L.
In particular, for almost all primes B of L, the decomposition field Zy is a proper
extension of K. In particular Ly is contained in almost all decomposition fields
Zy. As a consequence almost all primes split in the extension Lj, which is a
contradiction to the first part of the proof. yif

Our next goal is to prove the second fundamental inequality
where L|K is a prime cyclic extension. We do this in several steps.

Lemma 8.11. Suppose that K contains the pth roots of unity. Let N = K(¥/x)
(with x € K* ) be an arbitrary kummerian field over K. Further let p t p be a finite
prime. Then p is unramified in N if and only if x € Oy - (pr )P. Furthermore, p
splits completely if and only if x € (pr )P.

Proof. Take P | p (in the extension N|K). Then we have Ny = K,(¥/x). If we can
write 2 = u - y? with u € O and y € K, then Ny = K,({/u). We need to check
two cases. First, if X? —u = 0 is irreducible in the residue field of K, then it is
also irreducible over K, and the extension Ny|K, is unramified. Second, if X? —u
is reducible over the residue field, then it splits completely because the residue
characteristic is different from p. Using Hensel’s lemma we find that X? — u also
splits over K, and we conclude that Ny = K,.

Suppose p is unramified. We write /2 = u - @w* for u € O% and a choice of
uniformiser @ € K,. We trivially have z = u” - @w"” € O - (K} ).

Finally p splits completely if and only if Ny = K, if and only if x € (K)?. ©J
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Theorem 8.12. Let K be an algebraic number field containing the pth roots of
unity. Let S be a set finite set of places containing Ss and all the primes lying
above p. Further assume that A5 = AE’S - K*. Take xy € K° and suppose that
L = K(/xo) is a cyclic extension of K with degree p.

Then there are m = $S — 1 finite places q1,...,qm &€ S which split completely
in L such that the following condition holds: If N = K({/x) is a kummerian field
over K so that p € S split completely and p # q1,...,qm are unramified, then
N =K.

Proof. We consider
T = K(VKS).
By Kummer Theory we have
X(Grje) = K% (K*)P/(K*)? 2= K5 /(KF).

Computing the order of the latter group is easy using the generalized Dirichlet
Unit Theorem and we find that

[T: K] = p*.
One can even show that Gpx = Z; X ... X Zyg where Z; for i = 1,...,45 is a
cyclic group of order p.

Let L = K (¢/xo) with zg € K. Then L C T and without loss of generality we

can assume that
GT|L = Zl X ... X Zﬁsfl.
Foreachi = 1,...,4S we let T; be the field such that G71, = Z;. Note that L C T;
fore=1,...,45 — 1.
For each i = 1,...,4S5 we choose a finite place ; of T; such that

e £; is non-split in T

e The primes q; of K lying under £; are pairwise distinct; and

i qlv"'7qﬁ5¢57
We claim that qy,. .., qys—1 fulfill the required property.

We first check that qq,...,q4s_1 split completely in L. Let Q) be the (unique)
prime of T" lying above £;. The decomposition field Z; of £} is obviously contained
in T;. Furthermore q; is unramified in every extension K ({¢/z) with z € K. Thus
they are unramified in 7" and the Galois groups G|z, must be cyclic. It is easy to
see that the order must be p, so that [T': Z;] = p and Z; = T;. We are done since
fori=1,...,45 — 1 the field L is contained in T;.

Next we write U; = Oy for i =1,...,4S. We define the homomorphism

s 1S
KEJKSY = L0, - (57 o T (0
i=1 i=1
We claim that this is bijective. The map is injective since z € (U;)? C (K)?
implies that gy, ..., qss split completely in K(¢/z). Thus K(¢/z) C Z; = T;,. We
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conclude that K(¢/z) € N, T, = K. Thus z € (K*)? N KS = (K5)?. The map
is then surjective since both sides have the same order. (To see this one recalls
that [U;: (U;))P] =p-|p q_l)

Let N = K(¥/z) be now a kummerian field in which all p € S split completely
and all p ¢ Hfi;l q; are unramified. We need to show that N = K. According to
the first fundamental inequality it suffices to show that Cx = NGN‘ +Cn. To see

this we take @ € Cx represented by some idele a € A%, We set @; = aq, - (U;)P.
Note that a4, € U;. By the previous step of the proof we find y € K such that
y - (U;)P = @;. In particular we have that aq, = y - u} for some u; € U;. Obviously
a' = a -y~ ! also represents the class @. It remains to see that a’ € Nay, Ay. The
latter fact can be checked locally:
e If v € S, then a/ is a norm, since v splits completely in N (i.e. N, = K,).
e For v =q; with i =1...,45 — 1 we have @/ = u! and a pth power must
also be a norm.
elfv{ Sand v # q; for i = 1,...,45 — 1 we observe that a/ € OJ.
Furthermore, since v is unramified in N|K the local norms are surjective
on the local units.

This completes the proof. it

Theorem 8.13. Let L|K be a cyclic extension of prime degree p. Further assume
that K contains the pth roots of unity. Then

tH (G, Cr) = [Ck: NGL‘K(CL] <p.

Proof. The strategy is to construct F C Ny, Cr and then to show that [Cx: F) =
p. This gives the desired inequality.
Suppose L = K(y/x) with xg € K*. Let S be a finite set of places such that

e S contains all primes lying over p as well as Sy;
o A =AY K*; and
o 1€ K¥=A% NK*.

Further, let qq, ..., q,, be auxiliary places, which split completely in L. We set

S* :SU{ql,,qm}
We define the idele group

m

F=]]@E0r < 5L < T] o

vES i=1 vgS*
We first check that F' C Ng,, A7, This can be done locally and we consider
three cases:

e For v € S we have a, € (K))? C Nk, L (for w | v).
e Fori=1,...,m we have Ly = K, by construction.
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e For v ¢ S* we have by construction of S that o € O). Thus L = K (/)
is unramified at v and since a, € O; it must be in the image of the norm
map.

We now put F' = F - K*/K* and observe that F C Ne,,Cpr. To compute the
index we will use the elementary fact that
A : F]
(AT NEX): (FNK>)]
The index in the numerator is computed locally since

AT F = KK

vES

[Cx: F]=[AY" K*: F.-K*] =

via the map induced by a — [], cqav - (K)P, which is easily seen to be an
isomorphism. By Theorem 3.20 we have

(K (K] = plpl, !

v

for the finite places in S. For complex places v the index is obviously 1, but we
also have p?|p|;! = 1. Finally we note that only for p = 2 there can be real places.
In this case we have [R*: R,] =2 =4-]2|; 1. We find

AR Pl =p [T ol =™ [T Iols " = p**.
veS v
To compute the index in the denominator we further write
(57 (K57))
[(F'N K> (K57)7]

It is easily seen (i.e. See Sheet 11, Exercise 4 above) using the generalized Dirichlet
Unit Theorem that

(AES N EX): (FNKX)] =

(657 (5] = oo

So far we have computed that
[Cr: NoyCrl < [Cr: Fl=pP ™ - [(F 0 KX): (K)7).
We choose m = 5 — 1 and take qi,...,q,, as in Theorem 8.12. We claim that
K*NF=(K%),
which directly implies that F has the correct index. To prove our claim we have
to show that
K0 (& () o = (K.

ves v g S

The inclusion 2 is clear. Take x € K™ N [,co(K))P N (),z5- O)F and consider

N = K(¥/x). The splitting behavior of primes in N|K is easily investigated using
Lemma 8.11. It turns out that by construction of qi,...,q,, (see Theorem 8.12)
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we have N = K. We conclude that x € (K*)P. Since x € O} for v € S* we must
further have x € (K°")P as claimed. s

Corollary 8.14. Let L|K be a cyclic extension of prime degree p and with Galois
group G k. Suppose K contains the pth roots of unity. Then

HO(GL\K, Cp) = H*(GLk,CL) = Gk
and H'(Gpik,Cp) = 1.
Theorem 8.15. For every normal extension L|K with Galois group Gk we have
H' (G, Cp) = 1.

Proof. We prove this by induction on the order n of Gx. The case n = 1 is
trivial. Thus we suppose that H'(Gpx,Cr) = 1 for every normal extension with
[L: K] < n. If the order of G is n but n is not a prime power, then the induction
hypothesis applies to the p-Sylow groups of G |x. By Corollary 4.34 this implies
our claim.

Thus we suppose that G,k is a p-group and we let H C G be a normal subgroup
with index p. The fixed field of H is a field M C L and H = Gal(L|M). If p < n,
then we have

HY(Gpx/H,Cy)=H'(H,Cp) = 1.

By exactness of the sequence
1— Hl(GL‘K/H, CM) Ii{ H1<GL‘K,(CL) R_>es Hl(H, CL)

we get H'(Grix,Cpr) = 1.
It remains to treat the case n = p. In this case let { be a primitive pth root of
unity and set K’ = K(¢). We also define L' = K’ - L. We have
K': K]<p—-1<p=mnand[L: K']=p.
We have
HY (G, Crr) = H (G g, Cpy) = 1.
Using exactness of
Inf

1 — H'(Gyx, Cir) =3 H'(Gpix, Crr) %5 HY(G i, Crr)

we find that Hl(GL,‘K, Cr/) = 1. However inflation is also an injective map from
HY(Gprik,Cpr) to H(Gpk,Crs). Therefore H(Gpx,Cp) must be trivial as de-
sired. i

Corollary 8.16 (Hasse Norm Theorem). Let L|K be a cyclic extension. Then
x € K* 1s a norm if and only if it is a local norm everywhere.

Proof. We use the exact sequence

1> L= A7 -CL—1
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to obtain the exact sequence
Hil(GHK,CL) — HO(GLU(,LX) — HO(GL‘K,AE)
of cohomology. Recall that since G|k is cyclic we have

Hil(GLu(,(CL) = HI(GL‘K,(CL) =1.
Thus the map

f(X/JVLH(L>< :HO(GL‘K, )_>H (GL|K7 @K /NLw\Kv w

is injective. The result follows directly. pif]
Theorem 8.17. Let L|K be a normal extension with Galois group Grjx. Then
ﬂHQ(GuK,CL) | [L K]

Proof. We argue again by induction on n = [L: K|. If n = 1 there is nothing to
do, so that we can assume that the claim holds for all extensions of degree < n.

Suppose that n is not a prime power. Thus each p-Sylow subgroup G, of Gk
has smaller order. By induction hypothesis we obtain

ﬁHQ(G:mCL) | ",
where n, = G, is the p-part of n. Recall that

Res

(GL\Ka CL) — H2(Gp, CL)

is injective. This implies that ﬂHg(G r|x) divides n,. Now we are done since
Hz(GL‘K7 (CL) = Hp Hz(GL‘Ka (CL)

It remains to treat the case when Gz k is a p-group. As usual let H be a normal
subgroup of index p. By induction hypothesis we have

4H?(H,Cy) | g

Since H'(H,Cy) = 1 we have the exact sequence

Inf Res

1 — H*(G/H,C}") = H*(GLix,Cr) =5 H*(H,Cy).

Previously we have seen that $H?*(G/H,CH) = p. This is because C¥ = Cp,
for a prime cyclic extension L'|K with Galois group G/H. We conclude that
~1 . #H?*(G,Cy) divides n/p. This concludes the proof. i

The next step is to define the invariance map. Let L|K be a normal extension
of algebraic number fields with Galois group G'rjx. Recall that

H*(Grix, Af @H (GL,ix,, L)
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At each place local class field theory provides us with isomorphisms

1 1
i : H*(G L) = —+———7/7Z C ——T7/Z.
1nva|Kv ( L’LU‘K’U7 w) [Lw: Kv] / — [L K] /
Remark 8.18. This depends only very mildly on the choice of w | v. Indeed if w’ is
another place above v, then there is a K,-isomorphism L,, — L., which induces
an isomorphism between H*(Gp, |k, L) and H*(Gy, |k, L.;,). This isomorphism
respects the invariance map.

Definition 8.1 (Idele invariance). Let ¢ € H*(Gpk, A}) with local components
cw € H*(Gp, k., L) (for a choice of w | v). Then we define

invyk(c) = ZinVLwIKU(Cv) € 7 :1K] Z]Z.

(Note that the sum has only finitely many non-trivial terms.)

Theorem 8.19. Let N D L D K be normal extensions of K. Then we have
invy () = invyg(c) for c € H*(Grx, AY) C H*(Gyix, AY),
invyr(Resz(c)) = [L: K] - invyix(c) for c € H*(Gnix, AY), and
inv |k (CoResk () = invyz(c) for c € H*(Gnip, A}).

Proof. This follows directly from the respective local properties. We only show the

proof of the second identity. The other computations are very similar.
Take ¢ € H*(Gnk,Ay) and compute

invyz(Resg(c)) = Zinva/ww(ResL(c)w) = Z invy iz, (Resg, (cy))

w

= [Lu: K] - inviy i, () = 0 [Lwt K] - invy, i, (c0)-

w v wl
Recall that

> [Ly: K] =[L: K].

wlv
Further, observing that invy ,x,(c,) depends only on v, we find that

invy L (Res(c)) = [L: K- ZinVwalKv(Cv) =[L: K| -invyk(c).

v

i

Remark 8.20. The idele invariance does not turn (G x, Ay ) into a class formation.
Indeed invyx is not an isomorphism. However, it satisfies all the other properties.
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Definition 8.2. Let L|K be an abelian extension. Let a € A% be an idele with
local components a, € K. We define

(a, LK) = [ [(av, Lu| K.) € G

(2

This is well defined, because a, € O, for almost all v. Indeed if v is also unramified,
then a, is a local norm so that (a,, L,|K,) = 1. Therefore the product has only
finitely many non-trivial terms.

Recall the dual characterization of the local norm residue symbols given in
Lemma 6.16. Together with the definitions we get the following lemma (essentially)
for free:

Lemma 8.21. Let L|K be an abelian extension of algebraic number fields. Given
a € Ay we write [a] = a-Ny gk A} € H(Gpk,A}). Then, for every x € x(Gpx) =
HY(Gpik,Q/Z) we have

x((a, L|K)) = invyk([a] Udx) € Z]Z.

[L: K]
The exact sequence
1L —=A7 -CL—1
and the fact that H' (G, Cr) =1 gives us an injective homomorphism
H*(Grix,L*) — H*(Gpk, Af).

The image consists precisely of those classes [¢] € H*(Gpx,A}) that can be rep-
resented by a cocycle ¢ with image in the principal idele group L*. This allows us
to view H*(Gp i, L) as a subset of H*(Gpk,A]).

Theorem 8.22. If c € H*(Gpk, L"), then invyk(c) = 0.

Proof. We first treat the critical case K = Q and L = Q((), where ( is a primitive
["th root of unity (with n > 2 if [ = 2). We need to show that

(0,Q0)1Q) = [ (@, Qu(Q)Q,) = 1 for a € Q*. (10)

We compute the local symbols case by case:

e Assume p { [ - oo: We have (a,Q,(¢)|Q,)¢ = ¢“@(¢). Note that the
Frobenius automorphism ¢ acts on ¢ by ¢(¢) = ¢P. Thus we have

(0, Q(Q)IQy)¢ = ¢
e Assume p = [: Then we had stated in (9) that
((l, QZ(C”Ql)C = g?"

where 7 is given by r = a~'p*(® mod p".
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e Assume v = oo: In this case we have

(a,Qu(¢)|Qu)¢ = (a, CR)¢ = &™),
All together we find that

(a,Q(O)|Q)¢ = ¢sen(@ Tl
Looking at the exponent modulo [™ we find that

sgn(a) - r - Hp”P(“) = H lal;t = 1.

p#l v

This establishes (10).'°

The next step is to consider general cyclotomic extensions L|Q. Let x €
x(Gro) = HY(GLig,Q/Z) be a generating element (of the cyclic character group).
Then dx generates H*(Gp g, Z). We obtain a bijective homomorphism

SxU: H(Gryo, L™) = H*(Grjo, L™).

Thus we can write ¢ € H*(Gp g, L*) as [a] Uy for [a] = a- NpjoL* with a € Q.
We have
invyg(c) = invyg([a] Udx) = x((a, L|Q)).

Thus we need to show that (a, L|Q) = [],(a, L,|Q,) = 1. Since L is a cyclotomic
extension we see that L C Q(¢) for some primitive root of unity ¢. It obviously
suffices to show that (a,Q(¢)|Q) = 1. Finally note that Q(() is generated by
roots of unity with prime power order. Since it suffices to check triviality on the
generators we can assume that ¢ is an ["th root of unity for some prime [. but
this case has been treated above.

Finally we consider the general situation L|K. Let N|Q be a normal extension
containing L. We observe that

cE Hz(GL|K,LX) g H2<GN|K,NX) g H2<GN|K,A]>§[).
Further we have
invy k(c) = invy g (c) = invyg(CoResg(c)).

Because CoResg(c) € H*(Gnjg, N*) it suffices to consider the case K = Q. Ac-
cording to Theorem 8.8 it even suffices to consider cyclotomic L. Since this case
is already treated above the proof is complete. yif

16Here we use the computation of the local norm residue symbol in the extension Q;(¢)|Qy,
which we did not prove. Note that there is a purely local proof due to Dwork. The result
can also be derived using the global reciprocity theorem. But then, in order not to obtain a
cyclic argument, one first needs to give an alternative proof of the global reciprocity theorem for
cyclotomic extensions of Q. This was the approach taken by Artin and Tate in their Princeton
lecture notes.
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Theorem 8.23. Let L|K be a cyclic extension. Then
inv 1
LK

1—)HQ(GL|K,LX)—>H2(GL\K7AE) [L K]

——_7)7. =0

15 exact.

Proof. We first show that invyx is surjective. If [L: K| = p" is a prime power
we argue as follows. Obviously it suffices to find a pre-image of TR K + Z. To

construct this pre-image we recall the decomposition

H*(Grik, A}) @H (Groik,, L)

Because L|K is cyclic and of prime-power degree there are infinitely many non-split
primes of K (see Corollary 8.10). We fix such a prime po with [Lg, : Ky, | = [L: K].
Thus locally we find an element ¢,, € H*(G Loy Fpy > Liog,) With

1 1
i =—+4+7Z=——+7.
IV Lo, | K (CPU) [Lmoz Kpo] + [L: K] +
It is now clear that the global cohomology class determined by the local compo-
nents (..., 1,¢y,,1,...) does the job.
For general degrees [L: K| = n we write n = pi' - - pls. We decompose
1 ny Ng
nop 5

For each i there is a cyclic intermediate field L; with [L;: K| = p}". For each i we
find ¢; € H*(Gp,k, A},) such that

2z
b

%

iIlVLi|K(CZ'> = iIlVL|K<Ci) =

The element ¢ = ¢; - - - ¢, then satisfies

1
invy(c) = - + Z.

Thus the map invyx is surjective.

It remains to show exactness at H*(Gpjx,A;). We have already seen that
H?*(G LIK> L*) is contained in the kernel of invy k. The other inclusion will follow
as soon as we can show that

H* (G, A7)/ H*(Grix, L)
has order < [L: K]. To see this we use the exact sequence
1L —=A] -C,—1
and recall that H 1(G ok, C 1) = 1. This gives the exact sequence of cohomology:
1 — H*(Grr, L*) = H*(Grix, AY) = H* (G, Cp).
We are done since the order of H?(Gx,Cy) divides [L: K] by Theorem 8.17. @
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Recall the convention

H*(Gaix, Ay) = | H (G, AT)
L

By extending the idele invariant map we obtain a homomorphism
invg: H2(GQ‘K,A6> — Q/Z.
Theorem 8.24. The homomorphism
invg: HQ(GQH(,A;;) —Q/Z
18 surjective.

Proof. Note that for cyclic extensions L|K the map invyk: H*(Gpik,AY) —

ﬁZ/ Z is surjective. But for each m € N there is a cyclic extension L|K such

that m | [L: K]. op

Theorem 8.25. For every (finite) algebraic number field we have the exact se-
quence

1 — Br(K) — P Br(K,) ™¥ Q/Z — 0.

Proof. This follows directly because we have the corresponding exact sequence for
(finite) cyclic extensions. But these are sufficient by Theorem 8.8. &

Going back to the exact sequence
1L —=AF -CL—1

and recalling that H' (G x,Cr) = 1 = H3(Gp i, A} ) we obtain the exact sequence

1 — HXGpi, L) = H (G, AY) 5 H*(Gpx, Cr) > H¥Grix, L) — 1.

Note that if j is surjective (ie. H?*(Gpk,L*) = 1), then we can push the
invariance map defined on H*(Gpk,A}) to H*(Gpk,Cpr) via j. However this is
not always the case.

Theorem 8.26. Let L|K be a cyclic extension. Then j: H*(Gpx,Ay) = H*(Grik,Cp)
18 surjective.

Proof. Note that in this case H*(Gpx,L*) = H'(Gpk,L*) = 1. s
Note that the map H*(Gpk,AT) EN H*(Gpk,Cr) commutes with Res and Inf.
More precisely:
jolnfy =Infy oy and j o Resy, = Resy o 7,
where N O L DO K are normal extensions of K. We define the short hand notation:

H(L|K) = H(Gpx,Cp).
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Note that by Theorem 8.15 this is a field formation. In particular
Inf: H*(L|K) — H*(N|K)
is injective and as before we view it as inclusion. We write

Q) = | B(L|K) (= lig H*(L|K)).

Theorem 8.27. Let L|K be a normal extension and L'|K be a cyclic extension of
same degree (i.e. [L': K| = [L: K]) Then we have

H*(L'|K) = H*(L|K) C H*(Q|K).

In particular we have

H*Q|K) = ] H*(L|K).

LIK,
cyclic

Proof. We first show that H*(L'|K) C H*(L|K). To do so we set N = L' - L and
observe that N|L is a cyclic. Take ¢ € H*(L'|K) C H*(N|K). By exactness of
the sequence

1 — H*(L|K) — H*(N|K) 3 H*(N|L)

we need to show that Resy(c) = 1. To do so we recall that in the cyclic case the
map

j: H*(Gpx, AY) = H*(L'|K)
is surjective. Thus we write ¢ = jb with b € H*(Gp i, A},) C H*(Gyik,Ay). We
get

Resr(c) = Resp(jb) = jResr(b).

Thus we have to show that Res,(b) € ker(j) = H*(Gyz, N*). Since N|L is cyclic
we can do this by showing that

invN|L(ResL(b)) =0.
But this is the case because:
invyyL(Resy (b)) = [L: K] - invyk(b) = [L': K] - invy g (b) = 0.

This concludes the proof of the inclusion H*(L'|K) C H*(L|K).
Equality follows from a simple consideration concerning orders. Indeed from the
exact sequence

1 — H*(Gpr, (L)) = H*(Gpx, AY) — H*(L'|K) — 1

and Theorem 8.23 it follows that $H*(L'|K) = [L': K] = [L: K]. This forces
equality as claimed. is
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This allows us to construct the global invariance map as follows. We first note
that we can extend

j: H*(Gak, Ay) — H*(QK)
simply by requiring that the restrictions to H*(Gpx, A}) (with L|K finite normal
extensions) are given by the earlier defined maps j: H*(Gpk,A]) — H*(L|K).
This is well defined because j is compatible with inflation (aka inclusion).

Theorem 8.28. The homomorphism j: H*(Goik,Ay) — H*(Q|K) is surjective.

Proof. This follows directly because for any ¢ € H?(Q|K) there is a cyclic extension
L|K such that ¢ € H*(L|K). But

e eyt H(Gui, A7) = HA(LIK)
is surjective. s
We are now ready to define inv:

Definition 8.3 (and Lemma). Let ¢ € H*(Q|K) and ¢ = jbwith b € H*(Goyr, Ag).
Then we put

invg(c) = invg(b) € Q/Z.
Proof. Suppose ¢ = j(b) = j(V') for b,b' € H*(Gqx,Ag). We need to show that
invg(b) = invg (V).

For a sufficiently large normal extension L|K we find that, since j(b) = j(¥'),
the elements b and ¥ differ at most by an element of ker(j). But ker(j) =
Hz(GL‘K, LX) g ker(invL|K). 5is]
We have obtained a homomorphism
invg: H*(QK) — Q/Z.
Let L|K be a normal extension then we put
inVK|H2(L|K) = iIlVL|K.
Note that the image of invy, x is in [L:—1K]Z/Z. This is because elements in H?(L|K)

have order dividing [L: K] and must thus be contained in the (only) subgroup of
Q/Z with order [L: K].

Theorem 8.29. Let ¢ = j(b) with c € H*(L|K) and b € H*(Gpk,A}). Then we
have
invyx(c) = invyk (b).
The proof is obvious. Note that this only true for elements in the image of

j. Since in general j is not surjective the route through cyclic extensions is not
avoidable in general.
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Theorem 8.30. The maps

invy: H*(Q|K) = Q/Z and invyg: H*(L|K) — Z]Z

[L: K]
are 1somorphisms.

Proof. It suffices to establish that invy x is bijective. To see this we take a cyclic
extension L'|K of degree [L': K| = [L: K]. We have H*(L|K) = H*(L'|K).
That the map is surjective is now easily seen: Take x € ﬁZ/Z and find b €
H*(Gp k., A},) with invyk(b) = z. For ¢ = j(b) we have by definition

inVL|K<C) = inVLr|K(C) = inVL/‘K(b) = TI.
This suffices because observing that § H*(L|K) | [L: K] forces bijectivity. oo

Sheet 11, Exercise 1: Let Ly, ..., L.|K be r finite extensions of algebraic number
fields. Assume that L;|K is cyclic of prime degree p for all i = 1,...,r. Further,
assume that all fields are mutually disjoint:

Lsﬂ(Ll-'-LS_l'Ls+1~--LT):Kf0rall1Ssgr.

Show that there are infinitely many primes that split completely in L; for i =
2,...,r but remain prime in L;.

Sheet 11, Exercise 2: Prove Theorem 8.4. More precisely, let N D L D K be
normal extensions. We use the symbols w’, w and v to denote places of N, L and
K respectively with w'|w|v. Show that

(Infyc), = Infy ,(c,) for c € HY Gk, Af) and ¢ > 1,
(Resrc)w = Resg, (¢y) for c € HY(G ik, Ay) and

(CoReskc), = Z CoResk, (¢y) for c € HY (G, Ay).

wlv

(Hint: Check the first two identities directly for ¢ > 1 and then apply a dimension
shifting argument. The third identity can be seen directly for ¢ = 0,—1 and
generalized by dimension shifting again.)

Clarification: Note that CoResg,(cy) € HY(Gn,, x,, N,y ). Thus the sum over
w | v contains terms that appear to be elements of different groups. To fix this
we identify these cohomology groups as follows. We take 0 € Gyx and ob-
tain an isomorphism o*: N, — N ,. This isomorphism allows us to identify
HY Gy, 1k, Noy) £ H(GN,_ k., N, ). We can use this procedure to view all the
elements CoResg, (cw) € HY(Gn,,|k,, N,y) in the same group HY(Gy,x,, Ny ) for
some fixed 0 | v.

Sheet 12, Exercise 1: Let K be an algebraic number field. The Brauer group

is defined as
Br(K) = | JH*(Gpix. L),
L
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where the union runs over all finite normal extensions L|K. Show that it suffices
to take the union over cyclic extensions:

Br(K) = U H*(Gryr, L),
LIK,
cyclic
(Hint: This is part of Theorem 8.8 of the lecture notes. Furthermore, Theorem 8.15
does not rely on this statement.)

Sheet 12, Exercise 2: Let K = Q(\/13,V/17).

(1) Show that Gal(K|Q) is non-cyclic of order 4.
(2) Show that any prime splits completely in one of the quadratic subfields and
deduce that [Ky: Q,] € {1,2}.

(3) Show that every rational square is a local norm at all primes.
Remark: It can be shown that 5% ¢ NggK*. Thus the assumption that L|K
is cyclic in Hasse’s norm theorem is necessary. Details can be found for example
in [1].
Sheet 12, Exercise 3: Let K be an algebraic number field. Show that x € K*
is a global square (i.e. # = y? for some y € K*) if and only if it is a local square
at all places (i.e. for each place v of K there is y, € K with 2 = y?).
Sheet 12, Exercise 4: Let ¢ be a 4th root of unity such that ¢ =i. Put

L=Q(¢)=Q(i,v2) 2 M =Q(i)) 2 Q.

(1) Show that 2 is the only prime ramified in L|Q. Further show that 2 totally
ramifies. For later reference let B|p|2 be the primes lying over 2 in L resp.
M.

(2) Show that z = (2+14)/(2 —i) € M* is a norm from L*.

(3) Show that the set z- (M;)* does not contain y € Ny L™ with Nyjig(y) =
1.

(4) Conclude that the set {# € L: Npg(z) = 1} is not dense in {zg €

L‘B: NLm\Qz@”B) = 1}'

8.2. The main theorems of Global Class Field Theory. We fix some under-
lying algebraic number field Ky and let €2 be the field of all algebraic numbers over
K. Put G = Gk, We set

Co = |JCx (= lim Cx).
K K

This is obviously a G-module.
Building on the foundations constructed in the previous subsection we can now
obtain the following key theorem:

Theorem 8.31. The formation (G,Cq) with the invariance map defined in Defi-
nition 8.3 is a class formation.
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Proof. Axiom 1 is satisfied by Theorem 8.15. We have also seen iin Theorem 8.30
above that the maps

. 1

mvy|i: H2(L|K) — WZ/Z
are isomorphisms. To verify Axiom 2 we need to check the required compatibility
properties:

e Let N D L D K be two normal extensions. For ¢ € H*(L|K) C H*(N|K)
we obviously have

invy ik (c) = invy g (c)
by construction.

e Let N D L D K be two extensions with N|K normal. Let ¢ € H*(N|K)
so that Resy(c) € H*(N|L). We take b € H*(Goyr, Ag) with j(b) = c. We
can take M D N with M|K normal so that b € H?*(G k., Aj;). Using the
definition and Theorem 8.19 we get

invy L (Resg(c)) = invayp(Resp(j(0))) = inva(j(Resz(0)))
= invap(Resp (b)) = [L: K] - inva k(D)
= [L K] . inVM|K<C).
it
This allows us to use the abstract results earlier. Recall that the fundamental
class ur|x was defined by
1
i =——+47Z.
ll’lVL‘K(uLu() [L K] +
The abstract reciprocity theorem (Theorem 5.4) yields for example the isomor-
phisms
H*(LIK) =1 and H'(L|K) = x(Grx).
More importantly, an application with ¢ = —2 yields:

Theorem 8.32 (Artin’s Reciprocity Theorem). The map

uL|KU

Gt = H*(GLk,Z) = H°(L|K) = Cx/NykCy
gives the (canonical isomorphism)
O : Gtk — Cr /NpxCr.
This is called the reciprocity isomorphism.
The inverse of the reciprocity isomorphism 0k leads to the exact sequence
1 — NyxCp, — Cx "B G >

where (, L|K) is the norm residue symbol. According to Theorem 5.7 we have:
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(1) For the canonical projection 7: GN‘K — GL‘K we have

Cy UK o
|

\T{ ™
(,L|K)
CK | G%?K

(2) For the Verlagerung we have

(NIK)
Cy UK G

Incl Ver
1
N\L) ab

(3) For the canonical homomorphism r: G&) N G% N we have

N\L) a

Nl B

(NIK)
Cx M o

-1

(4) For the maps o: a + ca and ¢*: 7+ o70~" we have

(NIK),
Cx 2 Gy

l |

(,oN|oK)

ab
CUK GGN\UK

The following description of the norm residue symbol (going back to Hasse) is
of key importance:

Theorem 8.33. Let L|K be an abelian extension and a- K* € Ck represented by
an idele a € Ay.. Then we have

(a- K*, LK) = [ [ (a0, Lul|K,) € Gri.

(All but finitely many factors in the product are trivial.)
Proof. We will use the characterisation
x((a- K™, L|IK)) = invyk([a- K*]Udx)

given by Lemma 5.6. Here x € x(Grix) = H (Grk,Q/Z) and [a- K*] =a- K* -
NrixkCpr. On the other hand, in Lemma 8.21 we have seen that

X (H(avv Lw|Kv)) = ierL|K<[a] Uéx),

v
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for [a| = a - NpkAJ.
Recall the map
Jj: H(Grk,A]) = H (G, Cyp)
and note that j([a]) = [a - K*]. Thus we get
j(la] U dx) = la- K*]Udx.
But this implies

x((a- K™, LIK)) = invg g ([a- K*]U6X) = invp g ([a] Udx) = x (H(amLMKv))

v

for any x € x(Gprjx) and we are done. i

Remark 8.34. Let G2 = l'LnL Gk where L is running over all finite abelian

extensions L|K. (G232 is the Galois group of the maximal abelian extension Ax of
K.) We set

(¢, K) =lim(c, L|K) € G2 for ¢ € Cg
to get the universal norm residue symbol
(,K): Cx — G2
The kernel is given by
Dy = ﬂ NpxCp
and the image is dense. Further one hag the product formula
(a- K K) =][](a K,).

As in the abstract case we call a subgroup I C Cg a norm group (of K) if there
is a normal extension L|K with I = Ny xCy. By Theorem 5.10 these classify finite
abelian extensions of K:

Theorem 8.35. The map

L~ ]L = NL‘K(CL
gives an inclusion reversing isomorphism between finite abelian extensions L of K
and norm groups I of K. Indeed we have

]Ll 2 IL2 <~ L1 Q LQ, IL1~L2 = ILl ﬂ]L2 and ]L10L2 = ILl . ]L2.
Furthermore, every group containing a norm group I C Cyg is itself a norm group.

The field L associated to a norm group of I C Cg is called the class field of I.
To turn the last theorem into a more useful result we need to understand the norm
groups of Cg better. This is where the topology of the ideles comes into play.

Theorem 8.36. Let K be a field containing the nth roots of unity. Further let
S DO Sx be a finite set of places such that
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e S contains all finite places lying above prime divisors of n; and
o AX =AY K*
We define
Uk(S)={acAy:a,=1forveS a,ecO ifvgS}

and set Ug(S) = Uk(S) - K*/K* C Cg. Then C% - Ug(S) is the norm group
corresponding to the kummerian field T' = K(V K9). Further, even if K does not
contain the nth roots of unity, then C% - U (S) is still a norm group.

Proof. We first recall that

X(Grj) = K™ (KX (K" 2 K5 /(K5)".
Further recall that, by the (generalized) Dirichlet unit theorem, the rank of K*
is £S5 — 1. As before, since K contains the nth roots of unity, one concludes that
K% /(K®)" is the direct product of £S cyclic groups of order n.

Take [a] = a - K* € Ck and observe
([a]",T|K) = (la], T|K)" = 1.
This implies [a]” € Ny xCr, so that
(Ck)"™ € Ny xCop.

Next we will show that each a € Uk(S) is the norm of an idele in the extension
T|K. This can be checked locally. If v € S, then a, = 1 and there is nothing to
show. For p ¢ S we have a, € O,. Now by local class field theory a, is a norm

as soon as we can show that K,(V K*)|K, is unramified. But this is easily shown
by considering the equation X™ — t over the residue field. (Keeping in mind that
n is co-prime to the residue characteristic and ¢ is a unit.)

Since Ug(S) C NpgAp we have Ug(S) € NpgCrp. In summary we have
already seen that o

(Ck)" - Uk(S) € NpigCr.
Equality will follow from an index computation using the reciprocity law:
[CKi NT|K(CT] = ﬂGT|K =n?

It now remains to show that
(AR (AR UK(9)]

nts = K. K)" '_K = '
[Ck: (Cg)"-Uk(9)] (K5 ((A;?S)NUK(S)QKX)]

The numerator is easy to compute via:

A5 (AU ()] = TT G ()" = n¥s.

(2

S
ve =TL2‘|TL|U

To compute the denominator we will first show that (AX%)"Ug(S) N K* =
(KS)". This then directly implies [K: ((AX%)"Uk(S) N K*)] = n#S and we are
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done. Note that the inclusion (K5)" C (AS®)"Uk(S) N K* is obvious. On the
other hand we can take z € (AX°)" Uk (S)NK* and write = = a”-u with a € A°
and u € Ug(S). Tt suffices to show that K({/z) = K. This is done following the
old strategy and showing that

Ni () kCr(yz) = Ck

and applying the reciprocity theorem.

Finally let us take a look at the case when K does not contain the nth roots of
unity. Then we let K = K (in,) be the extension of K obtained by adjoining the
nth roots of unity. Let S be a finite set of places containing all places lying above

S and that satisfies AIX} = A;{’S . K*. As seen above the extension T|I? has norm

group (Cz)"Ug(S). Let L|K be the smallest normal extension such that T C L.
We compute

NpxCr = NR|K(NT|R(NLIT(CL>> C quK(NT\f(CT)
= Nz (CR)"TUR(9)) € (Cx)"Uk(S):

This completes the proof, since subgroups containing norm groups are themselves
norm groups. s

Theorem 8.37 (Existence Theorem). The norm groups of Cr are precisely the
closed subgroups of finite index.

Proof. Let N, = Ny xCp, be the norm group of a (finite) normal extension. Then
by the reciprocity theorem we have

[Cx: Ni] = ﬂG%'TK < 00.
To see that it is closed we argue as follows. We write
Cx =Cj xT'g and Cp, = C} x I',
with R, = T'y =1y C Cp,. We have
Ni = NpgCp x NyjgTg = NpgCp x I'i = NpjgCp x T

But since C} is compact also NpxC} is compact (and in particular closed) by
continuity of Ny k.

Next let I C Cg be closed and of finite index. We write [Cx: I] = n. Then
C% C I. Further we observe that I must contain Ug(S) for a sufficiently large
finite set S. But by the previous result (making S larger if necessary) the set
C% - Ugk(S) is a norm group of K. Thus also I is one. i

A modulus m is a formal product

m:moo.Hp”p’
p
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where n, = 0 for almost all (finite places) v = v, and my is a formal product of
infinite places. We set
At =i Ak

We also define the mth congruence subgroup
b= AT KK
of Cx and associate the ray class group modulo m: Cg/C%.

Theorem 8.38. The norm groups of K are precisely those subgroups of Cx con-
taining a congruence subgroup C¥ .

Proof. 1t is easy to see that C% is closed and has finite index (Exercise). Thus
they are norm groups and so are all the groups containing them.

Next given a norm group I C Cg, by the existence theorem I is closed and
of finite index. It is easy to see that I must contain C} for a sufficiently large
modulus m. &

The class field L of C} is called the ray class field modulo m. By the reciprocity

theorem we have
Grr = Cg/Ck.

The ray class field modulo 1 (i.e. the trivial modulus) is called the Hilbert Class
field. If H is the Hilbert class field of K, then it is easy to see that [H: K] = hg
and Gy g = Cx. Making the modulus larger makes the corresponding congruence
subgroup smaller. This in turn makes the corresponding ray class field larger. The
previous theorem tells us that every abelian extension L|K is contained in a ray
class field modulo m with m sufficiently large.

Theorem 8.39. Let m € N and write p, for the (unique) archimedean place of Q.
Then the ray class field modulo m = py, - m is the cyclotomic field Q(¢) generated
by an mth root of unity C.

Note that this immediately implies the Kronecker-Weber Theorem (compare
Theorem 6.23).

Proof. Let ¢ be a primitive mth root of unity and write m = Hp p". An easy
local computation shows that U,” is contained in the norm group of Q,(¢) (over
Qp). Thus Ay™ indeed consists of norms from Ag - This implies

Co < No)eCa)-

This shows that Q(() is contained in the ray class field modulo m. To see equality
we simply have to show that [Cq: Cf] = ¢(m). We first observe that

[Co: CFl = [AS" AZ™I/IAST NQX): (Ay™NQX)].
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Clearly one has
[AGT: AG™ = 2¢(m) and [(AST NQ): (Ag™NQ¥)] =42~ = 2.
This completes the argument. s

Turning to the (universal) norm residue symbol again we can derive the following
result:

Theorem 8.40. The uniwersal norm residue symbol
(,K): Cx — G3 (11)

15 continuous, surjective and its kernel is

Dk = [ (Cx)™.
n=1
Proof. We first look at the kernel. It is obvious that (), (Cx)* C Dg. On the
other hand Dy C C -Uk(S) (by the existence theorem.) Thus it suffices to show
that (g Ck - Uk(S) = C%. To see this take

la] € [(YCRUK(S).
S

Thus for each S we write [a] = [bs]” - [us] accordingly. Since (g Uk (S) =1 the ug
must approach 1 for sufficiently large S. Thus

la] = lién[a] [us]™t € Ch.

The containment follows since CY is closed (Exercise).

To see continuity we take H C G% open. Thus H is precisely closed and of
finite index. Let L be the field fixed by H. Then the corresponding norm group
N xkCp is open and is mapped into H by the universal norm residue symbol.

From Cx = Ck x 'y and T'x = R, it follows that C% = (Ck)" x I'g. In
particular ' is contained in the kernel of (, K'). We have

(CKaK) = ((C}OK)

By compactness of Ck- the image must be closed. We can now conclude that (, K)
is surjective because the image is known to be dense. if

We finally come to the relevance of class field theory to the splitting behaviour
of primes (in abelian extensions).

Theorem 8.41. Let L|K be an abelian extension of degree n and let p be an
unramified prime ideal of K. Let w be the uniformiser in K, and define ny(w) =
(...,1,w,1,...) € Ag. Further let f be the smallest (positive) integer so that

ﬁp(w)f € NL|KCL-
Thenp-Op =Py ---B,. forr = ? Fach of the prime ideals B; of L has degree f.
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Proof. Since p is unramified the only thing to show is that the prime ideals 33
lying above p have degree f. Recall that Artin’s reciprocity law tells us that
Cx/NrkCr = Grx. Now the order of ny(w) mod NpxCy, has the same order
(i.e. f) as the element

(Mp(@), LIK) = (@, Ly|Kyy) = ¢y € Gy, € Gk

But the order of the Frobenius automorphism ¢, must by definition agree with
the degree [Ly: K. i

Theorem 8.42. Let L|K be an abelian extension. When viewing the map n,: K, —
Cgk as an embedding we obtain

NpxCp N K, = Ny, Ly
Proof. 1t is obvious that if z, € Nk, Ly, then ny(z,) € NpjxAjp. This implies
the first inclusion.

Now take [a] € NpjxCp N K. Thus we can write the representative a € Af as
a = Npxb with b € A}. Thus there is k € K such that

ﬂp(.%’p) k= NL\Kb-

Looking componentwise we see that k is a (local) norm at all places v # p. By
the product formula we find that it is also a norm at the place p, which in turn
implies that n,(z,) is a local norm. This shows the reverse inclusion and thus the
statement. &

Theorem 8.43. Let L|K be an abelian extension with norm group Ni, = N kCr.
Let v be a place of K. Then v is unramified in L if and only if OF C Ni.
Furthermore, v splits completely in L if and only if K C Nr. (Recall that an
infinite place v is called unramified if L, = K,.)

Proof. This is an easy exercise combining the previous observations with local
results. D

Definition 8.4. Let L|K be an abelian extension with norm group N, = NpkCr.
Then the conductor § of Ny, (or of L|K) is the greatest common divisor of all moduli
m with (C?( - N L-

Theorem 8.44. Let f be the conductor of the abelian extension L|K and f, be the
conductor of the local extension Ly|K,. Then we have

f= for
p
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Proof. The claim is a consequence of the following sequence of equivalences:
ChrCN, e a=1modm = [a] € N for a € A%
& [a, = 1 mod p™ = Ty(a,) € Np N K]
& [ap € Uy" = ap € Nk, L
& Uy" C Ny, L

< fp | P

x
RY

it

We arrive at the following theorem:

Theorem 8.45. Let L|K be an abelian extension. A place p of K is ramified in
L if and only if p | §. In particular, all places of K are unramified in L if and only
iff=1.

A direct but very important consequence is the following characterisation of the

Hilbert class field:

Theorem 8.46. The Hilbert class field of K is the maximal unramified abelian
extension of K.

Remark 8.47. Note that since CK/(C}< = Ck the Hilbert class field has degree hg.
In particular, if hx = 1, then every abelian extension of K is ramified. (Taking
K = Q we recover Minkowski’s classical theorem.)

We define the class field tower inductively as follows. Let Ky = K and write K,
for the Hilbert class field of K,,_; (where n € N).

Theorem 8.48. The ith class field K; is normal over K and K, is the biggest
abelian subfield of Ky (i.e. Gk, ik, = [GKs|rs G|k ])-

Proof. We proof the normality inductively. Let ¢ be an isomorpism of K;,; over
K. Then (since 0 K; = K;) the extension 0K, 1| K; is abelian and unramified. In
particular 0K, 1 C K;;1. Thus K;1|K is normal as claimed.

For the second part let K’ be the maximal abelian subextension of K3|K. Of
course we must have K; C K’, because K;|K is abelian. But K'|K is unramified,
so that also K’ C Kj. i

Remark 8.49. The class field tower problem asks if the tower Ko C K; C K, C ...
terminates after finitely many steps. It turns out that this is not the case. Indeed
in 1964 it was shown by Golod and Shaferevic that infinite class field towers exist.

Theorem 8.50 (Principal Ideal Theorem). In the Hilbert class field of K every
tdeal a of K is principal.

Proof. We need to translate this into idelic language. First note that we have to
show that the obvious map
C K — C K
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is trivial. However, we have the commutative diagram

CK/C}( —=— CK

! J

(CKl/C}(l — CKl

where ¢ is obtained from the inclusion Cx — Cg,. Thus we need to show that
Ck C Ck,.

To see this we observe that (by construction of the class field tower) Cj, is the
norm group of K3|K;. The problem reduces to showing that

1= (CK, K2|K1) = Ver((CK, K2|K>
Recall that
(Ck, K, |K) = G5, i = Gy

Thus the problem is reduced to the purely group theoretic statement: Let G be a
finite group with abelian commutator group G’, then the Verlagerung

Ver: G — @'

is trivial. (This statement was discussed in Sheet 6, Exercise 3 and Sheet 7,
Exercise 1.) oo

Sheet 13, Exercise 1: Let m € N be an integer. Compute the ray class field of
Q modulo m = m.

Sheet 13, Exercise 2: Let p and ¢ be two odd prime numbers. Recall that the
Legendre symbol is defined by

(E)_ 1 if ¢ = 2 mod p,
q) -1 else.

The law of quadratic reciprocity states that

(0)-(2)-r-0>

Derive (12) from the reciprocity theorem of global class field theory. This can be
done by considering the extensions

Q C Q(vP) CQ(Q),

where p’ = (—1)"z - p and ( is a primitive pth root of unity.
Sheet 13, Exercise 3: Let L|K be a (finite) normal extension of algebraic number
fields.

(1) Show that §: H*(Gpk,Cr) — H*(Gpk, L) is surjective.
(2) Show that H*(Gp ik, L*) is cyclic and compute its order.
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Sheet 13, Exercise 4: Let K = Q(1/—5). Show that the Hilbert Class Field of
K is K(i). (It can be used without proof that the ideal class group of K has order
2.)

8.3. Reflections on the Ideal Theoretic Formulation. Let m = Hp p™ be a
modulus for K. Then we let 72 be the group of all (fractional) ideals co-prime to
m. Similarly Pg' is defined to be the group of all principal ideal (a) € Pg with
a =1 mod m.

Definition 8.5. Let L|K be an abelian extension and let m be a modulus for L|K
(ie. C} € NpjxCpr). Then we define

This is called the mod m ideal group associated to L|K.

For a prime ideal p away from a modulus m of L|K we can define the Artin

symbol as usual by
LIK
ryh op € Gk

This is extended multiplicatively to J7. Artin’s reciporicty theorem can now be
formulated as:

Theorem 8.51. Let L|K be an abelian extension and let m be a modulus for m.
Then we have the exact sequence

(LK

1 — H“‘/PS}K - JIg/Pox — Grr — 1.

Proof. Of course this can be reduced to the exactness of

1— NL\KCL — Cg (7L—|>K) GL|K — 1.
We only sketch the necessary steps. First one defines the homomorphism
ke Af = Tk, avs [ ).
pfoo

It can be computed that x induces an ismorphism'’

Fm: Cr/Cg — T" /Py k-
Even more, its restriction to NpjxCr/C¥ has image H™/Pg'y.
Next it can be shown that the diagram
1"This is done as follows. We define
Um)={acAy:a, € Uén“) for p | m} C Aj.

Using the approximation theorem (i.e. Theorem 3.5) one shows that Cx = U(m)K*/K*. The
map « (restricted to U(m)) now induces the surjective map

Ck =Um)K*/K* =U(m)/[U(m)NK*] = Jg /Py k-

One concludes easily by computing the kernel.
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1 —— NL|KCL > CK Sy > GL|K — 1
| I |

I —— H"/Piy —— IR/Pox — Grg —— 1

commutes. Moreover, both arrows featuring s, are surjective and have kernel C%.
The commutativity of the right hand block relies on the identity

(5% = (e, L1

it
Finally we can give a classical formulation of the decomposition theorem:

Theorem 8.52. Let L|K be an abelian extension and let p be an unramified prime
ideal (of K in L). Further let m be a modulus for L|K that is not divisible by p
(for example the conductor §). Let f be the order of p mod H™ in Jj2/H™. Then
p decomposes inr = [L: K|/f distinct prime ideals By, ..., P, of degree f.

Note that going back to the introduction (Section 1) it is now easy to verify the
claims made therein.
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