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Abstract

These are some extended lecture notes for the course Selected Topics
in Analysis - Topics in Analytic Number Theory taught in the winter term
2020/21 at the university of Bonn. Attention: This manuscript probably
contains many misprints and inaccuracies. For personal use only!

This course is concerned with randomness in the primes. More pre-
cisely, we study the distribution of primes in long and short intervals covering
some milestone results in the theory around prime numbers. We will not fur-
ther motivate this endeavour and suggest anyone who feels the need for further
motivation to take another course.

These lectures are inspired by essentially two courses on analytic number
theory the author took at the university of Gottingen. The first being an in-
troductory course to the topic taught by Prof. V. Blomer. The second was
an advanced course on several aspects of prime numbers taught by Prof. J.
Briidern. The latter contained the infamous theorem on primes in short inter-
vals due to Maier, which is the main highlight of this course.

This course however, whose formal title is Selected Topics in Analysis -
Topics in Analytic Number Theory, features only one lecture per week for
approximately 13 weeks. To further complicate things the author wishes not
to assume any number theoretic pre-requests. Thus the challenge is to teach a
course culminating in Maier’s theorem starting from the basics. The approach
taken to this adventure can be seen as an experiment.

Note that we will only prove the main theorems, the highlights of the lecture
so to speak, at the very end. We will however announce it as soon as we have
developed enough theory to prove them and encourage the interested reader to
perform the proof as an exercise. We must warn the reader that we expect a
solid knowledge of standard complex analysis. We will use deep results such
as the residue theorem, Cauchy’s Integral Formula, Jensens Formula, Stirling’s
approximation and the Weierstrass Product Expansion without further expla-
nations. We end this short introduction by providing a literature list as well as
an overview over the content of this course.

Some literature suggestions:

e A good (german) introduction to complex analysis is provided in [2]

e A thorough (german) introduction to analytic number theory, which con-
tains large parts of the material presented here is [1]

e The (classical) go-to reference for everything evolving around the Riemann
zeta function is [10].



e A great overview over almost every aspect of analytic number theory is

given in [6].

e A particular treat are the 10 lectures given in

[9].

e The original treatment of Maier’s theorem about primes in short intervals,

[8], is impossible to improve.
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Three Pictures

Before starting let us look at 3 pictures. The first picture contains the graph of

f(z) = Toa(z) 0 red and the #H{zr < p <2z} in blue:
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Indeed the Prime Number Theorem (PNT) predicts that

x
= <z}= E
"(@) = Hp < o) = s + Bl@)
with E(z) = 0(@). This implies that
2z x T

tH{r <p <2z} =n(2z) — w(x) + FE(2z) — E(x) ~ ——.

- log(2z)  log(z) log(x)
This motivates the choice for f(z) in the picture above. Note that Legendre
(1798/1808) conjectured that 7(z) = Toa @) TAG) OF m(x) = Tlog(my 7B Lhis was
based on some numerical work. However already earlier (1792-93 unpublished)
Gaufl conjectured that

b
te o)~ [

This was included later in a letter to Encke. Note that the tables of prime
numbers Gaufl produced throughout his live cover a wider range than
the one pictured above! The experiments made by Gaufl and Legendre
started the quest of proving the Prime Number Theorem. Let us mention some
highlights of this journey. It was shown by Tschebyscheff (1851-52) that

() r(2)
2/ og () o/ log(@) =

Riemann (1960) linked the distribution of primes to the zeros of the famous
Riemann zeta function ((s). Finally Hadamard and (independently) de la Valle
Poussin (1896) proved the Prime Number Theorem with an error bound

Cq < liminf

<1 < limsup Cs.

1
E(z) < peclog(@) T



A key ingredient in their proof is a zero-free region for the Riemann zeta func-
tion. Note that the error term can be slightly improved. The current record,
based on the Vinogradov-Korobov zero-free region, is

, log(z)® ) .

FEx) < zexp | —¢
(=) p( log log(z)

Nowadays several proofs of the Prime Number Theorem are known including
some elementary ones. The first such proof was found in 1948 by A. Selberg
and P. Erdos.

One observes that better control on the error E(z) in the Prime Number
Theorem allows to predict the number of primes in shorter intervals. This leads

us to the second picture. We plot f(z) = % inred and H{z < p <z + /x}

in blue:
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Indeed assuming the Riemann Hypothesis, which states that all non-trivial zeros
1

of ((s) have real part 3, one can show that 7(z + 231e) — 7 (z) ~ %. This

motivates the choices made in the picture. Note that unconditionally Huxley

(based on work of Hoheisel and Ingham) showed that
rizte
" log(a)

Allowing some exceptional = one can do even better. Indeed, one obtains 7(x +

m(z + xT72+€) —7(x)

1.
267¢) — 7 (z) ~ % for almost all x.
Assuming the Riemann Hypothesis Selberg pushed the so far mentioned

results even further. He showed that w(z + ®(x)) — m(x) ~ lfg((?) for almost
all = as long as % — oo. This brings us to the final picture which shows

f(z) =log(z) in red and #§{z < p < z + log(z)?} in blue:
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Here it becomes obvious that the ranges we are considering are to small to
produce informative pictures. Anyway one can ask if Selberg’s just mentioned
result is actually true for all z (sufficiently large) without any exceptions. This
question was answered by Maier and we are aiming to present his argument at
the end of this course.



1 Part 1: The basics

In this first part we lay the ground work for later chapters. We will start with
an elementary proof of the prime number theorem (without error term) even
though historically such a proof came much later. We further discuss some
properties of the sieve of Eratosthenes. In the end we discuss some analytic
preliminaries.

Notation: We write f(z) = O(g(x)) (formally correct would be f(z) € O(g(x)))
when there are C,zp > 0 such that |f(z)] < C|g(z)| for all & > x¢. A stronger
statement is f(z) = o(g(x)) (or f(z) € o(g(x))), which means that for all C' > 0
there is 29 > 0 such that |f(z)| < C|g(x)| for all > xo. This can be rephrased
in terms of limits as follows:

() = Olg(x) & limsup | =

Tr—00

< oo and f(z) = o(g(x)) & lim

r—00

g(z)
= g(z) + O(h(x)) (resp. f(x)

We will often encounter expressions like f(x

) =
9(x) + o(h(z))) meaning f(z) — g(z) = O(h(z)) (resp. f(z) —g(x) = o(h(x))).
Further we use the standard abbreviation f(r) < g(z) for f(z) = O(g(x)).
Finally let us introduce f(z) =< g(x) (resp. f(z) ~ g(z)), which means f(z) <

g(z) < f(x) (resp. f(z) = g(x)(1+ o(1)) = g(x) + o(g(x)).

The letter p is usually reserved for prime numbers and the set N of natural
numbers does not contain 0. We write (n,m) for the greatest common divisor
(ged) of m,n € N.

1.1 Arithmetic functions, convolution and partial summa-
tion

A function f: N — C is called an arithmetic function. We write A for the
set of all arithmetic functions. We equip A with point wise addition and define
the (Dirichlet) convolution

[f xgl(n Zf forf,gEA

m|n

We obtain a commutative ring (A, +, ) with identity element

() = {1 ifn =1,

0 else.

One can check that f € A is invertible if and only if f(1) # 0.

We call an arithmetic function f € A multiplicative if it is non-trivial
and satisfies f(nm) = f(n)f(m) for all n,m € N with (n,m) = 1. We say
f is completely multiplicative if f(nm) = f(n)f(m) for all n,m € N. A
direct consequence of the definition is that a multiplicative arithmetic function
f satisfies f(1) = 1. In particular such an f is invertible. Furthermore, the
inverse of a multiplicative arithmetic function as well as the convolution of two
multiplicative arithmetic functions are also multiplicative.

The identity 7 is a first obvious example of a completely multiplicative arith-
metic function. Another straight forward one is the constant one function



e(n) = 1 for all n € N. The most common completely multiplicative arith-
metic functions appearing in practice are Dirichlet characters. These are lifts of
characters

x: (Z/NzZ)* - St
to Z by x(m) = 6¢n,ny=1 - X(m + NZ). We call N the modulus of x. As a
consequence of elementary group theory one has the orthogonality relations:

ﬁ > x(@)x(1n) = Sn=a mod q for (a,q) = 1.

x mod g

Important examples for multiplicative arithmetic functions include the M6bius

function p = e~!. Recursively one obtains

1 ifn =1,
p(n) =< (=1)* if n=p; -...-p is square-free with k distinct prime factors,
0 else.

Other important multiplicative arithmetic functions are o (n) = ex(id¥), d(n) =
oo(n) and ¢(n) = pxid. The von Mangoldt function given by

log(p) if n = p¥ for p prime and k € N,
A(n) = {O (1)
else

is very important but not multiplicative.

Note that in order to define a multiplicative function it is enough to spec-
ify its values on prime powers. Similar one can define completely multiplica-
tive functions by defining their values on primes. We use this and define the
completely multiplicative functions v, and u, by setting v,(p) = 1j; ,(p) and
uy(p) = 1 — vy(p). To get used to the convolution product let us state the
following fundamental identities.

Lemma 1. We have

Uy * ity = € (- vy) x €=y, (1 vy)* (- uy) = p,
Axp=—(p-log), and (vy - A)* (vy - p) = —(vy - p - log).

Proof. The first equality is easily checked on prime powers:

V% U Ty v k u r—k — Uy(l)uy(]?r) 1fp>y7 —1=¢ T
[vy * uy](p") OSZICST y (P )uy (p"7) {Uy(pr)uy(l) fp<y L=¢(p").

For the second we write
(- vy) < (") = > vy (0")lp*) = 1= vy (p) = uy(p) = uy (p").
k=0

The third equation is easily seen to hold in the same fashion.
To see the first equality we observe that A x € = log. By Mobius inversion
this yields
A = pxlog = —plog*e.
The claimed equality follows since p = e~!. The final equality follows directly
from the fourth, because v, is completely multiplicative. O



One often encounters sums of arithmetic functions. We introduce the nota-

tion
> fn)

y<n<z
for f € A. Due to their importance we highlight the functions
m(z) = Sy, (1,2), Y(x) = Sa(1l,2) and M(z) = S,(1,z).

Here xp is the indicator function on the primes.
The following two Lemmata are an essential piece in the toolkit of an analytic
number theorist.!

Lemma 2 (Partial summation). Let y € N and x € R with y < z. For
g € C'([y, z]) we have

> fn)gn) = Sy« / Si(y, 2
y<n<z
Proof. Using the fundamental theorem of calculus we get

Sily - > fmgn)= > f(n)(g(z) - g(n))

y<n<z y<n<z

- Y o / €)de = / F(n)de.

y<n<z y<n<§

Lemma 3 (Mobius inversion). Let f: Ry — C be a complex valued function
and P € A be completely multiplicative. Then we have

ZP =) and f(x Z,u )
n<lz n<z

Proof. We compute

%mn)P(n)k(i) =2 umpm) 32 P(m)f(——)
- m;zu(n)P(mn)f(n;)
= Z:P(c)f("z) dzljmd) = J(@)P(1) = /(@)
A similar computation shows I:ow to recover k from f. 0
Exercise 1. Prove the asymptotic
> lmgp(p) =log(z) + O(1). (2)

p<z

T Arguably partial summation is the most important tool after the Cauchy-Schwarz in-
equality:.



Hint: One can use Stirling’s approzimation in the form
log(n!) = nlog(n) — n 4+ O(log(n))
and the elementary observation
n
= T[r" = )= MJ .
p<n k>1 p

Solution. We write

log(n!) = e(p)log(p) = 3 > { J log(p) = Y m log(p) + B

p<n p<nk>1
The error can be estimated as follows

log(p)
zz{ Jlog )<Y losn) Y o =n S AL — o)

p<n k>2 p<n >2 p<n

Using Stirling’s approximation yields

n
Z {J log(p) = nlog(n) + O(n).
p<n p

We can remove the Gaufl brackets and obtain

oy oe®) _ (m 4 0(1)> log(p) = nlog(n) + O(d(n) + n).

p<n p p<n

Thus we still need an estimate for ¢ (z) = dop<a log(p).2 This is obtained as
follows: B

$(2n) —(n) = MZQn log(p) < ;ﬂ (V;J —2 {ZJ) log(p)

= 2nlog(2n) — 2nlog(n) + O(n) = O(n).

With this at hand we can estimate

e X
;‘ 211 5)

and the proof is complete. O

oo
< 132271- Lz
i=1

2Note that ¥ (z) = ¥(z) + 3 »>2, log(p).
p" <z



1.2 An elementary proof of the prime number theorem

Besides proving the prime number theorem, which is a mile stone in the field,
we will learn a handful of tricks we will frequently use later on. The approach
we take is termed the convolution method and was developed in [4, 3].

Lemma 4. We have

Su, (1,2) 1
lim —/——= = 1—-).
i S (1)

Proof. We compute b
w _ é Z:[(vyw)*e](n)
- z 3" vy (m)p(m)

Taking the limit yields

lim 75%(1’@ = Z M

Tr—r00 X

It is important to note that the remaining sum is finite. Indeed, if we set
S(y) = {n: 0 —free with p | n = p <y}, then

lim SeL®) > u(n)n_lzl_[(l—]l)).

T—00 x
neS(y) p<y

Lemma 5. We have

XSy, (1t
lim sup | M (=) < | | <1 — 1>/ 7‘ Y M2( )’dt.
T p) )1 t
Py

T—>00

Proof. We start by observing

M(z) =Y (- uy) % (1-v,)](n)

= Z Z uy (m)p(m)vy (n/m)p(n/m)
n<x m|n

=" uy(n)u(n) vy (m)p(m)

= Z ’U,y(’n)//é(n)svyvu(la %)

10



We now write

Sy)U{oc} ={l=d; <d2 <...<dp <dgy1 =0}

Note that i , then S, (1, %) = Sy, .u(1,d;), for j =1,... k. We
get
k
M(z) = So,u(lid) Y uy(n)u(n).
j=1 s n<i

dj+1 J

M) _ - 1
lim su < g Sy, -u(1,d;)| lim — E Uy (N
ac—>oop T - = ‘ o M ’x—mo T . < U( )
- dj+1 =

DG s

d47+1

1- 1) /°° SeynL0l g,
r/) )1 t?

Lemma 6. Fory > 2 andt > 1, we have

’Svy‘u(l,t)| log(t) < Zvy

n<t

vyu1’+zvy log

n<t

Proof. The proof only uses a convolution identity and the triangle inequality.
Indeed

IN

S vy log(n)| + |3 ey (m)(n) log( )

n<t n<t

|Su,u(1,1)] log(t)

< ZKUTJ'A)* vy - 1)](n) +Zvy log

n<t n<t

The claim follows by opening the convolution and interchanging summation:

Z[(%'A)* vy - )] Zvy ZA(m

n<t n<t m|n

= >~ 0 m)Am) Y vy (=

m<t m|n

:Svy-u(lvﬁ)

We define an auxiliary function

o ©1—et
k(u) = exp | —ux + dt | dz,
0 0 t

11




for v > 0. This function is positive, monotone decreasing and we make the
following claim.

Claim: We have uk(u) — fu—H k(x )dx =1 for all u > 0.

To see this we set f(x) = fooo 1= e "dt. Note that by the fundamental theorem

1—e
€T

of calculus we have f'(z) =

. We compute

/ dx—/ f(”)/ wzdzdx:/ e f(z)el @ dx
u 0

oo
=-—1+ u/ e @ dy = —1 + uk(u).
0
In the second to last step we applied by partial integration.
We rescale k by setting

1 log(t)
Hy (1) = Tog(y) " <log(y)> '

Note that after a change of variables our claim produces the identity

vt Hy(x)
t nr

H,(t)log(t) — dxr = 1. (3)

By partial summation and (2) we find the formulae

ZH (pt) log / 1, ( d + O(Hy(y)) for t > y and (4)
Z H, pthg / ) g 4 08, () for t > 1. (5)

Let us present the details only for (4) as the second formula follows similarly.
One starts from

10 lo d lo
Sty ) B — ) Y B [ g ey S

p<y <y 1 p<z

— log(s)H, (ut) - /lylog<z>;iﬂy<zt>dz+0(|Hy<yt>|+ I

d
By partial integration and a change of variables we have

vt Hy(”)

t v

log(y)Hy(yt) — /1?/ log(z)diZHy(zt)dz = dv.

Thus we have to treat the O(...)-term. Obviously we have H,(yt) < Hy(y).
The integral can be treated trivially after observing that

log(zt) log(zt)
4y (2t) = L g loelzt)) _ _% ( log(y) ) ’ ( fox() ¥ 1) < ,(y)
dz"" zlog(y)? log(y) zlog(zt) log(y) zlog(zt)

Here we used the differential equation uk’(u) = k(u + 1) — 2k(u) satisfied by k.
This follows by differentiating the equality in the claim above.

12



Lemma 7 (Mertens+e€). We have
1 1
1—= )~ ——. 6)
pll ( p) C'log(x) (

Furthermore,
2
/ k(u)(2 —u)du =C — 1.
1

Proof. We start by showing that there is a constant C such that (6) holds. We

write >°_, % = log(z) + R(z) with R(x) < 1. By partial summation we
derive

(z) T dx ¥ R(x)
S ' Y A CCO
e R e o e
P<I —— N —
O(m) =log log(z)—loglog(2)
*  R(x) *  R(x) 1
=logl ———dxz — loglog(2) — ————dz+0
oslos(o) + || oy fiie —loglos(2) — [t 4O o
M =0(5sy)
1
= log1l M .
oglog(z) + JrO(log(x))
from (2). Now we put
pF pik . —k
B = ZZ*<ZPQZ <>on ’fZ
p k>1 E>1 n E>1

Taylor expanding the logarithm at 1 we get

—k
log H Z + Z Z L = loglog(z) + M + B + O(logl(x) ).

p<z p<ac p<z k>1

Exponentiating again gives the constant C' = eM*+5. A similar argument shows
vy (N 1
S0 T (14 3) < toxto),
n p
n p<y

which we will use below.
To evaluate the integral will be a little harder. We start by using the con-
volution identity v, log = v, - A x v, to get

D uy(n)log(n) = 37 D7 Alm)vy(m)vy (1)

n<t n<tm|n
= 3 mAm) Y vy (m) = 3 vy m)Am)S,, (1, %).
m<t m|n<t m<t

We rewrite this as

Sy, (1,t) log(t) Zlog Sy, (1 %)—I— Z log(p) S, (1, — +ZUU log

p<y, p<y, n<t
p<t p"<t,r>2

13




-2

Integrating this formula against H, (¢)t™* we get
Svy(l t) Z t Hy(t
Y p<y, p
p<t
t H t H,(t
/ E log(p) Sy, (1, —) / E vy(n) log(— y2( )dt. (7)
< pr Y <t n t
Py, n
pr<t,r>2

=FEs
=E

We now estimate the two errors (we will see similar computations below). First
look at

e o [0, % - (10 (7 500,)

-
p,T2>2 p,T>2 p

o0 Svy(la piv) > dt vy(n)
n<t

n

since Hy(y) < log(y)~! and the sum over p and r can be estimated trivially.
The second error is treated similarly. Indeed

Ba < Hy() X oy0) [ tos(0) 5 = 1,0 50 " [T e () tog) < 1.

2
n’'t 1

n

The remaining contribution will be manipulated as follows

Zlog S, (1 %)H ult )dt Zlog(p) /Oo Sv”(l’t)Hy(pt)dt

2
<y, p<y p ¢
p<t
vS, (1,t I > Sy, (1,t I
L Y<p<y Y p<y P

In the last step we split the integral into the ranges [%, y] and [y, o] and inter-
changed summation and integration once again. We apply (4) and (5) to the
p-sums and get

t.H,(t
/ Zlog S, (1, ) tyQ( )dt

p<y,
p<t
1 t? Y z Y r ¢ v

The error term comes from
> Syy(l,t) vy (1
) [ 2= ,0) S <,

n

14



Combining (7) with (8) and the two error estimates yields
% G, (1,t) Y Sy, (Lt) (¥ Hy(x)
= log(t)H,(t)dt = . dxdt
I e A e A

+/oo S, (1,1) ytHz( Vardt + 0(1). (9)

t2 ‘

With this at hand we get

/ Mdt /OO S, (1, ) <Hy(t) log(t) — " Hy(x)dx> dt

12 12 ' x

@),

<9>/ /ytHy dzdt + O(1) = /j/yt (x)df%+0(1)-

Here we noted that for ¢ < y we one simply has S, (1,t) = [t] =t+O(1). The
so obtained error can be ignored since

[ [ @G < mw [Cost =0,

=

One checks that

v ot dedt (Y [rEH dt
1 Yy x t 1 1 t

st ke [ 2 0 50,

= log(y)/1 k(z) — (z = 1)k(2)dz = log(y)/1 k(2)(2 — 2)dz.

@
t

Finally we compute that

stvyfgl’t)df—ZW‘l =TI> p " —log(y) + 0(1)

neN p<yr>0

= H 1—=)7" —log(y) +O(1) = (C +o(1)) log(y) — log(y) + O(1).
Thus we have shown that

log(y) / k(2)(2 - 2)dz = (C — 1+ o(1)) log(y) + O(1)

and the claim follows by dividing by log(y) and choosing y sufficiently large. [

By a simple substitution the lemma above yields
H 2
/ )it = (€~ 1)loa(y).

15



Lemma 8. We have

/ |S“y'”(1’t)|dt</ |51(“)|< Hy(w )dx>dt+0(1)~
y ! Y !

t2 2
The following proof has some overlaps with the previous proof.

Proof. We start from Lemma 6 and get

> t | Hy(t)
/y 150, (1, £)] log( dt</ ;vy ) [Su, 00 5| T at
=T
+Z/ vy(n)/ 1og(3)Hy2(t)dt
n<t?Y Y n t
E,

Here FE5 is the same error as in the proof of the previous lemma. There we
obtained E» < 1. To deal with T we use the definition of v, and split the sum
in two pieces:

H,(t
/Zbg Su / > log(p) |Su, L) ;/2()dt.
Y p<y p<y,
r>2,
=To pgt
=E

If Fy is the same error as in the previous proof, then we obtain F| <« E; < 1
simply by the triangle inequality. Turning to Ty we exchange summation and
integration and make a change of variables to find

log(p) [ |Svy. (l,t)’
Ty=>)_ - L ’22 H,(pt)dt.

p<y

We split the integral in two pieces, exchange summation and integration again
and apply (4) and (5). This way we get

YIS, u(1,t 1 Sv 1 t) 1

y<p<y p<t

t t
_/|Svyﬂlt|/yHy ddt+/ |Svyult’/yH dodi
1

=H, <t>log<t>
1Sy, u(1,1)
+O<Hy(y)/1 [Su,w(t,1)] ’22 ’dt).

The error can be treated as above and is O(1). We use our integral identities
for the v-integrals to get

To = /1y ’Svy'ggl,t” /y-’/t Hyv(v) dvdt+0O </U°° M(l + H, () log(t))dt + 1) '

t2

The O-term is easily seen to be < 1 and this concludes the proof. O
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Lemma 9. For any limsup,_, |Mix | < B8 <2 we have

/ Wdt < B(C = 1) log(y) + O(1).

Proof. We begin by fixing z¢ large enough such that
|M(x)| < Bz for > xo.
Further observe that for n <y we have v,(n) = 1, so that
Sy, u(l,z) = M(z) if x < y.

These observations together with the result of the previous lemma yield the
upper bound

/wwcﬁ<ﬁ/ = 1( ytH?;( )d)dt+0<1+/jot1( ywode)dt).

The error term is O(1) and we conclude the proof by observing that

O
Lemma 10. There is some constant M > 0 such that®
b
1
/ SulLt) 4ol < o, (10)
a T

Proof. By partial summation we find

b
Su(1, @) 1 p(n) wn)
/a“idx b5(1b)—75 + > ) 1+ >

2
a<n<b a<n<b

The latter sum can be bounded with elementary means.

We deduce this from the generalised Mdobius inversion formula Lemma 3.
Indeed applying this lemma with f = 1 and P = e we find that k(x) = |«|. The
inversion formula then implies

NI e -

n<x n<x

RS

n<z
follows. [
30ne could simply write
b
1
/ Suhr) 1
a x2

but we will need a name for the implicit constant later.

The desired bound

17



Lemma 11. There is 6 such that

Sy, u(1,
/1y Wdt < glog(y) + o(log(y)),

for all

lim sup <p <2
Tr—00
Even more, if limsup,,_, %ﬂ >0, then 0 > 1.

[ M ()]

Proof. Let M be the constant in (10) and o = limsup,,_, . ‘Lf” We set

Oé2

6 =min(2,1 4+ —).
min(2,1 + 1 M)

Note that as also observed earlier we have

Y 1Sy, (1, Y

[ [Soyu(L,)] By
t2 t2

1 1
If M(t) does not change sign in [1,y| then the statement holds trivially as long
as y is large enough. As before we fix xo such that M(z) < Sz for all x > x,.

We set .
M{(1)
I(a,b) = / Wt
Let a and b be zeros of M (z) and assume that xy < a < b. We claim that

b
(0, 1)] < J10g(2).
If this claim is established the statement follows by decomposing the full integral
accordingly. We consider several cases.
If log(b/a) > 5TM, we simply have

[I(a,b)| < M < glog(b/a)

as desired.

If log(b/a) < %‘/1 and 2 < 1jﬁ’ then
2

NIy

M) = M)~ M(@)| <[t —al=t(1-2) <t(1-7) <

7)< 5t

We conclude that

e < |1l =5 )| + 1= 50
< G log(y—g75) + BloB( (1= 5/2)
= #og(2) + D1og(1 - &) < prog( Yy - &
< Blog(2) ~ M(5 1)

18



Here we first applied the previous case together with a trivial estimate. Further
we used that the elementary inequality log(1 — g) < —g holds for all g < 2.

In the last step we used the definition of § which implies § < 1+ % and thus
%2 > (6 —1)M. The claim follows since —M < —g log(b/a) by assumption. O

Proposition 1. We have

lim sup = 0.

T—00

|M ()|
x
Proof. Put a = limsup,,_, W By Lemma 5,9 and 11 we have

a<[] (1 - ) log(y) [B(C+ 67" = 1)+ o(1)] (11)

P<y

for all a < 8 < 2. We take the limit y — oo and using (6) we find

a§6(1+5_1c_1>.

Taking 8 — a we get the inequality

5-1—-1
o<
- C
Since C > 0 we deduce that
0 <1.
But now we deduce from Lemma 11 that oo = 0. O

Theorem 1 (Prime Number Theorem). We have

P(x) ~ .

Proof. We show that the statement follows from Proposition 1.* We will use
the fact

Sa(1,z) = zlog(x) + Kz + O(y/z) and Z ) « V. (12)

n<z

We start by observing the following three convolution identities.

z)=> An)=> [uxlogl(n)=> Y u(d log = > p(n)log(m),

n<zx n<x n<z dln mn<z
Z w(n)d(m) = Z Zl— ZZ“ lew—i—O(l) and
mn<z mn<z dr<x n|r d<z
o oun) = un) =
mn<z c<z nlc

4 Actually they are equivalent, but we will not need this fact. The full equivalence is shown
in [7].
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We put fr(m) =log(m) — d(m) + E and observe that combining our identities
yields

Y(@)—z+0(1) = > pn)fe(m).

mn<zx

Thus it remains to show that the remaining double sum is o(x) for a suitable
constant E.
By partial summation one easily sees

Z log(n) = zlog(z) + = + O(log(x)).
Thus we find
Fp(x) =Y fp(m) = (B +1- K)z + O(Va).

n<lz

We choose E = K —1 and drop the subscript E. In particular we have F(x) <
\/z. By the triangle inequality we also have the easy estimate

Sl g

n<z

Write x = yz and write
Z p(n)f(n) = Z f(m)M(%) T Z N(n)F(%

mn<x m<y n<z

) = M(2)F(y).

Let € > 0 and suppose M(s) < es for all s > xg(e). If x > xo(€)y, then
>z =3 = wo(e) such that

x
m

T

‘M( )‘ <eZ and M (2)] < ez,
m

m

for all m < y. This is possible by Proposition 1. We get

D un)f(n)| < exy + 75 < Ver.

mn<x

In the last inequality we chose y = e~!. Note that our requirement on = now
reads z > zo(€)e 1. The result follows by directly verifying the definition o(z).
O

X

log(z)

Exercise 2. Show that 7(z) ~
complete the prove of Theorem 1.

Further prove the inequalities (12) to

Solution. We trivially estimate

> log(p) < log(x)*#{1 < n® < &} < Vlog(z)*.

1<ph<a,
k>1

Thus we get

d(w) = log(p) = ¢(x) + O(Vxlog(x)?) ~ .

1<p<z

20



By partial summation we get

log(p) log(z) J, tlog(t)?

2<p=sz

We conclude by using li(z) ~ R

We turn towards the divisor estimates and start by deriving a preliminary
estimate concerning the harmonic sum. Indeed by writing [t| = ¢ — {¢} and
using partial summation we get

> % = % +/2Ltjt_2dt

n<z

=log(z)+1— /Oo{t}t”dt +0(z7h).

We put?®
c=1 —/ {t}t~2dt > .
1

Now we can estimate

Sa(1,2) = Z d(n) = t{(u,v) € N?: uv < x}

n<z

=2 ) 1+[Val

u>\/T

—2 Z\F(Z\/E+O(l)>+x+0(\/5)

=2 Y L2+ 0(/a)
vSVE
= zlog(z) + (2¢ — 1)z + O(/x).

The second estimate follows trivially from the bound d(n) < y/n which is obvi-
ous. O

5Indeed ¢ = v is the Euler-Mascheroni constant which is usually defined through the limit

v = lim (Z % - log(Z)) :

n<z
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1.3 The sieve of Eratosthenes

Set P(y) = [],<, p and define
(I)(.Q?,y) = ﬁ{n < @ (n,P(y)) = 1}'

Further put

W(z)H<1;>.

p<z

We define the function w: [1,00) — R recursively by setting
1
w(u) = — for u € [1,2]
u

and requiring®

%(uw(u)) =w(u—1) for u > 2.

Lemma 12. We have lim,_, o w(u) = e~
The following proof is taken from [5, Section 4]

Proof. We start by defining the auxiliary function”

h(u) = /O " exp <ux + /O ' eftt* 1dt) dz. (13)

This function is analytic for v > 0 and satisfies

uh'(u) + h(u+1) = 0.

This is easily seen by partial integration as follows. We set I(z) = [ e_l’ldt.
By the fundamental theorem of calculus we have I'(z) = (e7* — 1)/z. In par-
ticular, 1 + zl’(z) = e~*. We compute

o0 %) d
uh’(u) :/0 (—Uk)e_“g”el(w)d:v:—/o e_ua:%[xel(w)]dx

= 7/ e (@ 4 gl (2)e! ™) dx = 7/ e~ (WFDH@) gy — _p(u+41).
0 0

Similarly partial integration also yields h(u) ~ % as u — co. We define

a+1
fla) = / w(u — 1)h(u)du + aw(a)h(a),

for h(u) as in (13). Using the definition of w and the functional equation of h
one checks that

f'(a) =w(a)h(a+1) —w(a —1)h(a) + d%l(aw(a)) + ah’(a) w(a) =0

—w(a—1) —h(a+1)

6At u = 2 the right-hand derivative is taken.
"Note that this is very similar to the function k(u) defined in the previous section!
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for all @ > 0. Thus f is constant. Since h(a) ~ a~! we conclude that the limit
limy, 00 w(u) must exist and

f(a) = lim w(u).

uU—r 00

On the other hand we compute

3 3
£(2) = /2 wu — Dh(u)du + h(2) = _/2 W (u — Vdu + h(2) = h(1).

We further set F(z) = exp(log(z) + [, (e™* — 1)%4). We will use that F(0) =0
and

; —
$1eréo F(z)=¢e". (14)
Indeed that gives
R(1) = lim wh'(u) = lim (—uw)e " F(x)dz = lim e " F'(z)dr = lim F(z)=¢e"".
u—0 u—0 0 u—0 0 T—00

The proof is complete if we can establish (14). To prove this we recall that the
Euler-Mascheroni constant is defined by

We write

1 ! 1
Hn:1+...+—:/1+...+x”‘1da::/
0 0 1

On the other hand we have

1-1 1
/o = xda: = log(n).

Combining these two expressions yields

m o (@) - QT"dx _ /” To,1y(t) — (1 — t/n)ndt
0

H, —1 =
og(n) A T2

Taking the limit we get

This little trick allows us to write

Tet 1 )
; dt = —log(z) — Ei(-x) — 7,
0

for —Ei(-z) = [~ e’t%. In particular we found F(x) = e exp(—Ei(—x)).
We obtain (14), since lim,_, o exp(—Ei(—z)) = 1. O
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Lemma 13 (Lemma 4, [8]). The function w(u) — e~ changes sign in any
interval [a — 1, a] for a > 2.

Proof. We define another auxiliary function
a+1
g(a) = / h(uw)du + ah(a) for a > 0. (15)

One can easily check that lim, o g(a) = 1 and ¢'(a) = 0 for a > 0. Indeed
lim g(a) =1+log(a+ 1) —log(a) =1 and
a— o0
g'(a) =nh(a+1)+ah'(a) =0.
This implies g(a) = 1.

Recall the function f from the previous lemma as well as g from (15). Since
fla) = e and g(a) =1 for a > 2 we have

0= f(a) —e "g(a) = /al(w(u) — e Nh(u)du + a(w(a) — e ")h(a —1).

Since h(u) > 0 and w(u) # e~ on [1,00) the last equality implies the existence
of sign changes in the interval [a — 1, a. O

Claim: We even have w(u) = e + O(T'(u)™1).
To see this we note that by the mean value theorem and the differential recursion
satisfied by w we get
—1) =
|’LUI(U)| _ |U1(U ) U)(U)| S U_l sup |’ZUI(£L')| )
U r€[u—1,u]

Putting M (u) = sup ey ) [w' ()| we get
M(u) <uM(u—1) < T(u+1)""

With this at hand we can estimate

jww) - = [Tl < [Tty s reen [T <

as desired.

The following lemma is of key importance to Maier’s argument. It goes back
to Buchstab (in Russian), but we follow the argument given in [5].

Lemma 14. Let A > 1. Then

)

B o) W
Proof. We start by observing that by the prime number theorem we can find
R(y) with R(y) — 0 as y — oo such that®

. y
[m(y) —li(y)| < 1og(y)R(y)~

8With our current knowledge this function can not be specified. But Later we will see
some functions that are admissible.
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The starting point of the argument is Buchstab’s identity:

Blry) = Y ¢<]§,p>+¢<x,yh>+0<§>.

y<p<yh

To see this we first assume that there is exactly one prime p between 3 and y".
In this case we have

@(%m) + @(z,y") = t{n < g: (n.pP(y)) = 1} + @ (x,y")
=t{n<z:pl|n,p*tnand (n,P(y)) =1} +{n <x: (n,pP(y)) =1}

=H{n <z:plnand (n, P(y)) = 1}+{n < z: (n,pP(y)) = 1}+0(

The general case is for example obtained by induction.
We rewrite this as

vew= 3 o 11

y<p<yh * p<p’'<y

1 T 1 lo

(1= 5 ) e T (1-3) viesyror=EL),
P p . p

For notational convenience we define

7 1 1\ W (y")
am=> 11 <1p'>1w<y>'

y<p<yh * p<p’<y

With the help of Stieltjes integral? we write

h
P(2) = /1 Y(2277,27)dG (o) + (2, 2" (1 — G(h)) + O(log(z)).

z

By Merten’s estimate for the product W (z) we find V://V((yyv)) =21 4o0(). If
necessary we replace our function R with something larger that still tends to 0

at infinity and find'°
1
‘ <M§R(y)f0rozl.
o

G(O’)—l—F;

We now define \
0(z*,2) = C’log(z)/ 2w (t)dt.
1

9The Riemann-Stieltjes integral is defined similarly to the common Riemann integral by

b
/ f@)dh(z)=_lim > sup  f(@)[A(zit1)—h(z:)] = lim Z o inf f(z)[h(zit1)—h(z:)].

Tig1 =20 ey ] Tip1—2i =0 T zelri,miq1]

The following two properties are essentially everything one should remember

b b
[ #@an@) = [ s@n'@) it he ¢t

as well as the partial integration formula
b b
/ f(@)dh(z) = f(b)h(b) — f(a)h(a) —/ h(x)df ().

100ne can actually show this asymptotic using the prime number theorem so that the
following estimate holds with the same R. But this is not of interest to us.
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The upcoming slightly involved argument intends to show that 0(z*, z) is a good
approximation to 1(z*, 2).

We will first treat several auxiliary expressions. First look at

o 0(2*, 2"

h
E1(\ z,h) = 0(2, 2) —/ 6(2*~ A
1

Of course E1(A, z,1) = 0. On the other hand we can compute the derivative
using the differential recursion satisfied by w. We get

9 _ A—h _hyy—2 A hyp— 1 0
%El()\,zﬁ) = 0" AT 00N, MR~k %9( 2

1 1 G

o( R, 2 4 g, 2 — C108E) Ohg(z) oy & °§<Z> / w(t — 1)z
1
Sh=2
=-Cl
Clog(z)—
We get
h L=
|E1(\, 2, h)| = Clog(z)/ dt < 0",
1
Further put
1 \ h 1
2(A, 2z, h) 9 (G(U)—1—|—7)—9(z,z)(l—E—G(h)).
o
Using our bound for G(o) we obtain by partial integration that
"l d
|E2(\ 2, h)| < R(z) [ |0(*,2") — 9(zk—h,zh)y+/ d—@(z’\_o,z") do
1 a
We estimate F» trivially using
|0(z)‘, z)—Ce V| <T(A=1)""+271 (16)

which simply follows by inserting w(\) = e~ + O(I'(\)~!) into the definition
of 0(z*, z). This yields

R
EZ()\VZah) < )522)7
for suitable h. Finally we put
E3(\, z,h) = 0(z*, 2) / (= 7)dG(0)—0(2*, 2" (1-G(h)) = E1(\, 2, h)—FEa()\, 2, h).

From the estimates for £; and F> we conclude that

R(z)
2

fork<A<k+1and z>2. (17)

A
‘Eg()\,Z, k/’)’ <

We are now ready to consider the difference

n(z*, z) = w(zA7 z) — 9(z>‘7 2).

26



This difference satisfies

n(z",2) = /1hn(z*‘“7z”)dG(o>+n(z*,zh)(1—a(h)) By )+ 0D,
Note that for 1 < XA < 2 we simply have

(18)
We obtain

li(z}) —li(z) — [ 214t

At ORE) = O(R()).

77(2)\’ Z) =

in this region. Here we used

A
/ zt% = Ei(Mlog(2)) — Ei(log(z)) = li(z}) — li(z).
1
For k > 1 we now set

sk(z) = sup [n(2", ).
k<u<k+1,
>z

We have just see that s1(z) < R(y) and by (17) we get

R(z

sk(2) < sp—1(2) + O(
A direct consequence is the estimate si(z) < R(z) and we deduce that
P(2*, 2) = (2%, 2) + O(R(2)).
However, partially integrating twice shows that!!
0(z*,2) = Cw(N\)(1+0(1)) as z — oco.
This concludes the proof. O
Note that we have actually proved
f@[}(z)‘, z) — 9(2’\,z)| < R(z)
uniformly in A\. Combining this with (16) we even get
‘w(z)‘, z) = Ce 7| < R(2) + T(u)~". (19)

Remark 1. It can be shown that C = €Y. Indeed one argument goes as follows.

In the exercise below it is shown that ¥(2*,2) = 1+ O(#Z(Z)) Thus for fized

z we have limy_ o z/J(z’\,z) = 1. On the other hand we have seen that

lim (2%, 2) = Cw()).

Tr— 00

" The o(1) term appearing below is not uniform in !
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The proof did actually also produce the uniform estimate (19), so that the fol-
lowing interchange of limits is justified:

: o (2 2)
: : @(Z)\,Z) : -
B S — Ol = e
In particular we obtain C' = €Y as claimed. Of course one can also prove

Merten’s formula directly with the correctly identified constant.

Exercise 3. Show Legendre’s formula

oay) = Y wd)| 3]

d|P(y)
and deduce the estimate
[@(z,y) — W (y)| < 2V.
fory > 2.
Solution. Let us first show Legendre’s identity for y = 2. Here we obviously

have
x

O(z,y) =#{n < z:odd} = [z] — | 5],

which is the desired identity since P(2) = 2 has divisors 1 and 2. The general
formula follows by writing

{n<z:(n,Py) =1} ={n<a}\ [ Jin<a:p|n}.
Py
By inclusion exclusion we get

Soy) =tn<ae} -3 tn<aiplnk+ > Hn<aipps|n)— ...

p<y P1,P2<Y,

P1#£DP2
T x
:mfz%w > LP—J—....
p<y p1,p2<Y, 1P2
P1#£P2

This completes the proof.
We now turn to the desired estimate. Note that

1 T
aW(y) = xpl;[y (1 - p) = d%})u(d)d.

This is a similar computation we have seen before. (Indeed we have S(y) = {d |
P(y)}.) The estimate is now essentially trivial:

[@(,y) =W )l =| X wl@) (3 - 151)| <Hd] PO} <2

d|P(y)
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1.4 Dirichlet series and their basic properties
Given an arithmetic function f € A we associate (at the moment formally) the

Dirichlet series
Dy(s) =3 Flmym~.
neN

Important Dirichlet series with special names are {(s) = D(s), L(s, x) = Dy/(s).
By formally multiplying such series one finds that

D¢(5)Dg(s) = Dyyg(s).
One can show that ﬁ =D, (s) and — g((j)) = Dj(s). Similarly there are many
more interesting relations to play with.

Lemma 15. Let f € A be multiplicative. If Dy(sg) converges absolutely for
some so € C, then D¢(so) has the Euler product:

Dy(so) =[] Y. f(*)pre.
P k€Z>o

Furthermore, if [ is completely multiplicative we have
1
FM ) = ————.
2 ey (T

kE€Z>o
Proof. Given € > 0 we take K large such that ) _ . |f(n)n™°| <e. Let
Px = {p prime: p < K}.

The fundamental theorem of arithmetic implies

II > rebe= 3

Pr k€Z>o neN,
pln = pEPk

Of course this implies

1T D_ r@* )" = De(so)| < Y [f(n)n~*| <.

Pk k€ZL>o n>K
We complete the proof by taking ¢ — 0 and K — oc. O

We now turn towards analytic properties of Dirichlet series. We start by
addressing some convergence issues.

Lemma 16. Let f € A and take sg € C such that Dy(sg) converges. Then, for

every 0 > 0, the series Dy(s) converges uniformly in the region

4.

Gs ={s € C: |arg(s — s9)| <

vl 3
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Proof. By partial summation we have
N
Z fn)n=° = N®—* Z a(n)n_80+(s—so)/ Z f)n=0 | x% " 1dz.
M<n<N M<n<N M\ M<n<z

Since Dy(sg) converges there is M = M (e) such that

Z a(n)n™®°| < efor all N > M.
M<n<N

Estimating everything trivially yields

— 2
> fnTF < eNTT7 4 GM(NUD—J — M) <€ (1 + o ) :
MEEN og— 0O sin(9)
Here o = R(s), oo = RN(sp) and we used that op—c < 0 as well as l'js:j“ < Sml((;).

This concludes the proof.

Corollary 1. Let f € A and suppose that Ds(sg) converges for so € C. Then
Dy(s) is holomorphic in the half plane R(s) > R(s).

Proof. This is a simple consequence of Morera’s theorem and Lemma 16. [

For Dy(s) we define the abscissa of convergence by
inf{a € R: Dy(c) converges}.
The following result is analogue to the identity theorem for power series.

Lemma 17. Let f,g € A. Suppose that for all sufficiently large o € R the
Dirichlet series Dy(a) and Dg(a) converge and satisfy Dy(a) = Dg(cr). Then
we must have f = g.

Proof. We have

f(1) = lim Ds(s) = lim Dy(s) = g(1).

a—0o0 a—r 00

The interchange of sum and limit is justified by Lemma 16. One argues induc-
tively using the identity

f(n)= lim |n®Dy(a) = > f(m)n“m=®
m<n—1

Lemma 18. Define the indicator like function

if0<ax <1,
ife=1,
ifl<cz

8(z) =

— o= O

30



and the integral

i

1 d
I(ac,T)/() e
co)r

2me s
here (c)r is the vertical line from ¢ —iT to ¢+ iT. For c,x,T > 0 we have

U@JU—5@N<{

x¢max(1,T [log(x)))~t ifx #1,
= ife=1.

T
Proof. We treat the different cases separately. First, consider z = 1. In this
case we simply compute

IOT)I/T dt 1/T c g1 1/°o dx
2 pedit m

2+ T2 o«

T/c 14 2 '
The estimate follows directly.

Second we look at 0 < & < 1. Define the rectangle R with corners {c +
iT,r £ 4T} for some r > c.

< |
R’ < iT R
(C)T
= . >

1 i

e -
By Cauchy’s integral formula we have
1 d
2mi Jp s

Taking the limit r — oo we are left with

1 co+iT s
I(2,T) = T

1 oco—iT xs

—-—— —ds + — / —ds.
21t Joyr S 27t Jo_y7 S

Estimating trivially yields

1 [ x¢
I(z,T)] < — “do < ——. 20
I@D) < o [ ado < s (20)
The secondary estimate |I(z,T)| < x¢ is obtained by replacing the curve R by
the curve that supplements the line segment [c—iT', c+iT] with a circle segment.
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The rest of the argument works similarly. We get
1 d 1 d
21 D S 211 D\(¢)r S

The part of the circle integral can be estimated by

o 02
L/ L Sﬁi/ 4 < 2.
21 D\(¢)r S

2T 01
Here 0; and 05 are simply the two angles that define the circle segment D\ (¢)r.
Finally consider = > 1. In this case we take the rectangle R’ with the corners
{—r+iT,c£iT}. Applying the residual theorem and taking r — co we end up
with

1 c+iT 1’8 1 c—iT .TS
Iz, T)=1+ — —ds — — —ds.
27t J_oqiT S 27 ) oy S
One estimates as above. The complementary estimate also works analogously

by using the curve D’ which is analogue to D. O

Theorem 2 (Perron’s formula (in explicit form)). Let ¢ > 0 and z,T > 2.
Suppose f € A such that Ds(c) converges absolutely. Then we have

flx 1 el Jds x° xlog(x
Sf(l,x)—%dmeN: %/7‘71 Df(S)I‘ ;+O ?D‘f|(6)+Am(1+ T( )) 5

for Ay = maxs, <5, [f(n)].
Proof. Using Lemma 18 we immediately get

flz 1 e+l <ds
Sr(l,x) — %%EN o) Dy(s)x S5 T E

32



with
—1
I

o0
x
E| < x€ —C —1 ‘ et
(Bl <205 1) min(, T [log( )
n=1
We split the n-sum in 3 parts. The first part is [n — 2| < 2, this part can be
estimated trivially and contributes at most <« A,. The second part is estimated
as follows:
c e 1 x, |1 z°€ . r -1
x Z |f(n)|n~¢min(1,T ’log(ﬁ)‘ ) < Az? Z n llog(ﬁ)‘
2<|n—z|<iz 2<|n—z|< 3

xlogx

< A,

Finally, for [n — z| > X2 we have |10g(%)|_1 < 1. Thus, this part of the sum
yields the first part of the error term and we are left with estimating the rest.
We estimate the terms |n — x| < 2 trivially by A4, O

Exercise 4. Show that the constant C' = €, where C is the constant given in

(6).

Solution. Since € is completely multiplicative and ((s) = D.(s) we have the
famous Euler product

Since the harmonic series )" % = ((1) diverges we have a pole of order 1 and
one obtains the estimate!?

((s) = = +0(1).

Taking logarithms yields

Zlog(l —p~°)=log(s—1)+O(|s —1)).

Toa(e)"

We now insert s =1+ Reading the equation above backwards yields

. 1
—log(;) —loglog(z) + o(1) = Zlog(l B Zﬁ '
p

We will treat the sum on the right using the following claim which we proof at
the end:

Claim I: For a compactly supported Riemann-integrable function independent
of x we have

> log(p) 1, <10g(P)> — log(z) /Ooo F(t)dt 4 o(log(z)).

p log(z)

2For R(s) > 1 we have n™% = f:+1 t=5dt + O(n~2). Summing this up yields ((s) =
[t dt+O0(X,n72) = 25 +0(1).
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We put F = M using the Taylor expansion of the logarithm we find

1
Zlog 1+logu )= ’Z jr—_— +o(1)

p>x p>x p

— —log(a:)_l Z log(p)F(log(p)) + 0(1)

P log(x

~

p>x

We now use our Claim I to write

—log(z)~! Z log(p)FN logp / Fn(z)dz + o(1).

r<p<xN p 10g CL‘

for fixed N. The tail can be bounded using (2) and taking N — co we get

1 o, dt
Zlog 1+]og(1) )= _1 ¢ t

We now make a second claim:
Claim II: We have

> dt 1
/ e = log(2) ~ 7 + 0(e)

Thus we obtain

—loglog(x) — v+ O(e) Zlog 1+
p<u log(m)
lo
= Z (log(l —p H+0( 61 ng))))
= plog(z
*Zlog 177 )+ O(e).
p<z

Thus taking e arbitrarily small and exponentiating this asymptotic we find

S (o)
11 (1 p) = logl@) ~ e7log(a)

p<z

This solves the exercise modulo our two claims.

Proof of Claim I: Without loss of generality we can assume that F' is smooth.

By Fourier inversion we have

Ft) = /R e~ £(3)

for a Schwartz function f. We thus write

log(p) . (log(p log(p)
S () = e < 1+¢'gz:>>d“'

p




We can estimate

lo
3 D) ¢ 1og(a)
p D log(z)

easily. However, we can also look at

1oy = e _ > log(p) > lz(p) | o),

s—1 ((s) -1 & p
With this hat hand we derive
log(p) . (log(p)) _ f(w)
Z ) F <log(x)> = 1og(ac)/]R i iudu +0(1) (21)

p

The claim follows by Fourier inversion.

Proof of Claim II: We write

1 1 1] _m
H”:1+"‘+7:/1+o~~+wn_1dx:/ 1 G
0 0

We also have

Thus we get

"lpog (@) - 2" " g y(t) — (1 —t/n)"
anlog(n):/ ”l]()dz:/ [Oal]() ( /n) di.
0 0

1—2 t

Taking the limit (and justifying the interchange) we get

% 1 t) — —t
y= / Loyt =y,
0

t

We derive

et — Tg gt 1
/ : 000 log(=) = 7.
0 t €

From this one easily derives the claim. Note that this also implies (14), which
we used earlier. O
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2 Part 2: Basic properties of ((s) and L(s, x)

We start by a simple consequence of Poisson-summation. Recall that for f €
S(R) we have!?

Y fn+a)=3" f(n)e(na). (22)

nez nez
Lemma 19. The function ©4(x) =3 ., e+ gotisfies
1 -
Oq <> = \/EZ ef’rmnze(na),
t neZ
fora e (—1,1).

Proof. Put f.(§) = e’“ﬁ. It is well known that

£ —mawg?
fa (5) = \/Ee <.
The statement follows after applying (22) to O4 (1) =3, o, fa(n + o). O

With this at hand we can deduce some crucial properties of the Riemann-
zeta function.

Theorem 3. The function ((s) has a meromorphic continuation to C with a
unique simple pole with residue 1 at s = 1. Furthermore it satisfies the functional

equation

s S 1

r AT (E)((s) = mH0r (L2

)C(L = 5).

Proof. In the region of uniform and absolute convergence R(s) > 1 we write
-2p(8 _ [Ty —mn?y, 5—1
G = [ 3 e (23

This follows simply from the definition of the Gamma-function and a change of
variables. Expressing the sum in terms of ©¢(y) we get

2 > O _ .
i) = [y

o @ - ]. £ > @0(l) - 1 S
:/ 0(3/2) yi’lder/ y2 vy,
1 1

Applying Lemma 19 with o = 0 yields

2 OOC_) - s s 1 > s 1 s
o) = [ 2= ity iy g [ - g

Computing the second y-integral yields the all important formula

2 S 1 1 OO@ -1 s _ _s_ 1

130ne can weaken the assumption on f considerable. For example f € C2(R) and f(z) <
|z|? suffices.
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Since the remaining y-integral converges for all s € C we obtain the desired
analytic properties of ((s). Further, the right hand side of the final equation
is invariant under the transformation s <+ 1 — s, which implies the functional
equation. L]

This leads us to define the completed zeta-function by
_2
A(s) =7 =T(5)¢(s).

Theorem 4. The completed zeta function has no zeros outside the strip 0 <
R(s) <1 and satisfies

s(s = DA(s) =™ [] (1 - 3) es.

peEN p

Proof. For (s) > 1 there can not be any zeros of ((s). This can be easily seen
by looking at the Euler product
() =T =p)"
P

Now we note that also I'(5) and 773 do not have any zeros in that region. To
exclude zeros with R(s) < 0 one uses the functional equation.

Now the product expansion follows from Hadamard’s product theorem after
we establish that A has order 1. The latter follows from

(5 = 1)¢(s) < |s]*,

for R(s) > L which can be seen by elementary means. The pre-factor is originally
given by e4t5B% but we can compute

et = lim s(s — 1)A(s) = 1.

s—0

Lemma 20. In the region [t| > 8 and 1 — <o <2 we have

1
21og(t)
Clo +it) < log(|t]) and ¢'(o + it) < log(|t])%.
Proof. We apply partial summation to

o0

Z n=°% = —N75—|—s/ [x]z ™ tdr = —N75+LN178—3/ {z}x™5 'da.
n>N N s—1 N

Note that the remaining integral converges for all R(s) > 0. Thus by the
principle of analytic continuation we find that

_ —s S 1—s -5 _ > —s—1
C(s)—Zn +7s—1N N S/N {z}x dx

n<N
s

=S e %Nl—s +ON"7(1+ 2y, (24)

g
n<N
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for all s with R(s) > 0. Where the integral has been estimated trivially.
Of course for 0 > 1 — m we have n=7 < en~! as long as n < [t|. Thus
choosing N = [|t]] in (24) we get

| ‘1—0

C(s) < Z n_1+t7

n<|t|

< log([t]).

For 7 = (21og(|t]))~! we use Chauchy’s integral formula to estimate

1 ((2)
2ri oB,(s) (2 —5)?

('(s) = dz < log(|t])*.

O

Lemma 21. There is a 6 > 0 such that in the region s = o + it with o >
1 —dmin(1,log(|t])~%) we have ((s) # 0. In the same region with the additional
assumption |s — 1| > 2 we have

!

Z(S) < log(|t])°.

Proof. Using the Euler product of {(s) with the Taylor expansion of the loga-
rithm at 1 we find

(s _exp< > log(1—p~ )zexp<zp:§11€_ )

Taking absolute values, which amounts to taking the real part in the exponential,

we obtain
|C(o + it)] = exp (ZZ —p~ k7 cos(kt log(p )))

p k=1

The key observation is the following elementary inequality
3 + 4 cos(x) + cos(2x) = 2(1 + cos(x))? > 0.
Applying this with x = ktlog(p) yields

C(0)?|C(o + it)[*|¢(o + 2it)| = exp <ZZ; ~k7 (3 4 4 cos(kt log(p ))+cos(2ktlog(p))]>

p k=1
> exp(0) = 1.

We conclude that for t > 8 and 1 < o < 2 we have
C(o +it)| 7" < ¢(0)7 [¢(o +2it)|T < (o — 1) F log(t)7.

We will now use the estimate

Bl

C(1+it) — (o +1it) = / ((z +it)dr < |o — 1|log(t)?.

In particular this yields

1

C(1+it)| > Ci(o — 1) log(t) ™% — Coo — 1) log(t)2.
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By choosing ¢ appropriately we obtain the estimate
€L+ it)] > (log(t)) ™"
Now taking o > 1 — §log(t)~® we again use the same trick to find
|C(o +it)| > (C — C"8) log(t)~".
With this estimates at hand it is easy to complete the proof of the lemma. [
We now turn to a slightly different argument and aim to investigate the

slightly more difficult Hurwitz-zeta function

oo

((s,0) = (n+a)”*

n=1

Lemma 22. For 0 < a <1 the function ((s,a) has meromorphic continuation
to C. The only pole appears at s =1, is of order 1 and has residue 1.

Proof. We start by the integral representation

1
N(z) = ——— [ 7" letdt
€)= 75 /H ett,

where H is a path from ¢+ 0o to —1 44 to —1 — i to —i + co. We get

L S A e

tsfl tsfl at
- / L / P,
H eat<1_€_t) H et— 1

The right hand side of this formula is holomorphic for all s € C. Looking at
the left hand side reveals that ﬁ cancels exactly all the poles of I'(s) when
s € —N. Thus the claim follows by investigating the behaviour at s = 1. But by
computing residues the integral on the right is easily seen to equal 27i. Since
e(s) — 1 has residue L= this concludes the proof. O

Lemma 23. For s <0 and 0 < a <1 we have

) =2 (s 3 ) s 3 )
n=1 n=1

Proof. The statement follows by computing the residues, using

sin(7s)

I'(s)~' = I(1-ys)

™

and some well known relations between sine and cosine. We leave the details to
the reader. O

We define the conductor of a Dirichlet character modulo ¢ to be the smallest
(positive integer) g; = cond(x) such that x(n + ¢gm) = x(n) for all n,m. of
course this implies ¢; | g. We call the character xo(n) = d(,,,q=1 the principal
character modulo ¢. Further we call y primitive if xy # xo and cond(x) = q.
We define the Gaufl sum



Lemma 24. Let x be a primitive character modulo q. Then we have
q np
= X)e(—).
p=1 q
Furthermore there is €(x) € S* such that 7(x) = €(x)/q-

Proof. For (n,q) =1 this follows simply by writing
_ np
X(p)e(—). (25)

Suppose % = % for q1q2 = q with g2 # 1. Then we compute

DXl =

q q1
p=1 p=

Y(p)e(nqlp Z Zx vq +y) | e(P2) = 0.

1 1 y— q1

=0

Thus, we are done since x(n) = 0 for (n,q) = ¢z # 1.
To prove the second statement we observe that

S INOIHENEED DD PP DR @1;”%

n=1 n=1p;=1ps=1
a g q n(p1
=2 D xm)x(e) ) el QZ\X -
p1=1pz=1 n=1
=q5p1 =pg mod ¢q
This implies |7(x)| = /¢ and we are done. O

We call x even (resp. odd) if x(—1) = 1 (resp. x(—1) = —1). Note that
the lemma above obviously implies

0 else

! —ix(n)7T(x) if x is odd,
ZX ) sin( q ) = {

p=1

— g
and ZX cos 271'?) = {E)C(n)T(X) ;ls)é is even, (26)

Theorem 5. Let x be a primitive Dirichlet character modulo q, then L(s,x)
has analytic continuation to C and satisfies the functional equation

HTP 1 1+,0

A(s.x) = (=) e00A(1 = .%). for A(s.x) =7~ 2 ¢ = T(=F)L(s, x)-

Here p € {0,1} such that x(—1) = (—1)".
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Proof. We observe that

q—1
L(s.x) = MO D
p=1, neN;n=p mod ¢
(p,9)=1
qg—1 q—1 D
= X)) (p+an) =g X(p)¢(s, ).
p=1, neN p=1, 4
(p,9)=1 (p,q)=1

Thus Lemma 22 implies an analytic continuation of L(s, x) to C\{1}. However,
applying character orthogonality and using the fact that x is non principal we
find that the singularity at s = 1 is liftable.

It remains to prove the functional equation. The principle of analytic con-
tinuation allows us to prove the functional equation for s with R(s) < 0 and
then extend it to the full complex plane. We show the argument for x even as
the odd case is analogous. Note that combining (26) with Lemma 23 yields
7s D(1 = 5)0(3) _

5) NGVED €0)A(s,%)-

=1

A(s, x) = 2° sin(

The I'-factors are removed by the well known doubling formulae. O

In analogy to the Theorem 4 we have the following product expansion for
completed Dirichlet L-functions.

Theorem 6. The completed Dirichlet L-function A(s,x) has no zeros outside
the strip 0 < R(s) < 1 and satisfies

A(s,x) = eAIFTBOOs H <1 — 5) ev.

PEN (x) p
The following preliminary bound will be important later on.

Lemma 25. For R(s) > 1 — we have

1
21log(q)
L(s, x) < |s|log(q) and L'(s,x) < |s|log(q)*.

Proof. Partial summation shows that
L(s,x) = 8/ x5S, (v)d,
1
with Sy (z) = 3_, <, x(n). Estimating trivially yields
q q
/ 75718, (2)da <</ z”%dx < log(q),
1 1

for o > 1—1log(q)~!. To estimate the other part we use S, (z) < ¢, which follows
from character orthogonality. Indeed we get

/ x5S (2)de < q/ r e < 1.
q q
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This shows the first claim. The second follows by estimating the Cauchy integral
formula.
O

Exercise 5. Use the tools of this section to proof the prime number theorem
in the form

du
logu

w(o) =ty < as prime ) = [ {24 0(B(@)

and specify the error E(x). A complete solution to this exercise will be given in
Part 6.
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3 Part 3: Zeros of ((s) and L(s,x)

Recall that A is the set of all zeros s(s—1)A(s). This agrees with the (multi)-set
of zeros of ((s) in the critical strip 0 < R(s) < 1.14 Similarly the (multi)-set
N(x) is defined.

We now define

N(T) = #{p € N': [3(p)| < T} and N(T) = t{p € N(x): [3(p)| < T}.
Lemma 26. We have

N(T+1) - N(T - 1) <1log(T) and Ny (T + 1) — N, (T — 1) < log(¢qT),
for a primitive Dirichlet character modulo q.
Proof. We apply Jensen’s formula to get
o

1
/Olog(|§(2+iT+re(0))|)d9:log(|C(2+iT)|)+ > log(

e Ipl
pEB,(2+4iT)

).

Here we choose r € [3,4] such that N NdB,(2+iT) = . Using a simple bounds
of the form ((s) < |S(s)|" for some k > 0 allows us to estimate

E log(ﬁ) < log(T).
PEN, P
pEB,.(2+iT)

The proof is complete in combination with the estimate

NT+)=NT-1) < Hp €A 3() ~TI< 1) Slog(D2) Y og(;1).
pelgre(giiT)

The proof for Dirichlet L-functions is similar, the only difference being that
the estimate L(s, x) < |¢S(s)|" is used for some k > 0. O

Corollary 2. We have
N(T) < T'log(T) and N,(T) < Tlog(qT).

Lemma 27. We have

¢ ) 1 if R(s) > 2,
z(s)—é;ﬁ(s)e[_LgL Z P < < log(|s]) if R(s) < 1,|s+2m| > 1 for allm € N,
IS@I21 - pen, 1+log(ls]) if —1<R(s) <2,[S(s)| > 1.

|5(s—p)l<1

Proof. We do the different cases separately. First, for R(s) > 2 we have

CCI(S) < Z log(n)n™2 < 1.

n>1

M1 p is a zero with multiplicity m, then it will appear m times in .

43



If R(s) < —1, we put s =1 — s’ and apply functional equation to get

§<s> = “log(2m) — T tan(™5) + T () 1 Cc

2 2
The claimed bound follows by using Stirling’s formula.
We turn towards the final range. Using the product formula and Stitling’s
formula reveals

C@=p+ X (S 1) + 03

C peEN

(s).

From this we derive

<ls) = LI ! ¢ i o
C(s)—peZN(s_p i) it + Olox((3()).

We write p' = 2 + it — p. First we trivially estimate & (2 +it) < 1 and

ST T < log(I3(s)]).

[S(p’—s)|<1

Finally we assume |[S(p — s)| > 1. Then |s — p| < |S(s — p)| and

1 1 29— ¢ .
- — = - < |S(s—p .
s=p 7 GopEri—p SIS

We now finally estimate

)3 (1—1,)=z )3 (;—1,)

S—s)>1 N7 TP P N () 40 < (0) <IS(s) [+t 1 pp
<D IN(S(9)[ +n+1) = N(IS(s)[ +n)ln ™2 < Y n~?log(|S(s)| + n)
neN neN
< log(I3(s)])-
This completes the proof. O

Remark 2. Similarly one can prove the following estimate for the logarithmic
deriwative of Dirichlet L-functions.

r 1 1
TEX0 =0 gy, J = Omeelra, D

x(=1)=1 ISIZ1 pen(x), §—p
IS (s—p)I<1
1 PFR(s) > 2
< < log(qls|) if R(s) < 1,|s+2m| > I forallmeN, (27)

log(q(2+[S(s)]))  of —1<R(s) <2,[3(s)] 2 1.

Here x is a primitive Dirichlet character modulo q.
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Theorem 7. Let x > 2 and define

(x) :min{|x—pk| :p prim ,k € N,z # pF}.

We have
P / 1
(x) — BuenA(n) = — ZN - %< )~ 3 loa(l —a~?)
S (p)|<T

+0 (; log(2T)? + log(z) min(1, T)) .

Proof. Put ¢ =1+ log(x)~! and apply Lemma 18 to get

ct+it 1 s
$(x) — Snenh(n) + —— / s

2mi c—iT C

We have to estimate this error carefully. We start by considering = ¢ [ x, 2x],

such that |10g ’ > 1. This terms can at most contribute
Z A(n) (7> < = C/(1—|—10g( ) < Elog(ac)
T|¢ T '

ng[3z,2x]
This absorbs of course the term 5weNc¥. To estimate x € (%x,x) we set
T = max{pk: pF < x}. Without loss of generality we can assume x; > %x We
compute

log() = —log(1 - L=y » 2701 5 ()
T T T T

With this at hand we get

A(zr) (x)cmin(l, (T

1

log(;)’)l) < log(z) min(1, m)

For other n € (1z,2,) we write z = 1 — v. One checks that log(Z) > - This
yields

Z A(n) (%) min( ’10g ‘) < Z A(xy —U)Tf < T(log( z)).

%w<n<z1 v<3 2T

Since A(n) = 0 for all 1 < n < x by construction of x; this completes the
estimation to the contribution from (4z, ). The part (z,2z) is done similarly.
Altogether we have seen that

1 c+iT (:/ s

Y(z)—bgenA(z) = —— =(s ) ds+0 ( log(zT)? + log(z) min(1, T?@)) .

2mi c—iT C

It remains to appropriately manipulate the contour integral. We start by
computing residues. If p is a zero of ((s), then

! s P

el =5
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Note that p is in A or an even negative integer.

! s !/ / S
o - C—(O) and resc—(s)x— = —x.
5=0 ( s ¢ 5=0 ( s
Without loss of generality we assume that there is no p € N with S(p) = T.
Applying the residual theorem we find

1 c+iT Cl 5 C/ 2P —2m
— 5 Z(s)—ds=x—>(0)— Y —+ 5
T Jeir G008 ¢ . P, 2m
|S(p)|<T o
1 —U+iT CI s 1 c—iT CI s 1 c+iT C/ s
™ J_Uu—iT C ™ J_Uu—iT C ™ J_U+iT C

It remains to estimate the contribution of the remaining integrals. We will then
take U — oo through odd integers. Trivial bounds suffice to get

1 YR s log(U)

“UT.
G A C() ds < 7

Let us consider the remaining two integrals for 77 € [T — 1,T + 1] with the
property that |3(p) — T| > log(T)~!. Such a T” always exists due to Lemma 26.
Of course we have the estimate

/
1
s Z(o+iT) < Z ——— +log(T") < log(T")?.
¢ so)—ti< 15 7
Thus we find that
1 ctiT CI 8 c 70 -1 7o
— d ———log(T")%d 1 + iT"|) ———d.
i | ST [ onr o+ [ oo 1) o
log(T")? /c log(T)? =
2 7 Ud .
ST LTS T T e

By shifting the lines of integration from T to T’ one picks up other residues
which contribute

p
T« %log(T).
IS (o) €T, T"]
Collecting all the errors together the theorem follows. O

The same argument works for Dirichlet L-functions. However, the residue
computations are slightly different. The result is the following.

Theorem 8. Let ¢y (x) = >, .. xX(n)A(n). Then, for x > 2 and a primitive
Dirichlet character x modulo g, one has

Do) = = 3 @) +0 ( log(aaT)? + og(a) min(1, 7))

pEN (x),
[S(p)I<T

Where

1 2m

Alz) = log( ) — B(x )+Z$§ VI if x s even,
L0.x) + 00 5t if X is odd.
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After having seen some preliminary results on zeros in boxes we now turn
to the distribution of zeros close to the line R(s) = 1.

Theorem 9 (Standard zero-free region). There is a constant C' > 0 such that
for all p € N we have

R(p) < 1 — Cmin(1,log(I(p)) ™).

Proof. We start by the same inequality used in the proof of lemma 21 to find

C—/U—C—/U i—C—/U 1
8‘%(—3<() 44( + it) C( +2t)>

= Z A(n)n~7(3 4 4 cos(tlog(n)) + cos(2tlog(n))) > 0. (28)

First we observe that the existence of the pole ensures that

for some large c¢. By making c larger if necessary we find

ace(_if(s)) =-> m+0(log(|s|)) <—R (10)+clog(lsl) < clog([s])-

s—p

in the region 1 < R(s) < 2 and ¢ > 1. Here we used that since R(s) > 1 we
must have R(s — p) > 0 for all zeros p.

Zeros with 0 < §(p) < 1 are easily excluded as in the proof of Lemma 21.
Exploiting symmetry we can assume that $(p) > 1. From the considerations
above we get

0< 3 1
“o—-1 o-%R(p)

This is valid for some suitable constant C' and all zeros p =  + it. Choosing
oc=1+ we get

+ C'log(t + 2).

5
log(t+2)

R(p) <1+ 0 - 1
P log(t+2)  (3+Cé)log(t+2)

Choosing § = % completes the proof. O

We now turn towards the slightly more difficult situation of Dirichlet L-
functions. Here the result is as follows.

Theorem 10. Let ¢ > 0 be sufficiently small and x # xo be a character modulo
q. Suppose L(s,x) has a zero sy with

-~ log(a(13(s0)] +2))

then x is a real character, the zero is simple, real and unique.

%(80) Z 1
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Proof. We start by showing the normal zero-free region for complex characters
x? # xo0. The argument starts by writing

R(x(n)e 108 = cos(ay,) and R(x(n)e 2118 = cos(2a,).

The by now familiar argument shows

L/ L/ !
—3f(07 Xo) — 4%(f(0 +it, X)) — gfe(f(ff +2it, x?)) > 0. (29)
Of course we have the estimate
L ¢ 1
I < 2 I .
o0 €% (0) < = + 4

Now let p € N(x) and set t = S(p). For 1 < o < 2 we use (27) and drop all the
irrelevant terms to get

—%(%(J +it,x)) < Alog(q(|t| +2)) — cr%@?(p)'

For the final case we use the bound

/

—%(%(a +2it,42)) < Alog(q(lt] + 2)).

Note that if x? is not primitive one needs to artificially insert the missing Euler-
factors. However, their contribution is easily handled. Combining our 3 bounds

we get
4 3
Al t| +2)).
TRy < oot SAls(allt +2)

We choose o = 1+ dlog(q(|t| +2))~* to find

5 4
L= R(p) > log(q([t[ + 2)) <8A5 13 1) '

By choosing ¢ accordingly we conclude this case.

We turn towards x2 = xo. If we want to use the same argument as above
we need to replace the bound for f%(a + 2it, x?) in (29). After handling the
missing Euler factors we find

/ /

R0 + 2t x0)) = ~R( o+ 2it)) + Olloga)

1

Thus, the usual argument provides the bound

4 3

1
TR “o—1" % (U - Qit) + 8Alog(q([t| +2)),

where o > 1 and ¢t = $(p). Suppose that |t| > m, then

1 o1 1
- < )
R <a 1 2it> oDzt = 5 oslalltl+2)
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With this at hand we find

4 — 40A§ 5
1—R(p)

” 16+ 4045 log(q(lf] +2))°

Therefore, up to choosing suitable d, we established the zero-free region for real
characters as long as 3(p) > &log(q) .
It remains to show that L(s, x) has at most a unique, real zero in the region

S(s) < dlog(q) L, RN(s) > 1 — 10;@). To do so we consider

Lo <alose - Y

s(p<1? 7P

Note that this inequality only makes sense because both sides are real. Indeed

this is obvious for —%(07 x) and for the sum over zeros this follows since p €
N (x) implies p € N (x). If we write p = 8 +47. If v > 0, then
1 1 2(0 —
+——= (25)2>0
oc—p o-p (0-PB)+y

We get the upper bound

L 2(c — B)
——(o,x) < Al -
7 (@:X) og(q) =B 12
To complement this we compute
L ¢! 1
_ = _ -0 > _ —o _ > _ _
L0 = XA 2 = A7 = o) >~
We conclude that
2(0 — B) 8
— 2A1 - < 241 — .
—— < 24log(q) CET i 0g(q) 50— F)

Here the last inequality holds for § < 1, v < dlog(q)~! and o = 1+ 26 log(q)~*.
One easily deduces 8 < 1 — dlog(q)~!. It remains the possibility that there
are real zeros in the region. Suppose 51 < 2 are two such zeros. The same
argument as above now shows the inequality

1 20 — 01— B2
——— < 2Alog(q) — .
o1 A [Car
From this it follows that at most one of the zeros f; and (5 lies in the desired
region. O

If a real character x has such zero in the region described in the theorem, we
call it exceptional character and refer to the (unique) zero as exceptional
zero.

Theorem 11 (Landau). Suppose x1 and x2 are two exceptional characters and
with corresponding exceptional zeros $1 and Bz, then

min(f1, B2) <1 - log(q1g2)’

for sufficiently small C' > 0.
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Proof. By looking at the corresponding Dirichlet series we get

C/ L L L oo
~ O Tloa)- Tl (o) = XA (e () (1 ()
Since x1x2 is not the principal character we can estimate
L/
—f(gaX1X2) < Alog(q142).

For the other logarithmic derivatives we have the usual estimates and derive the

inequality
1 1 1

+ <
o— B o — B o —
in the usual way. Put o = 1 + §log(q1q2) " for sufficiently small § and assume
B1 < B2. Then it follows that §; <1 — O

1 + 314 lOg((hQQ)

log(q1g2) "

Corollary 3 (Page). Let C be as in Theorem 11 and Q > 3. Then there is at
most one real primitive Dirichlet character x modulo q with ¢ < @ such that
L(s,x) has a real zero § € (1 — ﬁ(@), 1].

Proof. Suppose x1, x2 are two such characters. Then we have

C C
61' >1- >1- .
21log(Q) log(q142)
However, this is a contradiction to Theorem 11. O

We say ¢ > 1 is a good modulus if L(s,x) # 0 for all characters x mod ¢
and all s = o + 4t such that

I S
log(q(lt| + 1))

Lemma 28. There is a constant C' > 0 such that there are arbitrarily large
z € R such that P(z) =[[,..p is a good modulus.

o>1

p<z

Proof. Let C1 be the constant given by Corollary 3. Given z; w will construct
x > a1 with P(z) good. This goes as follows. First, if P(z1) is good, then we are
done. Otherwise there is exactly one exceptional character xo with exceptional
zero f > 1 — l(rg(gW' Note that by the prime number theorem we have

log(P(z)) ~ x, so that we can find = satisfying

G1/2 R &
og(P@) <7 < Tog(P())

Since P(z1) | P(z) we can view xq as character modulo P(x) and it is still the

only exceptional character (with respect to C1). Thus, P(z) must be good for

C=49. O
2

Theorem 12 (Siegel). For every € > 0 there is a constant C1 = Cy(€) such
that the following holds. Suppose [ is a real zero of L(s, x) for a real character
x modulo q, then B <1 — Cyq™°.
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Proof. By Lemma 25 it suffices to show that L(1,x) > C(e)g~¢ for primitive
real characters x modulo q.
Take two distinct real characters x1, x2 and define

F(s) = ¢(s)L(s,x1)L(s, x2)L(s, x1x2)-
Note that F'(s) = Dy(s) for f = exx1%Xx2%*Xx1X2. Multiplying the Euler-products
we find that

x . —ks
log(F(s)) = > 3 P (14 a ()1 + xa ).

p k=1

In particular we observe that f(1) =1 and f(n) > 0 for all n € N.
From the analytic properties of ((s) and Dirichlet L-functions we conclude
that F'(s) is holomorph in C\{1} with

A =resF(s) = L(1, x1) L(1, x2) L(1, x1x2)-

Let us expand
F(s) =Y bp(2—s)".
k=0

in a convergent Taylor expansion at s = 2. Due to the pole at s = 1 the radius
of convergence is 1. We compute the coefficients

k& n
b= S Crosm) % > 0

We can write (s —1)7! = (1 — (2 — 5))~! and use the geometric series to find

(be — A\)(2 — 8)k.

NE

F(s)—s_l

k=0

The left hand side is holomorphic in C. This is implies that the right hand side
must converge everywhere. We obtain the useful estimate

—1 k

With this at hand we can truncate the Taylor expansion at some large constant
K. For real g < s < 1 this yields

A K-1 3 K
P - 2210 -0t - aaa) (3)
k=0

We choose K such that 3 < 4A4(q1¢2)?(2)X < 1. In particular this implies

K < 8log(q1q2) + ¢1. Computing the geometric series shows

)\(Q—S)K >

1 1 ecl)\ 8(1—s)
2 1—s 2 1-—s '

F(s) > (9192)

(30)
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This is the key inequality that drives the proof.

If there is a real character x with areal zero 8 € [1—15, 1) then we put x1 = x
and f; = . In this case we have F(f;) = 0 for all x5. Otherwise we choose
B1 € [1 = 5,1) and x; real arbitrary. Observe that ((3) < 0 but L(S1, x1),
L(B1, x2) and L(B1, x1x2) are positive by construction (they are positive at 1
and there is no zero between §; and 1). Thus in this case F(81) < 0. In any
case we conclude that

F(B1) <o.

Inserting this in (30) we get

1
cA > 5(1 — B1)(q1g2) 5P,
For fixed x; and 3; we have

A < Alog(q1)log(q192) L(1, x2)-
We deduce that -
L(1,%) > Cg5 7 log(g2) 7.
The claimed inequality follows from 8(1 — 1) < Le. O

Remark 3. How strange these possible exceptional zeros are can be seen from

the so called exceptional-zero-repulsion, which states the following. Suppose B =
1

1 —§ is the unique exceptional zero in o > 1 — Tog(T) belonging to a Dirichlet
L-function of conductor ¢ < T, then the zero free region can be widened to

o>1-—

(6] €ecy
1 t|<T 31
oty o). < T (31)
for 6log(T) — 0 and B is still the only exception.

Exercise 6. Use the tools developed in this section to prove the Siegel theorem
about primes in arithmetic progressions, which states

1 ¥ du
m(x;a,q) =tH{p < x:p=a modq, p prime N—/ .
(i) = H 1Yo ) Towtw)

What can you say about the error term? This exercise will be resolved in Part 6.
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4 Part 4: Exponential sums and refined proper-
ties of ((s)

In this section we will get to know two methods to treat exponential sums. We
will apply the first one to derive an approximation to the Riemann zeta function.
The second one will be used to derive an extended zero free region for ((s).

Lemma 29. Let F € C'([a,b]) and G € C([a,b]). Suppose that F'(x) # 0 for
z € [a,b]. If & is monotone, then we have

/b eiF(w)G(x)dx I*Cj’((z))

<4

g

Fb)|

Proof. Without loss of generality we can assume F'(z) > 0. If ® is the inverse
of F, then we have ®'(y) = F/(®(y))~!. Substituting x = ®(y) we get

' O, Ga)
@G (2)de = / v T Y)) dy
/ = e " PG
———
H(y)

Note that H is monotone, say increasing. Put ¢ = F(a) and d = F(b). Using
the mean value theorem we get

d T d
R (/ ein(y)dy> = H(c)/ cos(y)dy+H(d)/ cos(y)dy.

Using the analogous equality for the imaginary part and estimating trivially
gives the result. O

Another useful integral estimate goes as follows.

Lemma 30. Let F € C?([a,b]) and suppose F"'(x) < —r < 0. Then F' has
at most one zero ¢ € [a,b]. Take another function G € C([a,b]) such that

|G(x)| < M and

?/((?) is monotone for t # c. We get

b
/ e @G (x)dx

Proof. Suppose c exists and fix 6 > 0. We define Ky = [a,c—9], K3 = [c—J,c+
8] N [a,b] and K3 = [c+ 4,b]. We decompose the integral in the pieces

I :/ @Gz da.
K

J

12M

G

We first estimate

[F' ()| =

/: F”(t)dt’ >r(c—x) > 10,

for x € K;. Thus, by the lemma above we estimate |I;| < %. The same
method can be applied to I3. We estimate I trivially by
L] < 26M.

The claim follows by § = r~2. The case when ¢ does not exist in [a,b] is even
easier. O
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Lemma 31 (Euler’s summation formula). We have
b b
1
F(n)= [ F(&d — 2)F'(&)d
3 Fw | F@a [de-priene

+ ({a} ~ )F(@) ~ ({0} ~ 5)F ).

Proof. By partial summation we get
b

S F(n) = [b]F(b) — ) F(a) - / F(6) €] de

a

b

b
FOE - L) - e - [ (€~ DF©de.

The result follows by partially integrating the last integral. O

— (bIF®) - lalF@) + |

a

Lemma 32. For a & 7 we have

1 e(—ma 1
-g= > (27Tim) + O ar
0 |m|<M

Proof. Without loss of generality we assume 0 < a < % We observe that, for
m # 0, we have

1
2 —1)ym+1 _
/ e(—mt)dt = ( ) + e am)
o 2mim 2mim
Summing up this identity and completing the geometric series in the integral
yields

e(—ma) 1 [z [ sin((2M + 1)7t)
Z omim at 2 /a Z elmt)dt = / sin(7rt) .

0#|m|<M Im|<M @

By the mean value theorem we get

Z e(—ma) 1 /5 sin((2M + 1)7t) Qb

omim + 2 sin(ra)

0#|m|<M
This implies the result by estimating the integral trivially and using the bound

sin(ra) ™! < |laf| 7t O

This lemma shows that we have the Fourier series

Z e(—ma) _ {{a} — % ifadZ, (32)

gy 2mim 0 else,

when the terms of opposite sign are always summed together. One can further
refine the bound

Z e(—ma) 1 /é sin((2M + 1)7rt)dt

a4l —
2mim + 2 sin(7rt)

0£|m|<M

:/:Sin((QMWdt+/jsin((2M+l)ﬂt)( ! —l)dt

mt sin(mt)  wt
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and see that the partial sums are uniformly bounded by treating the integrals
trivially.

Proposition 2 (Van der Corput summation). Let n > 0. Further take f,g €
CY([a, b)) such that f', g and |g'| are monotone decreasing and g > 0. We have

S ogmefm)= Y /’ ~ ha)da

a<n<b F/(0)=n<h<f'(a)4+n

Oy(lg'(a)] + g(a) log(|f'(a)| + [ f'(B)] + 2)).

Proof. We apply Euler’s summation formula and insert the Fourier series for
{a} — 1. This leads to

b b —ma
> g(n)e(f(n)):/ 9(@“)6(1‘(%))‘“*/ Ze( ") 2L (g@)d(f(@))dz +O(g(a))

ety @ o \ 576 2mwim dzr
b
:/ g(x) dx—l—z (/f (f(z) — mz)dx
a m##0
=I1(m)
1t
t o [ 4 @ei@) - ma)is ) +0lg(a),
=Iz(m)

Here interchanging summation and integration is justified due to the conver-
gence properties discussed above. We partially integrate I; and find

fmm=—§gmm+m/fuwﬂ@—mmm+omw»

The integral f: g(x)e(f(x))dx can either be included in the sum if f'(b) —n <
0 < f'(a) +n or it can simply be estimated by O(g(a)). Thus we get

S gme(f) =Y /’ ~ ha)da

a<n<b f/(b)—n<h<f’(a)+n
Ii(h Ir(h
ofpws Y M0y |}%n+, >l
f/(b)—n<h<f'(a)+n, heZ\{0}, heZ\{0},
h#0 h&(f'(b)—n,f'(a)4+n) h@(f' (b)—n,f'(a)+n)

We only have to treat the error term. Of course only the terms involving the
integrals I (h) and Iy(h) are non-trivial. Without loss of generality we assume
h > f'(a) + n and f'(b) > 0 (the other case works analogous). We start by
estimating I (h). By Lemma 29 we get

4ﬂ@h'
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This implies

Z |I1|}(Lf|L)| <<g(a) Z E+g Z |

h>f'(a)+n, 0<h<2|f"(h)| >|f'(a
h+£0

< g(a)log(|f'(a)| + [ f'(B)] +2).

Finally we deal with the I5(h) terms. here we only show how to treat (I2(h))
as the imaginary part works similar. We start by observing that

b €
—/ |g’(w)|cos(ZW(f(x)—hx))dx:g’(a)/ cos(2m(f(x)—hz))dz
1 1 |f(a)
ST T (@) - ml

The final estimate can be seen by partial integration applied to the remaining
integral. We conclude that

|1 (h "
<<| a)l Y —5 < g'(a)].
2 |h| 2 |h|

h>f'(a)+n, m#0
h#0

Corollary 4. We have

Proof. The claimed bound follows from

3 it<<{]‘f if1<t<5M,
m .
M<neam Vit if g > 5M.

We use the just developed van der Corput summation formula to find

' 2M
Z mit — Z / — kx)dx + O(log(2 + M))

Mz=n<2M T —N<k<gzfr+n

for f(z) = 2 log(z) and 1 = 5.

If t < 5M, then the k-sum only contains the term k& = 0. This term can be
bounded by applying Lemma 29 and f'(z) > ;.

If t > 5M, we observe

2
)~ ko) = () < 0 and |5 (2)| > M2,

Thus according to Lemma 30 we can estimate the integral by < M t~2. The
bound follows by summing over admissible k. O

We now turn towards the so called approximate functional equation. This
is a tool similar to (24) but in practice it works much better.
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Proposition 3 (Approximate functional equation). Let s = o + it with 0 <
o<1. Foraxy= ﬁ we have

()= n "+ o 2c05 Z n* L+ O((a77 + 277y ) log(t)).

n<x n<y

This formula exists in many forms. Normally a smooth version is stated
which holds for a wide class of L-functions including all L(s, x). For our purposes
this formula will suffice.

—0

Proof. We apply van der Corput’s summation formula with g(z) = 27 and

f(z) = —5=log(z) and get
. N s ot
S o= % / e(Eh)EdE + O log(- + - +2).

z<n<N St —n<h<y+n "

We take n = 1 , N > t and assume y to be a half-integer. Then the h-sum
ranges from 0 to y — 5. Note that the term h = 0 can be computed explicitly.
With (24) we have

~S +Z/ e(eh)e

n<z

( N=7+ 277 log(t)).

We make several observations. First,
1—0o

<<70'
n X

<

‘ xlfs

1—s

can be absorbed in the error. Second, due to the lemma above, we have
N*O’
[ ereteme < ;o <o
Finally we get

z 1-s omih h 1-0o
[ esetenas = ctah) - 7 [T selgyas <t g

27r:1:

With this we can enlarge the Fourier integrals from [z, N] to [0,00). Now they
can be evaluated. Indeed we have

/ e(En)E2dE = (—2mih)* 1T (1 — ).
0
Putting all of these together and treating the error trivially we get
t
—s s—1 _ s—1 -0 N
Zn —2mi)* 7 I(1 th +O(z log()—l-gN ).
n<lx h<y

Here we can take N — oo and simplify the error term accordingly. Using a
standard functional equation for the Gamma function we also find

(2m)°

(—2mi)*'D(1 - 5) = scos(Z2)T(s)

(1+0(e™™))
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this gives the formula stated under the assumption that y is a half-integer.

To remove this final restriction we argue as follows. First, if Yy > x we can
simply replace y by |y] + 5 and adjust = according to xy = 5=. The error we
make with this replacements is < x77. If y < x We can exchange the roles of z
and y an apply the just established formula for (1 — s). The claim then follows
from the functional equation. O

We will now refine our machinery to estimate sums of the form

n=a+1
Lemma 33. Suppose f € C%([a,b]) and 0 < Ao < |f"(z)| < hAa. Then
D> e(f(n) <hb—a)A] + A, °
a<n<b

Proof. Without loss of generality we can assume f”(z) < 0. Then the result
follows from the van der Corput summation formula and Lemma 30. O

Lemma 34. For g < b— a we have

[NIE

-1

S e < 0+ [0S S et ) - f)
a<n<b qz q r=1|a<n<b—r

Proof. We have

[y

Z e(f(n)| =~ Z Z (m+mn))

a<n<b q a—qg<n<b—1m=1
q
<l ¥ Ze(f(ern))’
qafq<n§b71 m=1
q 2\ *
| (v=
<= l-at+q D D efm+n)

a—g<n<b—1 |[m=1

2(b—a)

By expanding the square we get

q 2

S e(f(m+n)

m=1

=q+ Z (m4n)—f(u+n))+ Z f(p+n)—f(m+n)).

pu<m m<pu
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Thus, summing this over n yields

q 2

> elf(m+mn))

m=1

=0b-a+q)g+2

S e(f(m+n) = flu+n))

n p<m

— (b—a+q)g+2 Z )Y ) - fW))

a<v<b—r
q—1
2b—a)g+2¢) | > e(fv+r)—fW)]-
r=1|a<v<b—r

In the middle step we put v = p +n and r = m — v. Using this in our first
inequality yields

-

> elf(n)

n

4(b —a)’q + 4(b Z Z fw+r)—fv)

| =

This easily implies the statement. O
Proposition 4 (kth Derivative Test). Let f € C*([a,b],R) for k > 2. Suppose
E < |f(k)(x)| < hM. Then, forb—a>1 and K = 2"~ we have
2 =1 5 1
> e(f(n) <hE(b—a)ATFT + (b—a)'TRA TF
a<n<b
The implicit constant is independent of k.

Proof. Note that the statement is trivial if A\, > 1. Thus we assume the contrary.
Note that for £ = 2 we already established the result above. Thus we argue by
induction on k.

Put g(x) = f(x + 1) — f(x). Then we have

(@) = fED ) - fED () = rf0(E),
for some & € [z, z + r]. Thus, by induction hypothesis, we have

S )] < Ak (b— @A) T + Axfb— @) (rh) T

a<n<b—r

Note that

q
E rTR-2 L
r=1

for K > 4. Thus we get

a-1 1 1
ST ()| < AihF (b—a)g R AT 4245 (b—a) TR g T E N TR

1 |la<n<b—r
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The previous lemma thus yields

> elf(n)

n

1 1
< As(b—a)g~ 3+ A4 A? W (b—a)gT T ATF * 4 A4(242)% (b—a) " F g zm=1 ), 7% 7

We equalise the second and third term by picking
__1 __1
/\k K—1 <g< 2)‘k: KT

1
Here we implicitly assume 2X\, 7" < b —a. We get

> elfn)

n

= (A3+2A4A1%)h%(b_“))‘1§}<772 + A4(245)7 (b—a) RN, T

(33)
The result follows since for large enough A;, As we have

As + 24447 < A; and A4(245)F < A,

1
It remains to treat the case 2\, =" > b — a. However, in the latter case the
trivial estimate ), e(f(n)) < (b — a) suffices. O

Theorem 13. Fors=1— 2;—_2 + it with L = 211 we have

((s) < tor=s log(t).
Furthermore, we have
log(t)
loglog(t)
Proof. We start with the first estimate. We want to apply the kth derivative

test with f(z) = — 5 log(z). We compute ) (z) = (—1)* (l;;ii!t. In particular,
for a < x < b < 2a we have

C1+it) <

(k=1 (k) (k=1
— < < —.
27(2a)k — fPe) < 2mak
Thus we can use A\ = éi(;l);z and h = 2*. Thus we get
Z e(f(n)) < a' TR IR 4 gl TR TR T R

a<n<b

It is easy to check that the implicit constants do not depend on k. Note that

if a < tka;KH, then the second term is dominated by the first. In this case
partial summation yields

. l _ k 1
Z n_ %<« aq?L—2 2E-—2{2K-2,
a<n<b
Using dyadic dissections we find
Z nTt & 1T log(t) and

L
1< <¢IL—2LF2

-8 (2Ll 272Kk 3) KK K +2K1 2 KK K -m FRSETS
> n"s L VIS ) TADR2RTT TR | for tTADE 2KF1 < 27™ < {RR-2R+3,

2-migp<2-mtlg
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Note that for 2 < k < we have L — K = (2= — 1)K > (I — k)K so that

( Lk ) K n 1 < 1
2L -2 2K-2'(k+1)K—-2K+1 2K-27~ 2L-2"

Thus we get the bound

Z n=* < t722 log(t).

L
tTL=2LF2 <n<t

The desired bound follows from the approximate functional equation.
We turn towards the second bound. First observe that arguing as above and
using partial summation once again we get

Z —1—it — L - L
n <L a 2K—2{2K—-2 < t 2(k-1)K+2
a<n<b

for a < b < 2a and t<’€+1>f+2f<+l <a< tkK+K+2 and the implicit constant does
not depend on k. We fix r = |loglog(t)] and write R = 27! < 2loglog(t)=1 —
Llog(t)°s(®). Using our discussion for 2 < k < r combined with a dyadic
decomposition we get

: 1
> 1T < 1T 2R log(t).
R
t(r=DR+l <<t

Since i
t2-1rF2 > exp(log(t)€) > elog(t)

the sum above is bounded. Thus, from (24) we infer that

C(1+it) < 1+ E ol
2
1<n<t7+2 log(t)—"
log(t log(t
< Ogr( )=logolso(ggt)
and we are done. O

Corollary 5 (Hardy-Littlewood zero-free region). There is a constant A > 0
such that ((s) has no zeros in the region o > 1 — Aloilg(gt;gt) and t > 1. Further
one has the bounds

5 and -, & (5) <« 1080
Loy <o and 7050 Toglog(h

in the same region.

Proof. First we pick [ = [log(2)~! log(%)} In particular 57— > %10%52%8)2.
Then we have

¢ -

57 —5 T it) < tor— log(t) < log(t)®.
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Combining this with the estimate for ((1 + it) and the Pharagmen-Lindel6f
principle we get ((s) < log(¢)® uniformly in the region 1 — 1 _os®) < 5 <1

2 Toglog ()2
for t > 1.
The zero free region and the remaining estimates follow now from the general
framework developed in Exercise 7. O]

This is a slight improvement of the standard zero-free and it is not obvious
that it justifies all the work we put into it. However, we will shortly see that it
has some interesting applications.

Theorem 14 (Vinogradov-Korobov). There is ¢ > 0 such that ((s) has no
zeros in the region o > 1 — clog(t)~% loglog(t)~
the bounds

%, t > 3. Furthermore one has

((s) < log(t)5 and L

o) (s) < log(t)% log log(#)3.

|

in this region.

Exercise 7 (Landau). Show the following general result, which completes the
proof of Corollary 5. Assume ((s) < e?® in 1 —0(t) < o < 2 for positive

non-decreasing functions ¢,0~1. Further assume 0(t) < 1 and % = o(e?®),

Then there is a constant Ay such that ((s) has no-zeros in

02t + 1)

>1— Ao
7 Y2t + 1)

Hint: One can use the following statement which can be derived from basic

principles of complex analysis: Suppose f(s) is regular and satisfies ’f((sso)) <eM

or s € B,.(sg). If there is a zero pg between sy — £ ans sqg, then
P 2

f/(S()) AM . 1
f(So))< r 50— po

If there is no such zero, the last term can be dropped.

Solution. Let B + iy be a zero of ((s). Without loss of generality we assume
v > 0. Pick 1 4+ e ¢+ < gy < 2 and set sq = o + i, sh = 0g + 2iy and
r=0(2y+1). We have

IC(s0)| <

A < Ae¢(27+1)
1

and a similar estimate holds for sj. By assumption we get
‘ ¢(s) | <)
C(s0) | "]¢(sp)

in |s — so|,|s’ — sy| < r. In the case 8 < g — 47 one can easily check that the
statement holds. Thus we assume 8 > og — %r, so that the hint implies

< eA20(27+1)

)

C(o0 + 1) 02y +1) oo —f’

P ¢(o0 +i7) Azp(2y +1) 1
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_M< a

Further, if oy is close enough to 1, we get (o0) o T

Inserting these
observations in (28) we find

3a 5A30(2v+ 1) 4

oo—1 6(2y+1) o—p

This yields

3a 545 (27 +1)\ "
1_62<4a—1+4'9(27+1)) ~ (oo —1).

By making o close enough to 1 we can take a = %. For ~ large enough one can

then use the condition % = 0(e?®) and deduce

0(2v+1)

L=h= Aoy
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5 Part 5: Zero-density estimates

In this part we ultimately discuss zero-density estimates. These are important
supplements to the available zero-free regions.

5.1 Mean value estimates for Dirichlet polynomials

Lemma 35 (Duality). Given a matric A = (anm) € Mmxn(C). Then the
following two assertions are equivalent

e For ally € CV we have

2

M N
Z Z AmnYn| < CQ”)’H%'
m=1 |n=1
e For all x € CM we have
N | M 2
Z Z OmnTm| < CZHXH%'
n=1|m=1

Proof. We introduce an intermediate step. Using the first bullet-point and
Cauchy-Schwarz we get

2 2

M N M N
D wm Y amnym| <IXIE YD amayn| < IxElyIE (34)
m=1 n=1 m=1 |n=1

We now show that (34) implies the first bullet-point. By duality this com-
pletes the proof of the theorem. To see the required implication we set x,, =

N
> ne1 Gmn¥Yn. Then

M N
Hng = Z Tm Zamnyn < c[x[2[lyll2,
m=1 n=1

where we applied (34). Now if ||x||2 = 0 we are done. Otherwise one concludes
by dividing both sides by ||x||2 = 0. O

Let us record the following inequality. Put

R = max E |@mn| and C' = max g |@mn| -
m n
n m

Via Cauchy-Schwarz we get

2
Zamnxmyn < (Z |@mn| |xm|2> (Z |@rn| |xm2> (Z |@mn| |yn2) < RO|x[3/lyll3-
n,m m,n m,n

(35)

We introduce the Dirichlet polynomials
N
D(s) = Zann_s.
n=1
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Proposition 5. Suppose 0 < t; <ty <...<trp <T satisfying t,41 —t, > 1.

Then
R N

STID(it,)|? < (N + RT?#) log(T Z|an|2.

r=1 n—=1

Proof. By Lemma 35 it is enough to show that
N

>3

Opening the square and interchanging the order of summation gives us

< (N + RT%)log(T Z|y,

N R
Z Zyrnilh =N |yr|2 + Z ZN(Z(tq - tr))ngr,
=1]r=1 1<q,r<R,
qF#r

for Zn(s) = 25:1 n~°. According to (35) we have

The result follows from N
2(it) < — + 3 log(t),

which we showed in Corollary 4. O
Proposition 6. We have

T N
/ D) dt < (T +N)S anl”.
0

n=1

Proof. We define the function

1+ 4% if —N<t<T,

1 if0<t<T,
FO=3, r |
0 else.

By positivity we have

/OT zt|dt</f ) |D(it)|? Zaman/f *at.

We use that [, f(t)dt = N + T and the bound

/ ft)x"dt < N~'log(x) 2 for o # 1.
R
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Indeed this yields

/Rf(t) (%)“ dt < ilog(%)% < )2 <m _Nm)2 for n # m.

1 /fm+n
N

N m-—-n
We obtain the estimate
T
/ ID(it)]* dt < (T+N)> _|an)* + N Y |anan| (m —n)>.
0
n n#m

We are done since 2 |anam| < |an|” + |am|” . O

We can use this continuous mean value theorem into a discrete one by ap-
plying the following interesting inequality.

Lemma 36 (Gallagher). Let T = {t1,...,tg} be a set of points with 3 < t, <
T — % and |t,, —ty,| > 1 for all 11 # r5. For a smooth function F: [0,T] — C
we have

ZIF(tr)I2S/O (IF@) + [F(OF (t)])dt

T 2 T 2 % T / 2 :
gA(F@|ﬁ+<A<wm|@)(A(W@na).

Proof. By partial integration we have the identity

1 T 1
17):/0 f(t)dt+/0 tf (t)dtJr/x (t—1)f'(t)dt.

Taking x = % yields

15| < [aswi+ jirana

Replacing f by f2? gives

1 2

)| < [sor+ gl o,

We get
2 s 2, 1 /
|F(tr)| S/t (E@ + 5 [F@F(@)])dt.

1

=3
The result follows by summing over r and combining the integrals. This is
possible because the integrals do not overlap. O

Corollary 6. Suppose 0 < t; <ty < ... < tg < T satisfying t,41 —t,. > 1.
Then

Z|D it,)|> < (N +T)log(2N) Z|an| .

n=1
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Proof. The proof follows directly by combining Lemma 36 with Proposition 6
after observing that D’(s) is also a Dirichlet Polynomial. O

Corollary 7. Suppose 0 < t; <t < ... < tg < T satisfying t,41 —t, > 1.

Then
R

>

r=1

4

C(% +it,)| < Tlog(T)®.

Proof. We start from the approximate functional equation (Proposition 3) with
x =</t to get

‘C(;-ﬁ-it)‘ <

1 1 1
Z‘r(i +it)’ + ‘Z%tm(z - zt)‘ + ¢ 7 log(t).

Thus, for ¢t < T we get

1 2f ! 1 !
’c(2 +it)| < \F/ -Ht) —I—‘ZQ;I(Q—it) dx + T log(T)*
Q\F 4y
\f/ + it) dt + \F/ —it) Wdy + T ! log(T)*
BVT 4
< Nia ch(5 +it)| dt + T log(T)*.
By considering dyadic decompositions it is enough to consider t1,...,tg < T.

In particular, since they are well spaced, we have R < T. We conclude

R BVT R
<<7/
r=

D

r=1

1 4
C(5 +it,) dt + log(T)*.

: + it)

Next we write

Z:c(%Jrit)Q: DN DR K

n<x2 | de=n,
d,e<z
—_————

=az(n)

Of course we have the trivial bound a,(n) < d(n). Applying Corollary 6 yields
4

R
ZZ’” +it)| dt < (2 4+ T)log(2z?)

r=1 n=1

It can be shown by elementary means that 22:1 A’ o log(T)*.Thus we get

n

R

>

r=1

4

C(% +it,)| < Tlog(T)°.

O

We will also need the following estimates on how often a Dirichlet Polynomial
can assume large values.
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Theorem 15. Suppose {ti,...,tr} is a well spaced set of points in [0,T] with
Dt > V.

Then we have

N
T+N ,
R« 2 log(2N) 321 lan|”. (36)

1

Suppose further that V > T log(2T) (Zn |an|2) 5, then

N
R W log(ZT) Z ‘an‘z .

Finally we have the estimate

2
N NT
R« W—F W (Zan2> 10g(2T>6Z‘an|2.

n n

again in the general case.

Proof. The first estimate follows directly from
1 )
R < o > 1Dt

Turning to the second statement one can assume without loss of generality
that 7> N. Now the result follows by the same trick using the estimate

RV? < (N + RT%)1og(21) Y |an|*.

We turn to the final result. Write G = ) la,|*> and assume that V >
log(2T)G'2. Define
Ty = min(T, G2V *1og(2T)~%).

We have 1 < Ty < T. We now write 7, = {t,: t, € [[To, (I + 1)Tp]} with
1 < TTO_l. We also put R; = #7;. By the second statement of the theorem we
have

R; < GNV " %log(2T).

The result follows after observing that R =", R;. O

We now turn towards some mean-value estimates for exponential sums

S(t) = c(v)e(vt).

v>0

We assume at least that the sum defining S(t) is absolutely convergent.
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Lemma 37. Let § = %, with 0 < 0 < 1. Then
2

T ) .
[T|S(t)|dt<<9 /m 5> )| da.

z<v<z+4§

If S(t) = >, cn ann', then

T 00 dy
/~|Saﬂdt<@10/m Yo an| —.
-T 0 L

y<v<yeT

Proof. We start by proving the first part. Put Fs(z) = 5’1130(3)(93) and
Cs(z) = Zc(v)Fg(m —v) = Z c(v).
v [v—z|<§

Taking Fourier transforms yields Cs = 8- ﬁ;. By the Plancherel theorem we
have

/Oo 51 ) 2d:c:/R|C(;(x)|2dm:/}R‘S(t)ﬁg(t)rdt.

> r<v<z+§

The claim follows since

- sin(7wdt)
Fs(t) = 1 for |t| <T.
5(t) —5p > Lfor It] <
The second part follows from the first by taking 6 = % and making the
change of variables log(y) = 27x. O

Lemma 38. We have
2

ol Y | <@t Y el
X mod q |y<n<y+z y<n<y+z

Proof. This follows by character orthogonality and Cauchy-Schwarz as follows:
2

Z Z anx(n) :Zanﬁ Z x(n)m

x mod q |y<n<y+z X mod ¢
= p(q) E anGm
n,m

n=m mod ¢q

<(q+=2) Z |an|2.

y<n<y+z
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Proposition 7. For T > 1 we have

> / (x, 1) \dt<<z (¢T +n) |an|* .

x mod q%

Proof. Applying the previous two lemmata we find

Z/ X,|dt<<T2/ 3 Zlandy

- Y
x mod ¢q x mod g y<n<yeT

o0
d
<7 [ et Y P e
0 ySnSye%
Interchanging summation and integration yields

Z / (x,t \dt<<2|an| /7i7q e%—l)dy

x mod g~
=Y (g + TPt —1)(1 = e F)n) fan .
The result follows by estimating

T?(eT —1)(1—e 7) = (2Tsinh(%))2 < 1.

Lemma 39. We have

Z Yoo ae™)| <E+@) Y al
1 rz<n<z+z q

q<Q z<n<z+z

a—=
(a,q)=

Proof. Set S(a) = Zz<n<x+z ane(an).
We start by showing that

Wy Wy _ 2
> | <Y
in —
1<rs<R, > (m(ar — az)) -

r#s
To see this we use the expansion

T Y BHEDY

sin(ra)  J—oo

Thus it is enough to show that

|k| WyrWg ™ 2
> =N < Y
1<r,s<R, |k|<J s r<R
7‘755
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This can be derived from the following general inequality!'®
ViU
> < > loil*. (38)
ey N T AT itz |)‘ — Al i

We let I = {1,...,R} x {1,...,J} and put v m) = (—=1)"w, and A¢ ) =
o +m. We get

Z (_1)m+n Wy W — §J7r6—12|wr‘2

(rym)#(s,m) Or — Qg+ m

Since

mn‘wT’|_
D Dy =0

1<m,n<J s
m;én

we can replace the condition (r,m) # (s,n) by r # s. Further we put k = m—n
and get

D DD e - RLLD DI
k|<J 1<n<J, r#s Qr — Qs + r
1<n+k<J

The n-sum is trivial to evaluate and dividing by J gives the required inequality.
Next we compute that

Z Z bre(na;) Zb by Z —ag))

M<n<M+N |r<R
_ sin(mN(ay — ay))
=N by
ZI ? +§S T el — o)

for u, = e((M + N/2 + 1/2)c,)b,. Using the inequality proved above we get

_ sin(7N(a, — ay)) 21
Zurus sin(m(a — a)) = ;|Ur‘ o

r#s

Combining this with the diagonal and dualising yields
PG B O B S
r<R M<n<M+N

Now we observe that for 1 < a < ¢ < @ with (a,q) =1 we have

1 1
12-LizLs 2o

¢ ~ qQ T Q¥

In particular we have 6 > Q? and the result follows straight away. O

15This purely analytic inequality is a refinement of Hilbert’s inequality by Vaughan and
Montgomery and we omit the proof. Full details are given in [1][Satz 4.4.1]
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Lemma 40. Assume a, = 0 if n has a prime factor p with p < Q. Then, for
T > 1 we have

2
*

Zlog ) D DY ax(n)| <(@+2) Y aal

9<Q X mod q |y<n<y+z y<n<y+z

Proof. We define
S(x) = Z anx(n) and S(a) = Z ane(na).

y<n<y+z y<n<y+z

By the assumption and (25) we get

The orthogonality relations imply that

> Ir(S(x 9 > |

x mod g :1,

Applying Lemma 39 we get

S Y RSO < @+ Y el

a<Q tp(q) x mod ¢ y<n<y+z

Note that if f is the conductor of y, then fr = ¢ and

)2 = {f if(f,r) =1 and r is O-free,

0 else.

By assumption we also have S(x) = S(¢), where v is the character of conductor
f underlying x. We find

*

r 2
Y LY r@sPr=Y go(ff) O[S s

b R C N f<Q <2, Pr) | \yed s
(r,f)=1
We conclude by the estimate
2
TGN
fore o(r) f f
(r,f)=1

O

Proposition 8. Assume a, = 0 if n has a prime factor p with p < Q. Then
for T > 1, we have

Zlog Z / (x,t |dt<<z Q2T+n)|an|

q<Q x mod q%
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Proof. The proof proceeds exactly as before. O
Exercise 8. Show

Zd( < xlog(x)® and Z <<1g z)*

n<z n<z

to complete the proof of Corollary 7.
Further prove

r<z

(r.f)=
to complete the proof of Lemma 40.
Solution. For the first part we write

n)? =3 g(d)

d|n

where ¢ is a multiplicative function defined by g(p') = 21 + 1. The estimate is
derived as follows:

_ g9(d)
D dm) = gld) Y 1§x27

n<z A<z n<% d<z

| /\

Hi (@)

The second bound follows by partial summation.
For the second part we proceed as follows. Let g(n) be the greatest square-
free divisor of n. We first estimate Sy (z) by

27’L
I e (LIRS

1<n<z pln 1<q(n)<z 1<n<z

S|

On the other hand we have

2
H Sf()zﬂ(d)'

dalf dlf

One concludes the proof by observing

13( p _f
Z ) p—1  o(f)

dlf plf

73



5.2 Zero detecting devices
We put Mx(s) = >, «x p(n)n™*. We write
C(s)Mx(s) = Za(k)kfs for a(k) = Z w(d).
k=1 d|k,
d<X
Note that a(1) =1 and a(k) =0 for 2 < k < X.

Theorem 16. Let 0 < ¢y < 1 < ¢o be fized constants and pick 1 < T < X <
Y <T° and p > % Then there are subsets

Ra,Rp C{peN:B>p log(T)* <v<T}
and N € [X,Y log(Y)?] such that
N(o,T) < log(T)°(1 + {Ra + {Rp).

Furthermore we have p # p' € RaURp then |3(p — p')| > log(T)*. The zeros
in Ra are of type A and thus satisfy

n ].
Z an)n™Pe” V| > ———. (39)
NN 4log(Y)

The zeros in Rp are of type B and thus satisfy

(40)

N =

log(T)? 1 1
/ C(= 4 iy + i) Mx (= + iy + it)Y 37 PHIT(Z — B 4 it)dt| >
log(T)? 2 2 2

Proof. By Mellin inversion we obtain

1
2mi (2)

C(s+w)Mx (s +w)Y?°T(s)ds = eV + Z a(k:)k_“’e_g.
k>X

We take w = p = B+ iy to be a zero of (. Then we can shift the contour of
integration to R(s) = % — . Picking up the pole of {(s+ p) at 1 — p we find

1 s . —p —k 1—
— ((s+p)Mx (s+p)Y T(s)ds = e ¥+ a(k)k"e™ v —Mx(1)Y' T (1-p).
2me Ji1_

(5—8) k>X
We specialise p to a zero lying in the region specified in the statement of the

theorem. Since v > log(T")? we have

Mx(DY'T(1 - p) = o(1)

by Stirling’s approximation. Truncating summation and integration appropri-
ately yields

1 [los(T)’ 1 L1
C(5 + iy +it) Mx (5 +iv + z't)i/rﬁ“tr(5 — B +it)dt

% —log(T)? 2

=e Y + Z a(k)k"’e‘g +o(1).
X <k<Y log(Y)?
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Now we take T large enough so that ey > % and o(1) < i.w Thus at
least one of the inequalities
1

1 ls™® 4 1 L it 1
— S iy i) My (= + iy + it)YEPTIT(C — B it)dt| > -

Z a(k)kf”eié > %

X<k<Y log(Y)?

must hold.

Zeros that satisfy the first inequality are of type B. Recall that each strip
y < 3(s) < y+ 1 contains at most O(log(y)) zeros. Thus, for H < T', each strip
H < $(s) < H +log(T)* contains at most O(log(T)%) zeros. We decompose
all zeros of type B in < log(T)® disjoint subsets such that in each subset we
have |S(p — p)| > log(T)*. We choose the subset with the most zeros and call
it Rp. Thus the total number of zeros of type B is < log(T)°#R 5.

The same argument gives a set R* such that the number of zeros of type A
is < log(T)54R*. Now we write N = 2/ X with j = 0,1,...and N < Y log(Y)?2.
In particular we have j < 2log(Y) < log(T) for sufficiently large Y. For each
p € R there is some such N such that

1
p—k
E a(k)k™"e >74log(Y)'
N<k<2N

The set R 4 is now constructed by choosing a suitable subset of RY.
We conclude the proof by including the zeros contributing to N (o, T) with
v < log(T)? artificially using the estimate

N(log(T)) < log(T)3.
O]

We turn towards a second device, which will need some preparation.
Let s, = Zf:;l bnz,. We have the following nice theorem providing lower
bounds for such power-sums.

Theorem 17 (Turdn’s Second Main Theorem). Suppose 1 = |z1| > |2z2] > ...
|zn|. Then, for any non-negative integer M there is an integer v, M +1 <wv
M + N such that

>
<

N N J
> P — 1 .
|SU_2<86(M+N)) 1§}1§1N;b"

Proof. Without loss of generality we assume that the z,, are distinct. We start
with the little computation

N-1 N N-1 N

E _ E M+1 E _ § M+1
AySM+14+v = bnzn CLUZZ - bnzn p(zn)

=0 n=1 v=0 n=1

16With the obvious abuse of notation!
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for p(z) = fo:jf a,2Y. Suppose p(z,) = z; M1 for 1 < n < j and p(z,) = 0
for j < n < N. This conditions determine p uniquely (for fixed 7). In particular

we obtain
J N-1
< .
; < (Z I%I) IS (41)

v=0
It is now enough to find j such that

= 1 (8e(M+ N)\V
Z |av| S 5 T .
v=0

We write
N-1 k
p(z) = Ck H(z — Zn).
k=0 n=1
Ir R > 1, then
1 z 1 z) —z M1
271 JoBr0) [121(z — 2n) 271 JoBr0) [121(2 — 2n)
1 p(z) — 2z~ M1 -1 7M1 d
= — _— = — — - az,
2mi Jop.) [IyE1 (2 —20) 27 Jon, o) TIvE5 (2 — 20)

for r < 1 such that |z;| < r <|z;41|. With this at hand we estimate
1 1
<

k+1 — N '
TM Hnil r—= |Z7‘b|| TM Hn:l ‘T - |ZTL||

lex| <

We put F(z) = [I'_,(z — |zn|) and put I = [r,1] for 0 < ro < 1. Then,

n=1
according to Exercise 9, there is 79 < r < 1 such that

In particular we get

1w 4 \"
< — .
ol < 37 (=)

We now pick ro = ML_FN and observe
ro™ = (14+ N/MM < eV,

Thus we get |c;| < C for

oo % <46(MN+ N))N.

Now let P(z) = nggol(z + 1)k = Zi\]*l A,z". We complete the proof by
observing that

N-1 N-—-1
> a <Y A, =P1)=C@2V -1) <2NC.
v=0 v=0
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We define "
X (p) log(p
Y X’ Z 1+w
z<p<ly

Theorem 18. Let w = 1 +iv. If L(s,x) has a zero in B,.(w) for log(T)~! <

r <rg, then
B

‘ dy —Cr 2
|S2,y (0 v e log()
x
for each x > T4.
Proof. Recall that by (27) and ¢ < T we have
L 1
f(SaX) = Z s—p + O(log(T)) for [s —w| <

pEB1(w)

M\F‘

By Cauchy’s inequality we get

d* L 1
mf(s,x) = (-1 Z = pFit +O(4"10g(T)) for [s —w| <
’ pEB1(w)

%\H

We pick s = w 4 r and choose a parameter r < \ < %. Estimating the contri-
bution of the zeros with |p — w| > A trivially ends up with

d* L’ X 1 k
mf(sa x) =(-1) Z G it + O(A" " log(T)).
pEB (w)

Now the sum has < Cy A log(T) terms and by assumption min |p — | < 2r. Thus
we can apply Theorem 17 and obtain

Sl s
oo e = (D
Bt (s—p)

for some k € [K,2K] with K > CiAlog(T). We choose A = CyDr for Cy
large enough. Note that then k > CCyDrlog(T) > C102D, so that C¥ >
CoDrlog(T) for any Cy. In particular, for K > Erlog(T) and r < ro we have

d* L’

R —k—1

We rewrite this as

Z Mpk(r log(n)) > D~ Fkp—1

for pi(u) = e‘“%. We can find constants B; and By such that
pr(u) < (2D)7* for u < Bik and pi(u) < (2D)"*e™% for u > Bsk.

We will use this to truncate the n-sum above. Indeed let A = B1E, put K =
By 'rlog(x) such that K > Erlog(T). Given z > T4 and k € [K,2K] we have

5 AN, (r10g(m)) < (20)
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AN og(n)) < (2D)~"~

and
>

for B = %. We have now set up things such that
—k

3 AN, g > 2

The contribution from pl with [ > 2 can be ignored so that

3 AN, (r10g(m)) = / " P log(w))as(y) for S = Y log()x(p)p"

Partial integration (for Stieltjes integrals) yield

pi(rlog(y))dS(y) = pi.(rBlog(x))S(z") —/I S(y)pi(rlog(y))r

xr
/
Treating the first term on the right side trivially (using the prime number the-

dy
.

orem) and applying our lower bound gives

B —k
dy D _Cr
/ |S(y)|g > -5 > " log(x)?.
O

Exercise 9 (Chebyshev). Let F be a monic polynomial of degree d and let

I C R be an interval of length L. Then
I\
F >2(—] .
max (=)l 2 (4>

This is the missing ingredient in the proof of Theorem 17.
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5.3 Zero density estimates

We start by proving a basic zero density estimate which nicely illustrates the
method.

Theorem 19 (Carlson). For any % <a<1landT > 2 we have
N(a, T) < T~ Jog(T)13,

Proof. We start by some preliminary discussion. For s with ®(s) > « and
T < 3(s) < 2T we define

Note that in this region we have

¢(s) = Z n= 4+ O(T™%).

n<T
We find that
((s)Mx(s) = Y ann "+ O(T~*X'"*log(2X)) (42)
n<TX
with
an = Z w(m).
dm=n,
m<X,
d<T

Here we used the trivial bound Mx(s) < X!17%log(2X). We assume X < T
from now on. Note that a, =0 for 1 <n < X and a; = 1. For N = 2!X we
define

log(T")

log(2)

Dy(s) = Z an,n~° and L =
N<n<2N
We get
C()M(s) =1+ > Dy(s)+O(I*X'"*log(2X)).
0<I<L

For M'~* < T*log(T)~? the error is smaller than . Now let p be a zero
contributing to the count of N (T, «)). Then ((p)M (p) = 0 so that we must have

By the pigeon hole principle we have |D;(p)| > (2L)~! for some 0 <[ < L.
Let R; be the number of zeros p contributing to the count N (T, «) with
|Di(p)| > (2L)~'. We say they are detected by D;. By (36) we get

Ry < (T + N)N'"™2*log(T)" < (TX'2* 4 (TX)*2*) log(T)"*.

The result follows by summing over I, choosing X = 72! and removing the
condition T < R(s) < 2T O
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Close to the critical line this estimate can be improved as follows.

Theorem 20 (Ingham). Let 3 < o <1. Then

N(o,T) < T*55 log(T)"® < T30~ log(T) .

Proof. We start by estimating fR 4. To do so we put f,(n) = a(n)n=7""eiv.
By squaring (39) and summing it over R4 we get

fRa <log(Y)? > | D fo(n)n™

pERA |[N<n<2N

By partial summation one has

2 2
2 2N
S pen| <2| S fm| 2N / ARG
N<n<2N N<n<2N N IN<n<x
2 2
<4 sup Z foln)] =4 Z b(n)n= "~ "el¥
N<AS2N |\ N e N<n<2N

Here we fix A at which the supremum is attained and define b(n) = a(n) for all
n < X and b(n) =0 for all n > X\. We end up with

ﬁRA < 10g(Y)2 Z Z b(n)n_‘"”ei%

pPER A |[N<n<2N
Applying Corollary 6 and estimating |b(n)|* < d(n)? we get

tR A < log(Y)*e*¥ (I + N)N™27 Y~ d(n)*.
n<2N
Estimating > on d(n)? < Nlog(N)? and taking X < N < Ylog(Y)? into
account yields
1RA < log(Y))(T X720 4 y2-29),

We turn towards an estimate for zeros of type B. Raising (40) to % and
summing it over Rp yield

ol

log(T)? 1 . . 1
/ C(—Jrz'writ)MX(5 +i’y+it)Y5_5+”F(§ — [ +it)dt
1

fRp <4
og(M)? 2

We set I(p) = [y —log(T)?,~ + log(T)?] and get by the Holder inequality that

4 i
dt) yzo,

log(T)2 1 1 . 1
/ C(5 +iv +it) Mx (5 +w+z‘t)YTﬁ+“F(§ — B +it)dt
1

og(T)?
4 0\ 1 2\ 2 o) 1 ‘
<</I(p) dt) (/I(p) dt) (/OO ’r(2—5+zt)

¢ +it)

1
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It is easy to get (Stirling’s approximation) the estimate

[e%s} 1 4
(/ ’r<2—5+¢t) dt) <1

Note that the intervals I(p) are disjoint and contained in [—2T,2T]. Thus we

obtain
1
AN oT 2 2
/ at) .
—2T

tRp < Y3~F log(T)? Z sup

1
Mx (* + it)
e tEI(0) 2

(5 +i)

Using Proposition 6 we get
2T
|

On the other hand we can use Corollary 7 to obtain

2

1
MX(§ +iat)| dt < (T + X)log(X).

4

C(% +it)| < Tlog(T)".

sup
tel(p)

PERB

We end up with .
E

fRp < Y3 5 (T +T5X3)log(T)".

Combining the estimate for R4 and R p and choosing X =T and Y = T2
yields the desired estimate. O

Theorem 21 (Huxley). For o > % we have

(50—3)(1—0)

N(o,T) < T Z+o=1 log(T)?.

Proof. We start by estimating R 4. To do so we pick 1 < @ and Ty < T and
define

Ra(@Q)={7€RA: Q <7y <Q+Tp}
We estimate elements in this segment using the following trick (Halasz-Montgomery-
inequality). Let V = CV with standard scalar product. We consider the ele-
ments v = (b(n)n*"e’%)NQLSgN and ¢, = (n7")y<n<an. Here the notation
is as in the proof of Ingham’s zero density estimate. We observe

(g = 3 bmn=7em¥

N<n<2N

and

(Pors Ppa) = Z n'02=m) — Z(v2 —m).
N<n<2N

As earlier we have

RAQ) <log(Y) S (..

PERA(Q)
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Let us write |(v, @) = ¢,(v, ¢,). Then we can use Cauchy-Schwarz to see

[N

iRA(Q) < log(Y) <U7 Z CPSOP> < vl Z Cp1Cps{Pp1s Pp2)

PERA(Q) P1,,2€RA(Q)

< o]l Y e ea)l

p1,,2€RA(Q)

With this at hand we observe that Z(0) = N. Further we estimate ||v[|? to get

(1RA(Q)? < N> log(T)*(N#RA(Q) + > |Z(v2—m)])-

p1,p2€RA(Q),
P1LFP2

We use Corollary 4 to estimate

Yoo Ze-ml< Y (mN_hQ_mé)

p1,02€RA(Q), p1,p2€RA(Q), —
P1FP2 pP1F#p2

1
< N{Ra(Q)log(T) + T7 (FR4(Q))*.
Thus, we have seen that there is some C' > 0 such that

(1RA(Q))? < CN*727 log(T) "R A(Q) + CN' 27T log(T)°(§R A(Q))?.

Nio—2
» 16C2 log(T)12 )

1RA(Q) < N?727 log(T)".

We set Ty = min(T and get

Since this estimate is independent of @@ we simply have
T
1RA(Q) < ?ONQ‘Q" log(T)" < N?*727 log(T)" 4+ TN*~6 log(T)*".
Using X < N < Ylog(Y)? and o > % we end up with

tRA(Q) < Y2727 log(T)? + TX* % log(T)"?.

We now turn towards the type B zeros. Using Stirling’s approximation we
can estimate

log(T)? 1 1 L1
/ C(=+iy+it)Mx(= +iv+it)Y§_ﬂ+”I‘(f — B+ it)dt
log(T)2 2 2 2
< Cyé—ﬁ/
I(p)

Using the lower bound characterising type B zeros and 8 > o we find 7 = 7(p) €
I(p) such that

C(;—i—it)MX(;—i-it)’dt.

1
‘ YU?E

1. 1.

2 2
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We choose a parameter U, which will be specified later, and decompose

1
U={peRp: ‘C(Q—f—it) >Uland V=Rp \U.

We can use Corollary 7 to estimate

U<Uy

peU

4

1
(5 +im)| < U~ *Tlog(T)°.

1

For p € V we have |Mx (3 +it)| > V and [¢(3 +it)| < U, for V = 40%;%'
Put Ty = V*log(T)~>. Then, for 1 < Q < T, we define

V(Q) = {peV:Q<r(p) <Q+To}.

We now apply Proposition 5 with a,, = u(n)n’%“Q and t.p, = 7(p — Q). We
obtain

X log(T)?

< VHTZV(Q)+X) log(T)? < >

Q) <V Y ‘Mx(;HT)

PEV(Q)

Covering V with Tlo + 1 of such intervals we get

TX1og(T)" Xlog(T)?

V<=5 2

Writing log(T) = L we get
fRA+Rp =4Ra+1U+1V
<YLY+ TX LY L TULY + TV SX LT + V72X L2,
We equalise the third and fourth term by choosing
U=X tyi-Dr-1

Recall that this determines V. The claimed bound now follows by picking

50—3

201
X = T20624+0-1) gnd T 2(c2+o-1) ,

Corollary 8. ForT > 2 and % < a <1 we have
N(o, T) < T30~ log(T)P,
for some large B.

Proof. This follows directly by combining the density estimate of Ingham and
Huxley. O

We will also require a so called log-free density estimate. Here one sacrifices
a bit of the constant in the exponent of T for the sake of removing the logarithms
from the estimate.
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Theorem 22 (log-free zero density estimate). We have

Z Z (0, T) < 71~

q<T x mod q

Proof. Let a be sufficiently small. For 1 — o > « we can estimate

SN NloD) <D > Tlog(T) < Y plg)Tlog(T) < T3+ « 7o (1-9),

g<T x mod ¢ g<T x mod ¢ q<T

Thus by making ¢ = ¢(«) larger we can assume 1 — o < « to be small enough.
On the other hand 7' =9) is constant if 1 —o < log(T)~!. Thus, using standard
zero-free regions we can assume log(7T)~! < 1 — o < a. We can also ignore the
finitely many zeros of {(s) in the box 0 < <1 and |y| < 2.

Let w = 1+ iv with |v] < T and |v|] > 2 if x = xo. Put r = 2(1 — ¢) and
assume log(T)~! < r < ro. We apply Theorem 18 with 2 = Tmax(A5) and get

:EB

Te(l-0) log(T)_3/ 1S5 (% )| >> 1 for ¢ = 4C max(4,5),

x

if L(s, x) has a zero in B,.(w).
In each disc B,(w) there are at < rlog(T)~! zeros of L(s, ) we get

Ny(0,T) < T~ log(T / / Suy (X, 0)| dv—

Summing over ¢ and x and handling the y-integral trivially yields

Z Z Ny (o,T) < 70— ")log Z Z / S,y (X |dv

q<T x mod g q<T x mod q" —

for some y € [z,2P]. Note that since x > T° we can apply Proposition 8. We
estimate

Z Z (0, T) < T og(T Z:logT2 Z / vy (X |dv

q<T x mod ¢q q<T x mod ¢”
T2
< T Jog(T Z log Z / e (G 0)| dv
q<T? x mod ¢”
_ _ log(p)*
< TC(] o) log T 2 T5 + < Tc(l o')
(1) > (T°+p) o

z<p<y
O

Exercise 10. Show that almost all zeros of ((s) lie arbitrarily close to the
critical line. (Hint: Figure out in which sense “almost all’ is to be understood.)
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6 Part 6: Maier’s theorem and other highlights

We finally arrive at the first highlight of this course. We start this section by
proving the prime number theorem.

Theorem 23 (Prime number theorem I). We have

T du
7r(av)~/2 oga’

Proof. Applying Perron’s formula we have

_ 1 ¢
?ﬁ(x)——% (C)z() *4‘0(

0+ tona) + B

¢
¢

:ZL'+I1+IQ+I3

Here we shifted the contour across the simple pole s = 1 with residue 1 and
obtain the error integrals
1 ! d
L= | S
2mi J,, € s

for v1 = [e+iT,  +iT], v2 = [/ +iT, ' —iT) and v3 = [ —iT, c—iT]. According
to Lemma 21 we can choose ¢ = 1 — X and ¢ = 1+ \ for A = §log(T)~°.
Estimating trivially yields

1 ' +iT ~1 d
L= C—(s)ats—s < 't
210 Jeyir € s

and the same estimate holds for I3. Similarly one gets

N i At 1-X 1/T dt
L=— i)z Fit— 2 A
2= 90 | T T < T

By putting things together we get

10

< 217 log(T)

1+
TX

xlog(x)

T + 21 M og(T)1°.

() -z <

+ log(z) +

Choosing a suitable T' we get 1(z) ~ x and the theorem follows from partial
summation. O

For many applications one would like to get a good handle on the error term
of this asymptotic. In other words, one needs quantitative estimates for

du
log(u)

Note that the proof of the prime number theorem given above yields

E.(z) =mn(zx) — /: or Ey(z) =¢(z) — x.

Er(z) < zexp(—C(log(x)10))

for some C' > 0.
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Theorem 24 (Prime number Theorem II). We have

E(z) < zexp(—cy/log(x)),
for some positive constant c.
Proof. We start by applying Lemma 26 to get
_ log(m)
1 g 2

IS(p)I<T m<T
Further using Theorem 9 we get

> R0 o <@ T dog(T)2,

[S(p)I<T

With this at hand the (truncated) explicit formula (Theorem 7) yields the esti-
mate . -
Ey(x) = (@) — o < !0 og(T)? + 7 log()*.

Choosing T' = exp(+/log(z)) yields
Ey(z) < zexp(—cy/log(z)).

The result for E,(x) follows by partial summation. O

Remark 4. Using the extended zero-free region due to Vinogradov-Korobov one
can establish the bound

Ey(z) < xexp(—clog(m)% log log(x)_%).

The proof is the same as the proof given above, only that one replaces the stan-
dard zero free region by the extended one. We omit the details.

In particular these error estimates allow us to deduce
v +y) —v(@)~y

for  — oo as long as y = y(x) stays a bit larger as Ey(«). In other words, there
are always primes in intervals (z,z + y] as long the length of the interval stays
larger than Ey(x). Unfortunately none of our error bounds is good enough to
answer the question if there are primes in intervals of the form (x,z + 2% for
6 < 1. This makes the following result very satisfying.

Theorem 25 (Hoheisel). Suppose one has a zero-free region for ((s) of the type

log log(T)
log(T")

Further we assume that a zero-density estimate of the form
N(a,T) < T¢1=%) log(T)4 (43)

for all % < a < 1 is available for some A > 1 and ¢ > 2. We put 0 =

[t|<T,c>1-B

Yo +y) — (@) = y+ O )
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Proof. Using the (truncated) explicit formula (Theorem 7) we get
P x 9
P(z) =2 — Z ?—&—O(Tlog(x) )
v<sT

with 7= 217%, We deduce
Yty =) (z+y)P—a” 1
S +<log<ac>>'

[vI<T Py

Due to the mean value theorem the following estimate suffices

1
Z P71 < 2/ 2 YdN(a,T)
Iy I<T H

11 1
< a N3, T) + log(x) / 2*~'N(a, T)do

1

2

3 /e
< x_%TlogT + log(x) log(T)A/ (az) da
n

c

1; >nlog(T)A.

< a:f%TlogT+ (

Here n = Bloglog(T)log(T)~! is allowed due to the zero-free region. The
parameters are chosen such that

(Tc)n = log(T)~ "~ 1.

T

We conclude that

P _ P
> tyr=-a D 2P < log(x)

Py
[vI<T |v|<T

This completes the proof. O

Remark 5. With the results that were proved in this lecture we get some 6 <
1 which we can not further specify, since we did not work out the exponent
of log(T') in Huxley’s zero density estimate (Corollary 8) and we also did not
work out the small constant appearing in the Hardy-Littlewood zero-free region.
However, using the zero free region of Vinogradov-Korobov one can take B as
large as needed, so that the constant A is irrelevant. Thus one obtains the
existence of primes in intervals (z,z + xl%"’e], which is quite amazing.

Of course one can still enquire about the distribution statistics of primes in
even shorter intervals. The remaining lectures work towards proving an exciting
result showing that for intervals of length log(x)# strange things can happen.

We conclude this section by working out some results on primes in arithmetic
progressions.

Theorem 26 (Siegel-Walfisz). Let A > 0 be a constant and let ¢ < log(x)”
and (a,q) = 1. Then there is C = C(A) with

_ T +O(x exp(—Cm»-

w(x; Qa a) - (P(q)
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Proof. Let x be a primitive Dirichlet character modulo q. We write

b(x) = B/(X) if  is even,
L(0,x) if xisodd.

For 2 < T < z the explicit formula (Theorem 8) reads

-y o b(x) + O(% log(gz)?).

We apply (27) to get
b0 =- 3 - +O0(os(a).

IS(p)I<1

Here we observe that B(y) = lims_,o (%(3, x) — %) for even x.
According to Theorem 10 there is at most one real zero p with |S(p)| < 1
and R(p) > 1 — clog(q)~!. This zero will be denoted by 3 and must be real.

Further 1 — A is also a zero. Note that 7! < 1, so that

S Y 5 +O0llos(a)

IS(p)I<1,
8,81
1
- 1 3.
- + O(log(q)?)

Further we can estimate
ri=f -1
1-8

by the mean value theorem. To summarise this we find that

= 2¢log(z) < i

P xP T 1

@) = —denz = D, -+ O0(ploglan) +at). (44)
p#pB,B—1,
[S(e)I<T

An almost trivial argument shows that this also holds for non-primitive .
We now want to translate this into bounds for primes in arithmetic progres-

sions. In this direction we observe that

Y Y@y ().

x mod g

1
w(xv a, Q) - m

We compute that
[yo (@) — ()] < Y A(n) < log(z)log(q).

n<z,
(n,q)>1

By the prime number theorem we get that

€T 1 _ x 2
blaiaq) = o5t s XZ;O X(a)py(z) + 0(@ exp(—cy/log(x)) +log(qz)?).
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By Landau’s theorem there is at most one exceptional character modulo ¢ (The-
orem 11), which we denote by x;. Let 8 be the corresponding exceptional zero.
We obtain

> X(a)y(x) = + ) > +0(p(q) («T~ " log(qz)*+x
X7#X0 X#x0 peEN (X), p

[S(p)|<T,

p#B,B—1

=

).

The remaining sum over the zeros can be estimated with Lemma 26 and The-
orem 10 as in the proof of the prime number theorem above. All together we
find

ya,q) = x _H(a)xﬂ ! exp(—cy/log(x T~ log(qz)?
otasont) = o5 - S + 0 gy nt-ev o) + o7 ot
1 log()
+ 2% + zlog(qx)? exp(—cy Tog(aT) )) .
If ¢ < exp(C+/log(z)), then we choose T' = exp(C'y/log(z)) and get
. S 61 C) LAY =
e =20~ ege O - .

Using Siegel’s theorem (Theorem 12) we get
2P < zexp(—Ci(e) log(x)g ™).

()P
Thus, for ¢ < log(x)* the term X;((Zg'g can be absorbed into the error term by
after adjusting the constant C in the exponential appropriately. O

Theorem 27 (Page). Let C' > 0 and x > 10 be given. Then there is C1 = C1(C)
and g1 = q1(x) such that for all ¢ with ¢1 1 q and ¢ < exp(C+/log(zx)) we have

U(x;q,a) = <p(q) + O(xz exp(—C+/log(x

as long as (a,q) = 1.

Proof. We start from (45) and only need to deal with the contribution of S.
To do so we set @ = exp(C+/log(z)). By Corollary 3 there is at most one
exceptional modulus ¢; < @ with exceptional character x; and exceptional zero
B1. All other L-series with exceptional zero belong to characters modulo ¢ with
q1 | g. For all other g we can estimate

c c
<l —r =1 ————.
log(Q) C/log(z)

Inserting this estimate above completes the proof. O

Theorem 28 (Gallagher). Let g be a good modulus. Then, for (a,q) = 1,
x> qP and 5 < h < x with log(q) > D > Dy, we have'?

li(x 4+ h) — li(x _ _
w(a 4 hog.0) — m(e.g.0) = D ZHE) (14 gemen 4 Vi),
p(x)

7The constant Dg as well as the implicit constant only depend upon the constant in the
definition of the term good modulus.
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Proof. By (44) we get

pEN(X), p
[S(p)I<T

for a non-exceptional character x with conductor 1 < k < ). We compute

h)P 2 z+h
(f“;) _ % _ / vy < haP1.
x

Assume & < h <z and exp(log(z)2) < Q < ? for the moment. Thus log(z) <
log(Q)? and = < hQ. After treating the contribution of p! with [ > 1 trivially

we get
> xtogt) < i (a4 %))

z<p<z+h

Summing this over 1 < k < ¢ and all primitive characters modulo k different
from the possible exceptional character y. yields

XY sk <h| Y Z*ng_lJr%“

2<k<@Q x mod k, |z<p<lz+h 2<k<@ x mod k,
XFXe XFXe

Write N(Ua Ta Q) for Zl<k<Q EX mod k:*N(Ua T) and N/(U7 Tv Q) = N(O’, T7 Q)_
Ny.(0,T). Then we have

SOy Y

2<k<Q@Q x mod k

IN

1
—/ " YN (0, T, Q)
0

1
— / 27 Mog(x)N'(0, T, Q)do +x *N(0,T, Q).
0

C

We put n(T) = ~Tos(T) and assume T¢ < z2 and apply Theorem 22. This
yields

1 1-n(T) .
/ 27 Hog(x)N'(a, T, Q)do + 2~ 'N(0,T,Q) < / 27 Hog(x)N (o, T, Q)do + 72
0 0

1—n(T) . )
< / 22 Vlog(z)do + 22
0
< x*%”l(T).

Choosing T = @Q° yields

Z Z ) Z X(p) log(p) < h (exp(—c/ 1Og($) ) 4 Ql) < hexp(—c” 1og(33) )7

lo
2<k<Q@Q x mod k, |xz<p<z+h g(Q
XFXe

~—

since log(r) < log(Q)?.
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We write

> log(p) = > o xl@)™t D x(p)log(p)

z<p<z+h, x mod ¢q c<p<z+h

p=a mod ¢q
Sia=r ek VD MR SO

90 q 1#£f|gx mod f xz<p<z+h

The result is now easy to derive. We uses a suitable version of the prime number
theorem to deal with W. Since ¢ < Q = 2D is a good modulus we
can estimate

o k@t Y e Y S T Y xw)log)

1#£f|g x mod f z<p<z+h 2<k<Q x mod k, |z<p<z+h
XFXe

" 1Og($) _ "
< exp(—c¢ o (Q ) = exp(—c'D).

The statement follows by partial summation. O

~—

Remark 6. The previous theorem can be modified to work for arbitrary moduli
by using the exceptional-zero-repulsion phemomenon one can even improve the
error in the presence of an exceptional zero.

Theorem 29. Let ®(x) = log(z)* with A\g > 1. Then
a4 () - (@) et 8() — ()
T o) o) AR o) log(o)

For the range 1 < A\g < €7 we even have

@+ @) —n() _ e
s = @) log@) ~ A’

where v is Euler’s constant.

<1.

Proof. We fix D > Dy depending only on € > 0 appearing later. Further we
consider z — oo through the set

p={z>e: P(2) is a good mdulus }.

Finally we choose U = U(z) < P(z).

We define the matrix M = (a,5) with a,s = s + 7P(z) for 1 < s < U and
P(z)P=t <r <2P(2)P~1. Let n(9M) be the number of primes contained in the
matrix. Note that only columns with (s, P(z)) = 1 can contain primes. Such
columns are called admissible. Note that the rows of 9t are intervals of length
U, while the columns are arithmetic progressions with modulus P(z).

The number of admissible columns is ®(U, z). In each admissible column we
apply Theorem 28 with ¢ = P(z), # = P(2)P + s and h = P(2)P. This yields
the estimate

s P(2)P »
) = 0.2 T egpmy O )

_ . 202 P _eD

=V 5w Teatpmy CHO ) 1o



Note that by construction all the requirements of Theorem 28 are satisfied and
e—\/log(ac) > ecD.

By Lemma 13 we can pick A\; > \g such that w(\;) > e™7. We put U = M
and observe that by (46) and Lemma 14 there must be a row R of 9t with at

least
U

log(P(2)")
primes. Further put [y = log(P(2)?)*° and K, = L%J +1. We divide the interval

given by the row R in K subintervals of length Iy + o(ly). At least one of these
subintervals, say (a, ], contains at least

eTw(A) - (1+0(e=P))

U

e’Yw()\l) . —KO log(P(z)D)

(1+0(e=P)).

We put x = a, so that (a,b] C (z,2 + ®(x)]. The latter integral is now con-
structed such that it contains at least

P(x)
log(z)
primes. This gives the first part as well as the final part of the theorem.

The lim inf-part is very similar. Here we choose Ao > Ag such that w(\s) <
e~ and put U = 272, It is left as an exercise to adapt the rest of the proof. [

eTw(A) -

(1+0 ()

Exercise 11. The Riemann hypothesis is the deep conjecture that all non-
trivial zeros p of ((s) satisfy R(p) = . What can be said about the error
term in the prime number theory under assumption of the Riemann hypothesis?
What can you say about primes in short intervals under the assumption of the

Riemann hypothesis?
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