THIN GROUPS AND APPLICATIONS

EDGAR ASSING

1. INTRODUCTION

In these lectures we are interested in thin groups and (some of) their applica-
tions. Even though thin groups have been around for a long time the term thin
group has only been coined recently by Peter Sarnak. This re-branding goes hand
in hand with a surge of progress in the area, which led to many interesting results
and applications. Here we are interested in some specific applications to num-
ber theory following a series of works by Alex Kontorovich and Jean Bourgain.
However, this forces us to fill our toolbox with methods and results from many
branches of mathematics. Many of the results discussed on the way are interesting
and important in their own right and we will give full proofs when ever possible.

We take inspiration from several lectures and mini-courses by Alex Kontorovich
on the topic. (All mistakes, misunderstandings and typos are of course only due
to the author of these notes!)

1.1. What is a thin group. This section bares the same name as the nice little
paper [11]. We start directly with the definition of a thin group.

Definition 1.1. Let I" be a (finitely generated) subgroup of GL,(Z) and let G =
Zcl(T') be its Zariski closure. We say that I' is a thin group if the index of I' in
G(Z) is infinite.

We now give a series of examples and non-examples for the case n = 2:

(1) Let I' = (T, S) for T = (é 1) and S = (_01 (1) . It is well known that
I' = SLy(Z). Therefore we have G = Zcl(I') = SLs, so that G(Z) =T'. In
particular, this group is not thin. (It is the basic example of an arithmetic
group!)

(2) Let ' = (T?,—ST~25). One can compute that

r:{(i Z) ESLQ(Z):azdzlmod4,2\b,c}.

Again we find that the Zariski closure is G = SLy. Since [G(Z): T'] = 12

this is again not thin. (It is a classical congruence subgroup.)
1
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Let I' = (T?) = ((1) 21Z ) The Zariski closure of I' is the algebraic group

G given by the equations
(a,b,c,d):ad—bc—1=a—-1=d—1=c=0.

(This is a unipotent group which is strictly smaller than SL, and will
be called U for later reference.) Of course G(Z) = ((1) %), so that
[G(Z): T] = 2. Therefore I" is not thin (despite it having infinite index in

SLy(Z)).

Take I' = (A) with A = (? 1) One computes inductively that
n f2n+1 f2n
A p—
( f2n f2n71 ’

where f,, is the nth Fibonacci number (i.e. fo,11 = fo+ fuo1 and fo = f1 =
1). Let K = @(%5) Then there is a matrix g € SLy(K) such that

1+2\/5)2n 0
—2n
1+v5
o (%)
The Zariski closure of I'; is the algebraic torus 1" given by the equations
(a,b,c,d): ad—bc—1=b=c=0.

Conjugating back we find that G = ¢~ 'T'g = Zcl(T'). Again we find G(Z) =
I'. Again I' is not thin (even though again [SLy(Z): I'] = c0).

Let I' = (T%,S). Counter intuitively one can show that [SLy(Z): T'| = oco.
Furthermore the only subvarieties of SLy that are also groups are up to
conjugation 7', U and UT. One checks that I' is not contained in any of
these, so that the Zariski closure is given by G = SL,. Therefore we have
found our first thin group.

glg ' =T, = n el

We have seen 5 groups out of which only one was thin. Note that this numbers
do not represent reality very well and are due to our (poor) choices. Indeed it can
be shown that random subgroups of arithmetic groups are thin (in a precise way).
However it remains non-trivial in general to verify that a given group is thin (or
not). This problem gets worse in higher rank.

(6)

Consider I' = (A, B) with

0 01 1 2 4
A=1[1 0 0] and B=[(0 -1 -1
010 0 1 0
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One can verify that the Zariski closure of I' is G = SL3. A harder task is
to see that the generators have the relations A% = B? = (AB)* = 1 and
no others. (I" is a faithful representation of the hyperbolic triangle group
(3,3,4).) This allows one to conclude that I' has infinite index in G(Z) and
therefore is thin.

Already for n = 3 it is easy to give examples of finitely generated I' with full
Zariski closure where it is not known if they are thin or not.

One can define the notion of thinness in greater generality. Roughly speaking an
integer set is called thin (i.e. thin integer set) if it has density zero in the integer
points of its Zariski closure. This can be precisely formulated and one sees that
when the integer set turns out to be a subgroup of a linear group then one recovers
the notion of thin group discussed above. We will need this more general notion
only for one explicit example which we will work out in detail now.

Fix A € N and consider the semigroup

FA=<(‘1L (1)) :0§a§A>+ﬂSL2(Z).

Note that for A = 1 we essentially recover example (4) above which wasn’t thin.
Therefore it makes sense to exclude this case. The following lemma establishes
that I'4 is thin making the imprecise definition of thin integer sets precise for this
particular example.

Lemma 1.1. Let A > 2 and let G be the Zariski closure of I' 4. Then we have
raNB

AN o)

8(G(Z) N Bx)
where Bx = {v € SLa(R): ||| < X}.
Proof. Since A > 2, the Zariski closure of I'4 is G = SL,. It is an easy exercise to
check that

#(SLy(Z) N Bx) < X2
Further we will show below, that there is a number 1 > §4 > % so that

(T4 N Bx) =< X204,

This completes the proof so far. O
1.2. A local to global conjecture. Let I' C My,2(Z) be a thin integer set. (We
can think of the two cases I' C SLy(Z) being a thin group or I' being the semigroup

I'yfor A>2.) let F': Msyyo(Z) — C be an (affine) linear map taking integer values
on I'. Then we are interested in properties of the image F(T'). For n € Z put

multp p(n) = #{y € I': F(y) =n} and multr px(n) =t{y € TN Bx: F(y) =n}.

(If F and I' are clear from the context we may drop the subscripts.) We call
n admissible if n € F(I') mod ¢ for all ¢ € N. (This rules out all congruence
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obstructions, but a priori requires the verification of infinitely many congruences.)
Now given

4(I'N Bx) < X%
one might expect that in favorable situations one has

multnF,X (n) = X%_l_o(l) s

for n < X admissible. This is a slightly imprecise but a very general local-global
conjecture for thin orbits.

For thin groups I' C SLy(Z) progress towards the local-global conjecture above
can be made. Given vg, wy € Z? we consider F(y) = (vq - v, wg). Then

FT)=85=(vo-I',wy) ={(vo-7,wp)|7y€'} CZ.

If n € S we say that it is represented by the triple (I',vo, wp). In general we
are interested in understanding the structure of the set S. Recall that n € Z is
admissible if

n € S+ qZ for all q.
In other words, n is locally represented everywhere. We write A C Z for the
set of all admissible numbers. Of course the set S must be contained in A. If
A =5, we would say that a local to global principle holds for S. This is maybe

to optimistic in general. However one can proof the following almost every local
to global principle in quite some generality.

Theorem 1.2 (Bourgain-Kontorovich 2010). Let I" be thin, free, finitely generated
with no parabolic elements and assume that the Poincare series

Pr(s) = Iy~ (1)

converges absolutely for Re(s) > 1-5x107>. (The last condition is rather technical
but it can be thought of as " being not to thin.) Then there is ny > 0 so that

t(S N1, N)
#AN[L N)

This can be read as (a quantitative version of) for almost every n we have that n
is represented (by (', vo, wo)) if and only if n is admissible.

=14+ 0O(N"™P).

The proof will also give a lower bound of the expected size for the multiplicities
multr g x(n) for almost all admissible n < X.

We now turn towards the case I' = I'4. In this case we formulate the following
formal conjecture

Conjecture 1.1 (Bourgain-Kontorovich, The Local-Global Conjecture). Assume
A > 2 (so that T4 is Zariski dense in SLy) and that the image under the map
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F is infinite (i.e. the Zariski closure of F(I'4) is the affine line). For a growing
parameter X and an admissible integer n < X we have

multpA,Fyx(n) = X%Ailio(l).

1.3. Applications. We will now continue to give (real world) applications of this
conjecture. These should motivate the rest of this lecture in which we will give
full proves of as many of the facts presented in this introduction as possible. We
partly follow [10].

1.3.1. Zaremba’s conjecture. Given z € (0,1) we can consider the continued frac-
tion expansion |
T ay + 1

a2+. T
We will write this as z = [a1, as, . ..] and call the numbers a; € N partial quotients
of x. For A > 1 we define

b
%A:{a:[al,...,ak]

,d)=1and a; < or all 7 p an
(b, d) da; <A f Hj} d

b
Dy = {dz 1‘waith (b.d) =1 and ~ eﬂ%A}.

Exercise 1.1. Show that D; is the Fibonacci sequence and that {27: j € N} C Ds.

Conjecture 1.2 (Zaremba). Every number is the denominator of a reduced frac-
tion whose partial quotients are absolutely bounded. In other words there is A > 1
so that

D4=N.
(Possibly A =5 suffices.)’

It is well known that % = [as,...,a] if and only if
d b\ (a1 (ak 1
* x)  \1 0 1 0)°

This brings the semigroup
= a 1 -
FA = 1 0 a < A (2)

into the picture. Obviously we get
Dy = (vo- I:A,VV0> (3)

Tt was also conjectured by Niederreiter (1978) and Hensley (1996) that D3 and Dy contain
all sufficiently large integers. Hensley also generalized Zaremba’s conjecture by replacing the set
{1,..., A} by some general alphabet 2. This is the denominators allowed in the partial fraction
decomposition must be contained in 2. As observed by J. Bourgain and A. Kontorovich this
conjecture needs to modified implementing the notion of admissibility.
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for vo = wo = (1,0). One can now establish a weak form of Zaremba’s conjecture
as soon as one has an analogue of Theorem 1.2 for semigroups:

Theorem 1.3 (Bourgain-Kontorovich 2011). For A = 50 we have

1(DaN L, NJ)
N

In other words, almost every number is the denominator of a reduced fraction
whose partial quotients ar bounded by 50.

—1 as N — oo.

Zaremba’s conjecture is a very beautiful and completely elementary conjecture
(requiring only Euclid’s algorithm). The partial solution stated above requires
(surprisingly) heavy machinery. Of course the full Zaremba Conjecture follows
from the Local-Global-Conjecture in the previous subsection with

e )=

(The difference between I'4 and r 4 1s not essential.) In this case one can even
make the more precise conjecture
jj(F AN Bn) ™ 2 1
multr, #(n) ~ 25AT 6 H(l - —).
pln
The almost all version of Zaremba’s conjecture stated above actually follows
directly from the following result in the thin orbit setting.

Theorem 1.4 (Bourgain-Kontorovich 2011). There is a constan ¢ < oo so that
for A > 50 and all sufficiently large N we have

t{n < N: Iy € 'y with 11 :n}=N<1+O<e’C\/M)).

For those who don’t find Zaremba’s conjecture itself very motivating we will
now give some more (or less) practical applications.

Quasi Monte Carlo numerical integration: Given a finite sequence X = (z;);<ny C
[0, 1]* we define the discrepancy as

D(X) = max
Icfo,1]s,
box

Vol(I) — %ﬂ{j < N:z;el}|

The notion of discrepancy appears in many contexts. In many applications it is
desirable to choose sequences X minimizing D(X). (Often one has also practical

2The lower bound on A was later improved to A > 5 and probably the techniques can be
pushed to A > 4.
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constraints concerning the computability of X.) Indeed in the context of numerical
integration on has the Hlawka-Koksma inequality stating that

[, @ =S )l < Vi) - D)

for functions f of bounded variation V' (f) = maxacq,.. s} |0 f|l1 < o0,
One has the following result due to Schmidt (1972):

log(N
D(X) > % for any sequence X C [0,1]%

It seems desirable to come as close as possible to this lower bound.

Theorem 1.5 (Zaremba). Take (b,d) =1 with & € R4. Consider the sequence

e
X:{xj:(é,gj mod 1): 1 < j < d} € [0, 1]
Then we have
4A 4A + 1Y log(d)
D(X
(X) < (log(A—l— 1) * log(d) ) d

Thus taking A = 5 Zaremba’s conjecture allows us to find for each (length) d a
corresponding b such that % € Rs5. The theorem then implies that the correspond-
ing sequence X essentially optimizes the discrepancy. Theorem 1.4 allows one to
consider almost all lengths d.

Pseudo Random Numbers: The easiest pseudo random number generator is the
linear congruential number generator

x — bx + ¢ mod d.

For simplicity we take xo = 1, ¢ = 0, d prime, and b a primitive root modulo
d. Then the quality of the pseudo random numbers generated depend on the
statistical properties of the sequence

Xlz{%modlzlgjgd}.

(Note that by Fermat’s Little Theorem % mod 1 = 0.) Empirically the sequence
X behaves nicely for large d (Exercise). The next simplest quality test is to look
at the serial correlation of pairs

vopTt
Note that X, is essentially the sequence defined by Zaremba. We can now make
the following observation
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Corollary 1.6 (Bourgain-Kontorovich 2011). There are infinitely many fractions
g € Rs1 with d prime and b a primitive root modulo d. In particular, for such
(b,d) the discrepancy of Xo is essentially best possible.

Proof. Let P =Py be the set of primes up to N so that
(1) p=3 mod 4 and
(2) (p—1)/2 is a 10-almost-prime.
Using a standard sieve argument one can show (Exercise) that

P> Toa (V)2

Note that the cardinality of the exceptional set is much smaller, so that D4 NP is
unbounded as N — oo (as long as d4 > dg). If p = d appears in this intersection
then the multiplicity L is at least

N25A—1.001 > NlO/ll

Thus there are by, ..., bs, distinct numbers so that % € R,y for 1 < j < L. Take
any primitive root » modulo d and write

b = 7’? mod d.

The set of exponents will be denoted by K = {ki,...,kr}. We will use the
elementary fact, that b; is a primitive root modulo d if and only if (k;,d — 1) = 1.
Let K’ C K be the subset of k € K with (k,d — 1) > 2. Since d € P each such
k has a prime factor fo size N19. We conclude that $K’ < N9, Thus we obtain
a nonempty set K" = K\ K'.
Take k € K" and consider b = r¥ mod d. If (k,d — 1) = 1 we are done since b is
a primitive root. Therefore let us assume (k,d—1) = 2. Then b is a square modulo

d and we set b = d — b. In particular &’ = —* mod d and since d = 3 mod 4 we
conclude that ' is a primitive root. It remains to verify that % =1- g € Ra-
This can be elementary deduced from g € R4 O

Of course Zaremba’s conjecture gives a stronger result that for every prime d
there is a primitive root b modulo d, which is good in the sense that the sequence
X5 has essentially best possible discrepancy by the theorem of Schmidst.

The Lusztig Conjecture: We now enter the realm of (geometric) representation
theory. (We will be brief. For more details see [8,12,13].) Let F, be the algebraic
closure of F,. Let G be a connected and simply connected algebraic group over
Fp. (We can regard G as a universal Chevalley group. For us it is enough to keep
the case G = SL, in mind.) Fix a maximal torus 7' C G and assume that the
corresponding root system of G agrees with the root system of a Lie algebra g.
Write gz, for the Z-span of a Chevalley basis for g. Then we can identify the Lie

algebra g, of G with gz ®7 F,. As usual a G-module is a [, vector space together
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with an homomorphism of G — GL(V) of algebraic groups. The weight spaces
are defined by

Vi={veV:tv=At)vforallteT}.
If V is finite dimensional one defines the formal character ch(V') € Z[X] by setting

ch(V) =) dim(Va)e(N).
reX
(Here {e(\) }rcx is the standard basis of the group ring Z[ X]. Note that we identify
the group of characters of T" with the group of integral weights X.) This character
is W-invariant.

It can be shown that any simple GG-module is finite dimensional. Furthermore,
for any dominant p € X there is a (unique up to isomorphism) simple G-module
L,(p) such that dim L,(u), = 1 and such that L,(x), # {0} implies v < p. We
call L,(p) simple G-module with highest weight p. Every simple G-module is
isomorphic to L,(u) for exactly one p € X .

One can also construct simple modules using reduction modulo p. Let V' (u)
be the (classical) simple g-module of highest weight p. We choose a minimal
admissible lattice V7 (1) and define V,, (1) = V4 (1)®zF,. The latter can be regarded
as a G-module. One calls V,(xt) the Weyl module with highest weight ;. Of course
we have

ch(Vy(p)) = ch(V(u)) for all p e X

In particular, this character can be computed using Weyl’s character formula. The
unique simple quotient of V,,(x) is L,(x). It can be shown that the composition
factors of V,(u) have the form L,(v) with v < p and L,(x) has multiplicity one.
Thus there are coefficients b, , with b, , = 1 so that

chLy (1) = buuch(V(v)).

Knowing these coefficients would allow us to compute all the characters. Lusztig
stated a conjecture for the coefficients, which we will state now. Let h be the
Coexter number (i.e. h = max,ecr+{p(ha)+ 1}, where p is the half sum of positive
roots, Rt C R is a set of positive roots and h, € [ga, g_o] is the unique element
with a(h,) = 2) of the rootsystem of g. (For G = SL,(F,) we have h = n.) We
define

M,={peXi:(u+p)(ha) <plp—h+2)foral ae R}

We have M, = ) for p < h — 2. Let W, be the affine Weyl group of R. There is
an action o, of W, on X (For w € W we just have w o, v = w o v but if w is the
translation by v € ZR then w o, v = v + py). Let

C-={0eX: —p<(A+p)(ha) <0 forall € R"}.
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This is a fundamental domain for the o,-action of W, on X. We can write p =
w o, A for A € C7. In a long series of papers (written by subsets of the named
mathematicians and maybe others) the following result was established:

Theorem 1.7 (Andersen, Jantzen, Soergel, Kashiwara, Tanisaki, Kazhdan, Lusztig).
Let p be sufficiently large® and p = wo, X € M, for w with minimal length. Then

ch(p) = Y det(wz)Py(1)ch(V(x o, N)),
xeWq,
zopAEX

where Py, 1s the Kazhdan-Lusztig polynomial attache to w and x.

This theorem establishes Lusztig’s conjecture for sufficiently large p. Of course
it is desirable to understand what this means. First, for p < h the statement must
fail and there seems to be no conjecture that predicts character formula for Ly ()
in this case. However, some low dimensional evidence and maybe intuition leads
to the following question

Question. Does Lusztig’s conjecture hold for all p > 0 (or more conservatively
for all p > 2h — 2)?

In spectacular fashion the answer to this question turns out to be no. First the
answer no was given conditional on the existence of Fibonacci primes. However,
using our results towards Zaremba’s conjecture we can give a definite unconditional
answer.

Theorem 1.8 (Kontorovich, McNamara, Williamson). Let G = SL,(F,). There
is no sub-exponential function f(n) such that Lusztig’s conjecture holds for all

p = f(n).

We use the following black boxes:

e If the torsion of SL, grows exponentially in n, then no sub-exponential
(lower) bound for p (in n) is sufficient to ensure the validity of Lusztig’s
conjecture.

o Let I' = (T, —ST~'S)*. Given v € T we write I(7) for the wordlength of
in the generators of I'. Suppose p divides any coefficient 7;; of any matrix

I'= (%1 712) € I', then p occurs as torsion in SLg 5 with [ = (7).
Y21 722

This reduces Theorem 1.8 to the following statement

Theorem 1.9. There are absolute constants T > 0 and ¢ > 1 so that for all
sufficiently large L there is v € I' of wordlength () < L and top left entry v11 = p
prime with p > 7c*. Even more

oL

T

3Large means gigantic. For example if G = SL,, it means at least p > .

tH{p>7ct: Iy e T with I(y) < L and vy, = p} >
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Proof. Define
Sy ={p>rck: Iy e with I(y) < L and 7, = p}.

Take a parameter A and write [4(7) to be the wordlength of v € T'4 in the
generators of ['4. Observe

a 1\ (b 1\ (1 a) (1 O
1 o/J\1t 0) \0o 1/\b 1)°
Thus I'4 is a sub-semigroup of I'. We also have the wordlength relation

() < 2A14(y).

For the purpose of obtaining a lower bound we can therefore decrease the set Sy
to

L
So = {p> ek Iy € T4 with I(y) < — and 711 = p}.

2A
It is easy to see inductively that ||v||s = 711 for v € I'4. Define
1 + v 1-+5
and p = 5

These are the eigenvalues of (1

1
O) For any
(@
v = H(1

(v o) (i o) r
Ple=0 02 () =0 0 (1 0) (5) =

It is a well known fact that the mth Fibonacci number satisfies

Fu= (6"~ 7")/V5.

we have

For all v € 'y we obtain
[]lse > dp® 4 for d = //5.
We define N = dp™/4 and further decrease S, to
={p>7c": 3y € 'y with ||y|| £ N and 7; = p}
= {rc" <p < N:3Jy €T, with 1 = p}.

We are done since the prime number theorem together with Theorem 1.4 implies

t{p € (IN,N]: Iy € T'4 with v =p} = (1 —0) (14 0o(1)).

log(N)
Thus we get

N
#151 > #1952 > #53 > @(N) > Lt
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and are done. O

1.3.2. A Question by FEinsiedler, Lindenstrauss, Michel and Venkatesh. Let us
raise the question straight away and then explain some terminology:

Does there exist a compact subset Y C T'(SLy(Z)\H) of the unit tan-
gent bundle of the modular surface which contains infinitely many fun-
damental closed geodesics?

In order to explain the question we will have to take a glimpse at hyperbolic
geometry. Let H be the upper half plane and denote the tangent bundle by TH
(resp. T'H the unit tangent bundle). The group of isometries of H is PSLy(R)
and it acts on the unit tangent bundle by

az+b ¢
cz+d (cz+d)? )

Here we of course have ¢ € S' ¢ C and <Z Z

TH > (2,¢) <

) € PSLy(R). The invariant

measure on T (H) is

dp = ddydo for 6 = arg(().

y2

The geodesics in H are semi-circles orthogonal to OH. (This includes vertical
half lines!) A point (z,{) € T'H determines a geodesic through z in direction
(. Following the geodesic flow for time ¢ moves the point 2z along this geodesic
to a the point at distance t from z. Taking ¢ to oo brings us to the virtual
point on the boundary OH. (One can identify T'H with PSLy(R). The geodesic
flow in PSLy becomes right multiplication by the diagonal subgroup A = {a; =
diag(et/2,e7t/2)}.)

We are interested in the quotient X = PSLy(Z)\H. The unit tangent bundle
T'X can be identified with PSLy(Z)\ PSLy(R). A closed geodesic starts at some
point PSLy(Z) - g and returns after a least time [ > 0 to the same point including
the tangent vector. We can write this as

PSLy(Z) - ga; = PSLo(Z) - g or ga; = £Mg for some M € PSLy(Z).

+1/2

Of course M = ga;g~!, has eigenvalues e and has trace

Tr(M) = 2cosh(l/2).

Since M is only determined up to conjugation by PSLy(Z) we conclude that prim-
itive closed geodesics correspond to primitive hyperbolic conjugacy classes [M] in
I'. (Primitive means [M] is not of the form [N*] for k > 2.) The visual point «
from ¢ is fixed by M and given by

—d+/Tr(M)?2 -4
a + 21“( ) forM:(a b).
c

c d

The Galois conjugate of « is the visual point of the backwards geodesic flow.

a=lima; 1=
t—o00
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Recall that PSLy(Z) is generated by T' and S and let

F ={Re(z) > —%}m{Re(zﬁ < %}ﬂ{lzl > 1}

=¥T = tfl =Fs

be the standard fundamental domain. If we follow the geodesic flow through F,
we will leave the fundamental domain at some point passing through a wall of
some Fp, for L € {T,T~' S}. It is clear that L is also the transformation that
needs to be applied to re-enter in F. We record this letter L. Therefore, given a
starting point (z,() € T'X we obtain the corresponding cutting sequence, which
is a sequence of letters L, by following the geodesic through F as just described.
The sequence consists of a number of 7”s followed by one S followed by a number
of T~1’s followed by S and so on. It suffices to record the number of Ts and T~ !’s.
For example

TTST T 'rSTST TS -~ 2,31,2,---.

It (miraculously) turns out that this sequence is closely related to the partial
fraction expansion of the visual point a.

We call a quadratic irrational a reduced if it and its Galois conjugate o’ satisfy
the inequalities —1 < o/ < 0 < 1 < a. A representative M of the conjugacy class
[M] is called reduced if its visual point « is. One can show that « is reduced if
and only if its continued fraction is exactly periodic. For reduced M, the coding
of the geodesic flow corresponds exactly to the sequence giving the partial fraction
decomposition of «.

An integral quadratic form is given by

Q(x,y) = Az* + Bxy + Cy*.

We call @ primitive if (4, B,C) = 1. A number n is said to be represented by @
if there are z,y € Z with n = Q(z,y). A linear change of variables

Q(z,y) — Qax + by, cx — dy) for ad — be = £1

does not change the set of integers represented by ). We call two quadratic forms
Q, Q' (strictly) equivalent if there is v € SLy(Z) such that Q(z,y) = Q'(v(z,y)).
This gives an equivalence relation (Q ~ )'. We define the discriminant of Q) by

Dg = B* —4AC.

We call () definite if Dy < 0. (In this case it only takes negative or positive values.)
When Dg > 0, we call ) indefinite. Note that Dg = 0,1 mod 4. Furthermore, if

Q ~ @', then Dg = D¢gr. Write ag = _BJ;—A VP2 {1 the root of Q(z,1). We define
the class group as

Cp ={[Q]: Dg = D} and write hp = 4Cp.
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GauBl showed that Cp has a group structure (justifying the name) and that for
non-square D one has 1 < h(D) < oo.

A discriminant is fundamental if it is the discriminant of a (quadratic) field.
Such D’s are either congruent 1 modulo 4 and squarefree or D /4 is squarefree and
congruent 2,3 modulo 4. Dirichlet’s class number formula says that

(2m)~t for D < =5,

hp = +/|D|L(1 .
P IDIL(L, xp) {log(ep)_l for D > 0.

The class numbers are very mysterious and important objects. There is lots of
work (and conjectures) on them but we will not discuss this in more detail now.
Given a hyperbolic matrix M we want to attach a quadratic form @)y,;. This is
done essentially by equating a,, with the visual point « of the geodesic associated
to M. This leads
Qo = cx® + (d — a)xy — by”.
However, this does not need to be primitive. To fix this we set

0,  sEn(Tr(D)

The sign makes this independent of the choice =M, which is desirable since we
are working with PSLy. We can invert this map by defining

Qo for s = ged(e,d — a, —b).

As (t + Bs)/2

and (¢, s) is a fundamental solution to the Pellian equation 72— S5?Dg = 4. (Taking
a fundamental solution ensures that Mg is primitive.) One can also write down
the inverse map using the continued fraction expansion.

The discriminant of a closed geodesic v on the modular surface or its correspond-
ing hyperbolic conjugacy class is defined to be that of its associated equivalence
class of binary quadratic forms. This is given by

Tr(M)* — 4

52
If Dy, is a fundamental discriminant, then we call M as well as the corresponding
closed geodesic fundamental.

Given a fundamental discriminant D we have constructed a correspondence
between elements in the class group Cp and fundamental closed geodesics. We
abuse notation and write v € Cp. This explains the question raised by Einsiedler-
Lindenstrauss-Michel-Venkatesh in 2004. Let us briefly explain the motivation
behind the question.

Mg = <<t — Bs)/2 —Cs ) where Q = Az? + Bxy + Cy?

Dy for s = ged(c,d — a, b).

Theorem 1.10 (Duke’s Theorem). As D — oo through fundamental discrimi-

nants 1 ] ] drd
ray

— —— [ 1ad 1
hDsz/y AHVowo/X SRR

v€Cp
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for domains A C X.

This raises the question if individual geodesics already equidistribute. (Of course
if hp = 1 this is the case.) This will not be the case in general. Even among
fundamental closed geodesics one can find examples of sequences where the limiting
measure is dy/y instead of dxdy/y?. This happens for examples if we allow the
mass of the geodesics to escape towards the cusp. The question now arises when
one wants to exclude this phenomenon. This is asking for sequences of low-lying
geodesics that not equidistribute.

Let us translate the question into thin orbit language. Recall that a = [ag, .- -, @]

is fixed by the matrix
[ ao 1 ap 1
M= (1 0) (1 0)

and o € Q(1/Tr(M)? — 4). One can see that if Tr(M)? — 4 is squarefree, then the
corresponding closed geodesic is fundamental. In particular one can deduce the
answer of the question from Conjecture 1.1 with the map F(y) = Tr(). But one
can even give an unconditional answer.

Theorem 1.11 (Bourgain-Kontorovich 2014). There exist infinitely many low-
lying fundamental geodesics. More precisely for each € > 0 there is a compact
region Y =Y (¢) C X and a set D = D(e) of positive fundamental discriminants,
such that

(1) for each D € D, many of the geodesics in the ccorresponding class group
are low-lying:
HyeCpiy CY} > hps
(2) there are many discriminants in D :
tDN[1,T] > T: ¢ as T — oc.
We will reduce this statement to the following result

Theorem 1.12 (Bourgain-Kontorovich 2014). Many elements v € I' 4 have traces
satisfying Tr(y)? — 4 being square-free. More precisely for any n > 0 there is
A= A(n) < oo such that

H{y € Tan Bx: Tr(y)® — 4 is square-free} > X247,
as X — 0.

Proof of Theorem 1.11. The reduction to Theorem 1.12 is a simple consequence of
the discussion above. We set

T = {t > 1: t* — 4 square-free}.
For an integer ¢t and A < oo define the trace multiplicity by
M(t) = t{y € Tu: Tr(y) =t}.
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From Theorem 1.12 we deduce that

N7 < 3" Mawl(t)

teTN[1,N]

= Z MA,N(t)<]lMA,N(t)ZW + lMA,N(t)<W>
teTN[1,N]

< N Z Tnta wwyzw + NW.
teTN[1,N]

Setting W = N29=1=2 (and renaming constants) yields

Z Tnva wwyzw > N,
teTN[1,N]
Given € > 0 we take n > 0 sufficiently small and A large enough so that
20—1—n>1—e
To the choice A > 0 we have a corresponding compact region
Y =Y(e) C X =T (PSLy(Z)\H).
We define
D={D=t—4:teT, Ma(t)>t*1"}.

All D € D are square-free so that D is fundamental. Of course the corresponding
geodesic is also fundamental. By construction we have

HDN[LT)) > #{t € TNLVT]: Ma(t) >t 11} > T2,
This confirms (2). Finally, for each D = t?> — 4 € D the trace multiplicity satisfies
Mu(t) > t17¢ > (VD)= > (1Cp) .

Note that not each v € I'4 corresponds uniquely to a closed geodesic in X.
However, the corresponding visual points of the geodesics are all reduced. This
implies that any two differ only by a cyclic permutation of their partial quotients.
Since there are only < log(t) such permutations we are done. O

1.3.3. McMullen’s (classical) Arithmetic Chaos. A similar question is known as
McMullen’s Arithmetic Chaos:

Conjecture 1.3 (Arithmetic Chaos V1). There is a compact subset Y C X such
that for all real quadratic fields K, the set of closed geodesics defined over K and
lying in'Y has positive entropy.

This can be directly formulated in terms of continued fractions:
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Conjecture 1.4 (Arithmetic Chaos V2). There is A < oo so that, for any real
quadratic field K the set

{[ao,ar, @) € K:a; < A}
has exponential growth as | — oco.

The only observation needed for the reformulation is that a geodesic goes high in
the cusp, then the corresponding partial fraction will have large partial quotients.
The reason we stated this conjecture is the following result

Proposition 1.13. Conditionally on Conjecture 1.1 McMullen’s Arithmetic Chaos
conjecture s true.

Proof. By assuming A > 2 we can assume that all integers n are admissible. Taking
F =Tr and n < X the local to global conjecture tells us that

t{y € BxNTa: Tr(y) =n} > X",

for some n = 204 — 14 o(1) > 0 where we take A and X large enough. Similar
reductions as we have seen earlier now reveals that

{[ao,ar, @) € K:a; < A} > e

where K = K,, = Q(v/n? — 4). Here we again used that log(||v||) =< la(vy). Given
a fixed real quadratic field K = Q(v/D) it remains to find n =< X so that K, = K.
This is possible for (in terms of D) large enough X by solving the classical Pell
equation n? — d?D = 4. O

1.4. Odds and Ends. Towards the end of the introduction we supply some expla-
nations that were skipped above. First recall the notion of Hausdorff dimension.
For A C S' the s-dimensional Hausdor{f measure is given by

H*(A) = lim inf{z Vol(I;)*: A C U]j,Vol(]j) <€}
J J

(Without changing anything we can treat the situation A C [0,1].) One can see
that there is a threshold d such that

HS(A>:{OO it s < d,

0 if s > d.
We define the Hausdorff dimension to be this threshold:

Some easy examples are

e The set A = S! has Hausdorff dimension 1.

e The Cantor middle third set has Hausdorff dimension }Zigg
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Let us (approximately) compute another Hausdorff dimension. Define the set
Ca ={la1,a9,...]: a; < A for all j}.

This can be thought of as the limiting set of I'y. Put d4 = dimy(C4). We also
define
' ={lar,as,...,a,]: a; < Afor all j} and € = U ct)
reN
We will slightly abuse notation and view r-tuples a = (aq,...,a,) € [1, A" N N"

as elements in CX) by considering the associated continued fraction. We write [(a)
for the length of a and den(a) for the denominator of [ai,...,aym)]. With this
notation at hand we define the zeta function

Z den(v)~*.

angoo)

This sum converges for s with sufficiently large real part. Let D(A) denote the
abscissa of convergence of (s, A).

Lemma 1.14 (Cusick). We have D(A) = 204.

Proof. First rewrite the zeta function as

((s,A) = Z TAn( n) for r4(n) = t{v € CY: den(v) = n}.

neN
Take oo = [ay, ag, ...] € C4. Truncating the continued fraction at k € N gives us
the convergents
Pr
— = [CLl,...,CLk].
4k
These satisfy the approximation
1
o= 25| <
dk C]k.
Having made this observation we can find o; = [agj ). .| € C4 so that C4 is covered
P ,
by intervals of length for 2 (J) =[a,... a]. We get the estimate

(J))

> 225_5)

Now by definition of the Hausdorff dimension the left hand side diverges for § <
da. But this implies that the zeta function (defined as sum) diverges, so that
28 < D(A) for all p < §JA. This implies 254 < D(A).

For the reverse inequality we have to work harder. Write

Z den(v 25.

velCy (r)
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This family of functions satisfies A= f,,(8)fn(0) < fmin(6) < fm(8)fn(8) for
m,n € N (Exercise).

We claim that for n > 2 there is a unique solution 0 < g, < 1 to f(6) =1 and
that

lim (0,,) = d4.

n—oo
Furthermore, for m,r > 2, we have o,,, < 0,,, and g, > 4.
We will now show that ((20,,, A) converges for each m > 2. This directly implies
D(A) <2)4 as desired. Put N = rm and look at n = jN +t. Then we have

Fo(om) < fv(om) filom).

With this at hand we can estimate
CQ20m, A) = fulom) <CD_ falom)' < oo,
n=1 i=0

for C'= supgcy<y fi(om)-
The existence of these numbers is straight forward. We find

1= frin(Omin) < fu(Omin) frn(Omin).

Thus one of the factors on the right is bigger than one, which implies 0,1, <
max (o, 0,). Inductively taking m = n,2n,3n,... gives the desired property
Orm < 0m. We directly obtain the generalization

Orntsm < Max(opm, op).

Let 0 = limsup,,_, ., 0,. Given two primes p, ¢ we take a sufficiently large number
n of the form n = rp + sq and obtain ¢ < max(c,, 0,). Thus there is at most one
prime p. with p. < @. Using the properties of the family f,, one obtains

frn(8) > A2 £, (0)".
By the mean value theorem there is o,, < 0 < g, so that
1-A " =1-A"f(0,)>1— frn(on)

= frn(own) = frnlon) = (0 — Urn)f;n((s)

> (0, — 0pp)2minlog(der(v)) frn(9)

> (0 — 0n)2A7 f,,(0) min log(der(v))

> (0p — 0pn)2A72" log(A%m).
We conclude that o, — 0, < C’Aé—:. Suppose there is n with o, = ¢ — €. Then

we find a large prime p # p. so that C' A’;‘)—ZL < €. Thus we have o, — 0p, < €. This
gives the contradiction

Op >0 =0p,+ €20, +€>0,+E¢
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Thus we have seen that

liminf o, > ¢ = limsup o,
n—oo

n—oo
so that o = lim,,_,., 0,,. It is a nice Exercise to identify sigma with d 4. O
Lemma 1.15 (Hensley). We have 1 — 2 <4 < 1— m. FEven more
6 -1
5A:1—m+0(14 )

We will omit the proof. Note that it is easier to show 1 — d4 =< A~!. The latter
suffices to deduce that by choosing A sufficiently large we can make d4 as close to
1 as desired.

Finally we can complete the estimate for §(I'4y N Bx) used earlier.

Lemma 1.16 (Hensley). Let A > 2, then

#(Ta N Byx) < X4,
where d4 18 as above.
Proof. First recall the definitions of I'4 and r 4. Of course the count only differs
up to constants. Therefore it is enough to show that #(I's N Bx) =< X?%4. We can
take the ball By with respect to the maximum norm and it is an easy observation

that, if v € ['4, then the upper left entry is always the largest. Employing an
earlier observation we find that

#(Ca N By) < #(Ta N By) =< jj{g €ERAs:d< X} =t{aeccl: den(v) < X}

Let us denote the number on the right by Fa(X).

Take u € Cﬁf‘” with den(u) > X. Then we can (uniquely) write u = (a, w) so
that

T < den(a) < X < den((a,w)).

For s > D(A) we estimate

DS den((a,w))_s>;l S den(w) Y den(a)™

wec™  acc(), wec > acc™,
ﬁ<den(a)§X ﬁ<den(a)§X

> L(FA(X) — Fa(X/2))a (s, 4).

This leads to . .
5((3,14) > Z<FA<X) — Fa(X/2))X7%((s, A).

We infer that Fia(X)— F4(X/2) < 4XP@W. This directly implies F4(X) < XPAW,
This completes the proof of the upper bound by the first of the two lemmata above.
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Turning to the lower bound we look at another decomposition. Suppose w €
cﬁf") satisfies den(w) > (A + 1)2X. Then we write w = (v, k,u) with v,u € Cg‘”)
and k € N such that

X
A——|—1 < den(v) <X < den((v, k’))
This decomposition shows

Z den(w) ™ < Z den(v)™* Z kE~* Z den(u)™*.

wect™), vecl®), Tongey Sk<A uect™)
(A+1)2X <den(w) AL_H<den(V)§X ~ — _
:C(SvA)

Dividing both sides by ((s, A) and taking s — D(A) we find that

¥\ 1-D@
1< Z den(v)~P@W Z kP « Z den(v)~P@W (den(v)) :

%) X %)
vec?, Foagy Sk<A vec,

g <den(v)<X g <den(v)<X

This can be written as

XX
XPW « / ZdF,(1).
X/(A+1)
Partial integration (in the Riemann-Stieltjes sense) gives
b's
XPW <« Fy(X) = (A+1)Fa(X/(A+1))+ X t2F4(t)dt.
X/(A+1)

Now suppose that for every ¢ > 0 we have F4(X) < (eX)P™ for sufficiently large
X. Then we get

XD(A)—I < /
X/(A+1)

eX X
2PN / 2 (eX)PWdt <« (eX)PD

eX
This gives a contradiction for sufficiently small € > 0 and we obtain F(X) >
XPA  This completes the proof. U

2. FucHSsiIAN GROUPS

The hyperbolic plane (also upper half plane) is given by H = {z € C: Im(z) >
0}. The metric is given by ds* = dxz;zdyz and the measure is du(z) = dzj;ly. The

group PSLy(R) acts on H via Mébius transformations. More precisely

az+b a b
92 =" for g = (c d) € PSLy(R).

It turns out that PSLy(R) is the group of orientation preserving isometries of H.
The geodesics of H are precisely the arcs of circles intersecting H orthogonally.
The basic example is the (degenerate circle) iR, . Given two points z,w € H =
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H U OH there is a unique geodesic segment, denoted by [z, w] for now, connecting
z and w. We define the hyperbolic distance by

d(z, w) = I([z, w]), (4)

where [(-) denotes the length of a curve with respect to the line element ds. A
short computation shows that
|z —w]?
2Tm(z) Im(w)"
The geodesic distance gives rise to so called geodesic polar coordinates, which we
will use frequently.
Elements 7" € PSLy(R) can be classified by their fixed points in H (i.e. z € H
with Tz = z). According to this we make the following definition:
e T is called elliptic if Tr(7T") < 2. This implies that 7" has one fixed point in
H;
e T is called parabolic if Tr(T) = 2 and T # 1. In this case T has a single
degenerate fixed point in OH
e T is hyperbolic if Tr(T) > 2. In this situation 7" has two distinct fixed
points in OH.

cosh(d(z,w)) =1+

The (complex) Mébius transform
zZ—1
zZ 41
maps the upper half to the unit disc. This gives rise to the disc-model B for the
hyperbolic plane.

A Fuchsian group is a discrete subgroup of PSLy(R). We say a subgroup I' C
PSLy(R) acts properly discontinuously if any compact subset of H contains only
finitely many orbit points. In this case the quotient I'\H is well defined as a metric
space.

Z

Lemma 2.1. A subgroup T' C PSLy(R) acts properly discontinuously on H if and
only if it is Fuchsian.

Proof. Exercise. O

A fundamental domain F C H for a Fuchsian group I' is a closed region such
that '/ = H and F° does contain at most one point of each I'-orbit. The limit
set A(T") C OH of a Fuchsian group I is the set of limit points of all orbits I'z for
z € H.

Theorem 2.2 (Poincaré, Fricke-Klein). The possibilities for the limit set of a
Fuchsian group T' are:

e tA(I") € {0,1,2} (in this case T is called elementary);
o A(T") is a perfect nowhere dense subset of OH (in this case T' is called of
the second kind);
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e A(I") = OH (in this case T is called of the first kind).
Proof. [1, Theorem 2.9]. O
We call " cofinite (cocompact) if the quotient I"\H has finite volume (is compact).
Theorem 2.3. A Fuchsian group is cofinite if and only if it is of the first kind.
Proof. [9, Section 4.5] O

The absolute Poincaré series of a Fuchsian group is given by

Pr(z,w;s) = Z e~ sdzrw),
vyel
which converges for s € C with sufficiently large real part. The exponent of
convergence of T' is given by

d =inf{s > 0: Pr(z,w;s) < oo} for some w, z.

Exercise 2.1. Show that the Poincare series defined in (1) converges absolutely
for Re(s) > &, where § is the exponent of convergence of T.

Lemma 2.4 (Selberg’s Lemma). A finitely generated group of matrices over a
field of characteristic 0 has a torsion free subgroup of finite index.

Proof. We call a group G residually finite, if for each f € G\ {1} there is a finite
homomorphic image H, so that the image of g in H, is not the identity. (Roughly
speaking: there are many finite quotients.)

We actually proof the following more general statement:

Let A be a finitely generated integral domain of characteristic 0 and
consider the group G = GL,(A). Then G is residually finite and G con-
tains a normal subgroup of finite index which is torsion free.’

To prove this we consider the quotient field F' of A. It is a finite algebraic exten-
sion, lets call the degree k, over the purely transcendental field K = Q(x1, ..., zy).
Next we express the finite set of generators of A in terms a basis for F' over K. The
coefficients will feature denominators which are contained in a finitely generated
ring B. There is an integer s and a polynomial f such that
1
7
Given an n-dimensional vector space V' over F' we have the natural representation
Endp(V) — Endg (V). By considering V' = F" we obtain an injective homomor-
phis

1
B =7Z[-][x1,...,Tm,
S

p: GL,(F) = GLy(K).

4If the characteristic of A is positive, then one can still show that G contains a normal
subgroup of finite index in which every element of finite order is unipotent. The statement that
G is residually finite also remains true.
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The homomorphism p represents the group G = GL,,(A) as a subgroup off GL,(B).
Therefore it suffices to prove the statement for the group G’ = GL,x(B).

Take g € G'\ {1} and let w(xy,..., T, %) be a non-zero entry in the matrix
g — 1. Fix a prime not dividing s, so that modulo p not all coefficients of w are
0. Further take v sufficiently large, so that u = f’w is a polynomial in 1, ..., .
Finally choose a4, ..., a,, in the algebraic closure of F, so that u(as, ..., as,) # 0.
With these choices made w(ay, ..., am, f(ai,...,a,)"") # 0 and the kernel b of
the homomorphism

m: B—TFy(a,...,an)

is a maximal ideal of finite index. We conclude that the induced homomorphism
II: GL,x(B) — GL,(B/b) has finite image. By construction we have II(g) # 1.
This shows that G’ (and thus G) is residually finite.

Let g be an element of order 1 < a < oo in G. Of course g satisfies the
polynomial X* — 1. The minimal polynomial of ¢ has distinct roots and the
eigenvalues are roots of unity. Since the coefficients of the characteristic polynomial
of g are symmetric functions in its roots these coefficients are algebraic integers
in K = Q(xy,...,7,). We conclude that the trace of an element of finite order
in G’ is an integer. Of course its absolute value is < nk. Thus there are only a
finite number of traces of these elements of finite order. We call the set of these
traces T'. Consider a prime p which does not divide s, the coefficients of f, and
the non-zero integers t — nk for t € T. (These are finitely many conditions so
that there are infinitely many such primes.) Write €2, for the algebraic closure of
F,. We can now find an homomorphsim o: A — Q,. (For example by extending
the reduction modulo p naturally to Z[1/s] and by sending z; to a; € €, with
fla,...,ay) = 0.) We find that o(A) = Fy(aq,...,ay) is a finite field, so that
the kernel a = ker(o) is a maximal ideal of finite index in A. Let ¥: GL,x(A4) —
GL,x(A/a) be the corresponding natural homomorphism. Its kernel G(a), called
the (principal) congruence subgroup of level a, has finite index and is normal.
Consider the subgroup Gy = G’ N G(a), which is of finite index in G’ and normal.
Now consider an element of finite order g € G. Obviously Tr(g) € T and Tr(g) =
nk mod a. We conclude that Tr(g) — nk is an integer, which reduces to 0 modulo
a. Therefore p divides Tr(g) — nk and our choice of p implies that Tr(g) = nk.
But this already implies that ¢ = 1. 0

A Fuchsian group is called geometrically finite if there exists a fundamental
domain which is a finite sided convex polygon. It can be shown (see [1, Theo-
rem 2.10]) that I" is geometrically finite if and only if I' is finitely generated.

We end this section by looking at the classification of hyperbolic ends, which will
be of importance later on. Before stating the classification we carefully introduce
the main players.
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Given a hyperbolic transformation 7' € PSLy(R) we obtain the cyclic hyperbolic
group (T') generated by T'. Write
[=UT)= min d(z,Tz).
The quotient C; = (T)\H will be called a hyperbolic cylinder of diameter [. After

conjugation if necessary we can identify the generator T with the map z — ez.
Write T'; for the corresponding cyclic group. It is easy to verify that

Fi={1<|2| <€}

is a fundamental domain for I';. The y-axis is the lift of the only simple closed
geodesic on C} with length [. A funnel F; is half of a hyperbolic cylinder of diameter
[ with boundary given the central geodesic. Note that Vol(F}, u) = oo.

Similarly we can define parabolic cylinders: take a parabolic element 7', form
the parabolic cyclic group (T') and consider the quotient (T)\H. We can assume
that 7" is given by the map 2 — z+1 and we write [',, for the corresponding cyclic
group. A fundamental domain for I'y is

Foo = {0 <Re(z) <1}.

A circle lying in H which is tangent to OH is called a horocycle. (These are exactly
curves stabilized by parabolic transformations.) A cusp is the small end of a
parabolic cylinder with boundary the unique closed horocycle of length one. The
volume of a cusp (normalized as in our definition) is 1.

Now let I" be nonelementary. Recall that in this case A(T") is either a perfect
nowhere dense set or equal to OH. Suppose we are in the first case (i.e. I"is of the
second kind). Then OH \ A(T') = (J;cy I; is the countable union of open intervals
I;. Suppose that «; is the geodesic connecting the endpoints of I;. Let H; be the
half plane bounded by 7; and I;. The Nielsen region if a Fuchsian group I'; is the
set N = H \ (U; Hj). The quotient N = I'\N is called the convez core of T'\H.
(Note that if I" is of the first kind, then the Nielsen region of I' is simply H.)

By passing from I'\H to its convex core we remove a finite set of funnels. How-
ever, there still may be some cusps which we would like to isolate as well. Given
a parabolic fixed point p € 0H let I', be the parabolic cyclic subgroup of I' fixing
p. Let 0, be the unique horocycle tangent to p such that I',\o, has length one.
Take O, to be the open region bounded by o,, so that I',\O, is precisely a cusp.
The truncated Nielsen region is

E=N\( U o

p parabolic f.p.

We put K = I'\K and call it the compact core of T\H. (Note that it requires some
work to see that the quotient is actually well defined, see [1, Lemma 2.12].)
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Theorem 2.5. Let ' be nonelementary and geometrically finite. Then the compact
core K of T'\H is compact and (T\H) \ K is a finite disjoint union of cusps and
funnels.

Proof. [1, Theorem 2.13] O

3. STRONG APPROXIMATION

Strong approximation can be formulated in many ways. The easiest way is
probably in terms of congruences. Suppose we have a family of polynomials

folz, ... xq) € Z(xy,...,24), a € I.
For any Z-algebra R we have the set of points
X(R) = {(a1,...,aq) € R*: f(ay,...,aq) =0 for all a € I}.

(X C A¢ is the closed affine subscheme defined by these polynomials.) For each
m € N we have the natural reduction map

p: X(Z) — X(Z/mZ).

The question is for which m these maps are surjective. Ideally one would want the
map to be surjective for all m but in reality one needs to restrict to m that are
coprime to some fixed N = N(X).

For algebraic groups the theory of strong approximation becomes particularly
useful. We state a general theorem:

Theorem 3.1 (Mathews, Vaserstein, Weisfeiler). Let G be a connected simply
connected absolutely almost simple algebraic group defined over Q. Let I' be a
finitely generated subgroup of G(Q) that is Zariski dense in G. Then the reduction
Iy of T is equal to G(F,) for sufficiently large p.

The proof is very deep and requires a lot of representation theory as well as
the classification of finite simple groups. We will only discuss an simpler version,
where the computations are more hands on.

For the reminder of this section let I" be a finitely generated non-elementary sub-
group of SLy(Z). We write I'(¢) to be the kernel of the reduction map R,: SLo(Z) —
SLo(Z/qZ) restricted to I'. Our goal is to prove that for p >r 1 (i.e. large enough)
one has I'/T'(p) = SLy(F,). According to Selberg’s lemma we can assume that I'
is torsion free.

Note that the principal congruence subgroup K(2) = ker(Rs) modulo 2 is free.
Since subgroups of free groups are free we conclude that I'(2) C K(2) is free. We
will now apply the following theorem.

Theorem 3.2 (Stallings). A finitely generated torsion free group which contains
a free subgroup of finite index is free.
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Note that I'(2) C T' is obviously of finite index, so that we can conclude that T
is free.

Take a symmetric set of generators S = {A;,...,Ax} of I' and consider the
Cayley graphs

G, =G(I'/T(p); S).

Let ¢(G,) be the length of the shortest cycle also called the girth. Also define d(G,)
be the largest integer such that any two walks in G, starting at the identity £
with length at most d(G,) end at different vertices. (This can be thought of as the
injectivity radius.) Obviously we have

C(gp) > Qd(gp> - L

Let Y, = R,(I") denote the image of I" under the reduction map R,. In particular
we have Y, = I'/I'(p) and Y, is a subgroup of SLy(FF,). The images of the generators
will be denoted by A;, = R,(4;) for i = 1,...,k and we write S, = R,(S5). In
particular we have

gp = Q(Y;,, Sp)~
Take two walks p = (po,...,pr) and s = (so,. .., S;) with starting point F = sq =
po and common end s; = p,. We obtain the corresponding words V' = (vy,...,v,)
and W = (wy, ..., w;) over S, and we have p; = vy ---v; as well as s; = w; - - - wj.

In particular, since s; = p, we have
vl...'l]r:wl...wt.

We lift the words V and W to words V and W over S. (This is done by taking
the appropriate preimage A; of A;,, or A;' of A ;) Note that V', W are reduced

and different so that V and W are reduced and different. We obtain
Uy -0y Dy - Wy
since I' is free and generated by Ay, ..., Ax. Thus we can look at the matrix
M=MUV,W)=10;-0, — - W € Matays(Z).

Obviously M = 0 mod p but M # 0. Therefore

Mz
) = sup 21,
20 ]l
where the norm || - || of z € R? is the usual 2-norm. We obtain

N ~ ~ ~ p
max((loy -+ |, - ) > £
We put a = maxy, ||Ax|| and obtain

amax(r,t) > E
-2

We directly obtain

A(G,) = log, (5) and ¢(G,) > 2log, (5) — 1.
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We recall the following (standard) result classifying subgroups of SLy(F,).

Theorem 3.3. Let p > 5 be prime. Then any subgroup of SLy(F,) is isomorphic
to one of the following subgroups:
e The dihedral groups of order 2 (%) and their subgroups;
o A group H of order p (p%l) and its subgroups. If Hy = Ny is a subgroup of
H, then its factor group H/H; is cyclic;
[} A4, 54 or A5.

Suppose Y, # SLy(F,) for p large enough. Then Y, is one of the groups listed
in the Theorem above. The idea is that certain groups are excluded immediately,
because they violate the girth bound derived above. They key input is that the
remaining subgroups have trivial second commutator. More precisely

(g oy ) (wyory 'y ) (s oy ) (yawayy ' t) = 1 (5)
for all x1,2z2,y1,y2 € Y,. Therefore, taking 1, x2,y1,y2 to be generators we find
a closed cycle of length 16. We find 2log, (%) < 17, which is a contradiction for

p > 207 . We have established the following theorem.

Theorem 3.4. Let I" be a non-elementary finitely generated subgroup of SLa(7Z),
then I'/T'(p) = SLo(FF,,) for all p > 1.

4. SPECTRAL THEORY

A key tool for us is the spectral theory of orbifolds I'\H. The operator in
question is the Laplace-Beltrami operator

A= —y*82+0)).
Note that Ao g = go A for all g € SLy(R). We quickly check

H

Thus, given a Fuchsian group I' we can view A as an unbounded non-negative
self-adjoint operator on L*(T\H, u). (More precisely we can start by defining A
on D= {f e CeT\H): f,Af € L*(T\H, )} and then consider the Friedrich’s
extension.)

The spectrum of this operator depends heavily on I'. Particularly strong are the
differences between the situations cocompact, cofinite but not cocompact and not
cofinite. We are most interested in the final case since this is the situation arising
from thin groups.

We say ) is an eigenvalue of A on T'\H, with eigenfunction ¢, if ¢ € L*(T'\H, i)
and

Ap = \.

It will be convenient to identify T'\H with a suitable fundamental domain F

for I'. We write Q(F) for the spectrum of the Laplace-Beltrami operator A on
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L3(F,u) = L*(T,\H, u). Let A\o(F) denote the bottom of the spectrum and write
A1(F) for the next eigenvalue.

4.1. The Full Hyperbolic Plane. We start by looking at the full hyperbolic

plane (i.e. I' = {#1}). In this case we can guess certain (pseudo)-eigenfunctions.
(Note that we have not yet specified the domain of Al) Given s € C we check

Ay = s(1 — s)y°.
The resolvent (of A for H) is defined by

Ru(s) = (A — s(1 —5))"! for Re(s) > % and s & [%, 1].
Note that obviously we have
(A =s(1=s)Ru(s)f(z) = f(z) = /Hy25(2 — 2)f(Z)dp(2).
Put Ry(s)f(z) = [y Ru(s; 2, 2) f(2')du(z"). Then we obtain
(A = s(1—s))Ru(s;2,7) = y*3(z — 2), (6)

where A acts on the z-coordinate.” Since A is SLy(R)-invariant, the resolvent
kernel depends only on the hyperbolic distance between z and z’. Thus there is a
function f so that

Ru(s;z,2") = fs(d(z, 7).
Putting r = d(z, ') we can swap to polar coordinates (r, ). The Laplacian then
reads

A= #8T(sinh(r)&«) _ ;

~ sinh(r) sinh(r)2 %"
Before solving (6) we look at the corresponding homogeneous equation in polar
coordinates:

—m&(sinh(r)&) —s(1 - s)] fi(r) = 0.

Changing coordinates by setting g,(o) = f(r) for o = cosh(r/2)? yields
o(1—0)g/+ (1 —20)g, — s(1 - s)g; = 0.

This is a special case of the classical hypergeometric equation.® We get the solution

['(2s) /1 (-t

T(s)? o—t &

gs<0-> = CSO'_SQFl(S, S; 2s; 0'_1) = ¢,

SWe are essentially dealing with the classical Green’s function.
6The equation reads

2(1=2)h"(2) + (c— (a+ b+ 1)2)h/(2) — abh(z) = 0.

The typical solution is the Gaufl hypergeometric function h(z) = 2F(a,b;c; z) which is regular
at z = 0. We took a different solution since we require regularity at oo.
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Where we used Euler’s integral representation for the hypergeometric function
(valid for Re(s) > 0). We want to choose ¢ so that Ry(s;z,2") = gs(o(z,2')) and
confirm our choice of gs. To do so we integrate (6) in polar coordinates over a
small disc of radius € (i.e. By(e)). We get

1=—-27 /06 [(sinh(r) fi(r)) + s(1 — s) sinh(r) fs(r)] dr
= —2msinh(e) fli(e) — 2ms(1 — s) /0e sinh(r) fs(r)dr.

Supposing that f, is locally L? we see that the integral vanishes as € — 0. Thus

we obtain
1
(r)=——4+0(1 — 0.
This implies that the appropriate boundary condition is f,(r) ~ —5=log(r). Recall

that o ~ 1+ r%/4 so that this translates into
1
s(0) ~ ——1 -1 — 1.
4u(0) ~ = log(o — 1) as 0

A quick analysis of Euler’s integral reveals that g, has the correct asymptotic for

Cs = ﬁgg;);) = 2*1*25%. We have obtained the following theorem:

Proposition 4.1. The resolvent kernel is given by
Ru(s; 2,2') = gs(cosh(d(z, ') /2)?),
for
gs(o) = 2_1_28—\/%15((;1 %)a_szﬂ(s, ;28,0 ") = i /01 —tszgl__tgldt.
Note that the integral representation is only valid for Re(s) > 0.
We define

Ey(s;z,2') = lirrb(y')_sRH(s; z,2") for 2 =2’ + 4y
y'—

and call the resulting function generalized eigenfunctions of A. (The adjective
generalized is added to indicate that they are not in L?.) One can compute

1 I'(s) y ’
Eu(s;z,2') =
H(S,Z,%) 25—1\/EF(S—%) |:(x_xl)2+y2}
using our explicit formula for the resolvent kernel. One quickly verifies

(A —s(1—s))Eg(s;-,2') =0

justifying the term eigenfunction.
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Proposition 4.2. Meromorphically for s € C we have

o0

Ry(s;z,w) — Ry(l — s;z,w) = —(2s — 1)/ Eu(s;z,2")Eu(1 — s;w, z")dx’.

—0o0

Proof. We consider the region Y7 = [T, T] x [T}, T]. One computes
Rus(s; %) — Ru(1 — ;2,0)

= lim [Ru(s; 2,2 )AL Ru(1 — s;2",w) — Ry(1 — 552", w)A, Ry(s; 2, 2")] du(2').

T—oo S

By Greens formula we obtain
RH(S; Z, w) - RH<1 — 5z, w)

= lim [0y Ry(s; 2, 2" )R (1 — s;2',w) — Ry(1 — 52", w)dy Ry (s; 2, 2")] ds(2").
—00 827‘

Note that since z € H is fixed we have o(z,2') — oo as T — oo and 2’ € 90%r.

The explicit formula for the resolvent kernel shows that

Ru(s;z,2) ~ co(2,2)* and Ry(l — s;w,2') ~ c1_so(w, 2/)* .

The normal derivatives have the same asymptotics. With this at hand it becomes
easy bound the contributions of everything but the bottom edge. (One can show
O(T1) for this contribution.) To treat the bottom edge we put ¥ = T-! — 0.
Recalling the definition of the generalized eigenfunction shows that

Ry(s;z,2") = (y/)" Bu(s; z,2") + O((y')"™).
The normal derivative is simply d,, = —y'0,,. We compute
Y0, Ry(s; 2,2") = sy ) Eu(s; z,2") + O((y/)*).
The length element simplifies to ds(z') = (y/)"*dx’. So taking T — oo yields
lim Oy Ru(s; 2, 2 YRy (1—s; 2", w)ds(2') = —s/ Eu(s; z,2")Eg(1—s; w, x')dx'.

T—o00 82’1" 00

The second term is computed similarly. O

Theorem 4.3. The spectrum of A on L*(H, i) is absolutely continuous and equal
to [%,00).

Proof. Let P; denote the spectral projector of A onto I C R. This spectral
projector can be computed using Stone’s formula (which is a direct consequence
of the resolvent functional calculus). One needs to be slightly careful with the
parametrization s(1 — s) = A £ ¢e in the definition of the resolvent. We have

1

1
§(P[a,b] + Pay) = 112%2_772/@ [Ru(s4(z,€)) — Ru(s—(z,€))]dz.
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Here s = si(z,¢) with Re(s) > 1 is given by

s(1—s)=z=xie.
s +£4/1— (2 +ie). For 0 < z <  the elimits coincide, so that
the two terms cancel each other. We conclude that P 1) = 0. Therefore there can
be no spectrum below }l.
On the other hand suppose z > i and write z = }1 + &, Then we can rewrite

Stone’s formula as

This is s4(z,€) =

1 1 a1 I
5 (Plasl + Play) = 5 /m [R5 — i) — Ru(5 +1€)]2€d¢,

forb > a > %1. The kernel of the spectral measure is given in the proposition above
and one reads of that the spectrum is absolutely continuous. U

A continuous compactly supported function k(-,-): H x H — C is called a point
pair invariant” if

k(gz, gw) = k(z,w) for all z,w € H and all g € SLy(R).

Such a function depends only on the hyperbolic distance and we abuse notation
to write

k(z,w) = k(u(z,w)).
Thus we can view k as a function from Ry — C.
Theorem 4.4. Let k be a point pair invariant and suppose that ¢: H — C is a
function with A = Ap. Write X = s(1 — s) with s = 1 +it. Then

/H (2 w)(w)dw = h(t)(2),

where h is the Selberq/Harish-Chandra transform of k given by

q(v) = /00 k(u)(u — v)_%du,
g(r) = 2q(sinh(r/2)?),
h(t) = / e g(r)dr.

Proof. This is proved in several steps. First it is easy to check using polar coordi-
nates that

ALk(z,w) = Ayk(z,w).

"Note that we include strong regularity conditions in the definition of a point pair invariant.
This is not standard but makes our live easier. Note that these conditions can be slightly relaxed.
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From this one deduces that the invariant integral operators commute with A.
Indeed put Ty, f(2) = [ k( w)dp(w), then

AT, f(z /Akzw /Akzw w)dp(w)
= /Hk(z,w)[Af](w)d,u(w) =TiAf(2).

Given f: H — C define the mean value operator (at w € H) by

= /G f(gz)dg for G, = {g: gw = w}.

The averaged function f,, is radial at w, meaning that f,,(z) only depends on the
distance between z and w. Obviously f.(z) = f(z). One also easily checks that
(Thf)(z) = (Tk [:)(2).

The upshot is that w(z, w) = 2 F1(s,1 —s; 1;u(z,w)) is the unique function in z,
which is radial at w and satisfies w(w,w) =1 as well as [A, — s(1 — s)]Jw(z,w) =
0. (To see this one looks at the corresponding differential equation obtained by
considering the eigenvalue equation in geodesic polar coordinates. This is similar
to earlier arguments.)

Uniqueness of w(z,w) implies directly that a function ¢ with A¢ = s(1 — s)¢
(i.e. A =s(1—s)) satisfies

Pu(2) = w(z, w)p(w).

From this we obtain that ¢ is an eigenfunction of all invariant integral operators
Ty. Furthermore, the eigenvalue only depends on k£ and A\. More precisely, there

is A = A(\ k) with

Tyd(z) = / k(2 w)d(w)du(w) = A(2).

To compute A we can now choose ¢(z) = Im(2)® and specialize to z = i. We get

A= /H (i, w) T (w)*dpa(w)

00 00 2 -1 2
— 2/ / k(w)ysﬂdyd:ﬂ
0 0 4y

One concludes by changing variables to x = 2,/uy and y = e". U

4.2. Compact Quotients. In the compact case any function ¢: I'\H — C satis-
fying A¢ = \¢ is automatically in L*(T'\H, p). Indeed, by elliptic regularity such a
function is smooth and thus square integrable when restricted to compact subsets
(such as fundamental domains for I') of H. It turns out that the full spectrum is
exhausted by eigenvalues.
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Theorem 4.5. If I' is co-compact, then there is a complete orthonormal basis
(¢)ien, for LA(D\H, u) such that A¢; = N\i¢; and

O=X <A < A<= 00.

Proof. One can check that the domain of A (constructed as above using the
Friedrichs extension) is the Sobolev space

HA(T\HL, 1) = {u € LT\, u): Au € L*(T\H, p)}.

The inclusion H*(T\H, p) — L*(T\H, i) is compact, so that (A +1)7! is a com-
pact self-adjoint operator on L*(T\H, u). The theorem follows from the spectral
theorem for compact operators.8 U

Given a point-pair invariant k& we define the automorphic kernel

Kr(z,w) = Z k(z,yw).

vyel

Note that this converges due to the regularity of k. Furthermore, the result is
[-invariant in both variables. We observe that

K (2, w) f (w)dpa(aw) = / (2, w) f(w)dp(w)

I\H H

for all f € L*(T\H, u). Spectrally expanding Kt yields the following pre-trace
formula:
Kr(z,w) = Z h(t:)di(z)i(w).
i>0
It can be shown that the right hand side converges absolutely and uniformly on
compacta. (Recall that we write \; = 1 + t3.)

4.3. Non-Compact Finite Volume Quotients. The basic spectral theorem in
this case reads as follows

Theorem 4.6 (Lax-Phillips). Let I be cofinite but non-cocompact. The spec-

trum of A on L*(T\H, ) has absolutely condinuous spectrum [3,00). The discrete
spectrum consists of finitely many eigenvalues in [0, ;11) Furthermore, there are

examples with infinitely many embedded eigenvalues in [i, 00).

While the discrete spectrum will remain mysterious one can give a more precise
description of the absolutely continuous part.

Let I" be a Fuchsian group of the first kind. (In particular I' has finite co-volume
and finitely many generators.) We assume that I" is not co-compact. Recall that

8Let A be a compact self-adjoint operator on a Hilbert space H, then there exists an orthonor-
mal basis {¢;} for H such that A¢; = A;¢;. The eigenvalues \; are real and accumulate only at
0.
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the cusps of I' are fixed points of parabolic elements in I". Due to the classifi-
cation of ends these are the only hyperbolic ends that can appear. We denote
(equivalences of) cusps by gothic letters a, b, .... Note that

Fo={yel:ya=a} = (7).

There is a matrix o, € PSLy(R), called a scaling matrix, such that

0,00 = a and Ua_l%aa = <(1) 1) .
We define the Eisenstein series

Eq(z,s) = Z Im(o; 'y2)*

YET N\

for = € H and Re(s) > 1. It is a deep result that these Eisenstein series have an
analytic continuation and satisfy a functional equation. Given ¢ € C°(R,) we
define the incomplete Eisenstein series by

Eu(zl) = - /( B ] 5)ds

271
where

) (s) = /0 )y dy

is the Mellin transform.
We define the space of cusp forms to be the set of all smooth and bounded
functions ¢: I'\H — C with

(¢, Eq(o]y)) = 0 for all ¢ € C2°(R,) and all cusps a.

Write Leysp(T\H, ) for the closure of this space in L*(T'\H, x). Roughly speaking
this is the complement of the space of incomplete Eisenstein series. It is very edu-
cational computation to show that the orthogonality condition precisely translates
into a vanishing condition at all cusps of I'.

Proposition 4.7. The Laplace-Beltrami operator A has pure point spectrum in
L2,p(T\HL, 1) and the eigenspaces have finite dimensions. There is a complete

orthogonal system {¢;};en of cusp forms with Ag; = \;¢; so that

F(2) = (f.6,)¢;(2).

J

The spectral expansion converges in the norm-topology but can be upgraded to ab-
solute and uniform convergence on compacta with f is assumed to be more reqular.

The cuspidal part of the spectrum is very mysterious and there is a common
believe that (infinitely many) cusp forms only exist if there is a reason for this. The
remaining part of the spectrum turns out to be much more explicit (in a sense).
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Proposition 4.8. We have the A-invariant decomposition

L2 (T\H, )T = LE(T\H, 1) & @L2 T\H, 11).

The spectrum of A on L2 (T\H, u) is discrete and it consists of finitely many
points 0 < \; < Z' The spectrum of A on L2(T'\H, i) is absolutely continuous and
covers the segment [%, 00) uniformly with multiplicity 1.

For f € L*(T'\H, 1) we have

f(z) = Z(f,@ 65(z +Z / (f, Ealo, 5 +ir)) Eulz, 3 +in),

which converges in the norm topology. (An upgrade of convergence is again possible
when f is more reqular.) Note that the j-sum combines an eigenbasis of cusp forms
(possibly infinite) with a finite eigenbasis for the residual part.

This spectral expansion can be applied to the automorphic kernel Kt associated
to a point pair invariant k£ as in the co-compact case. Indeed one obtains the
pretrace formula

1
(z,w) Zh ), (2); (w) +Z4ﬂ/ (2, = +zr)Ea(w,§ + ir)dr,

which converges absolutely and uniformly on compacta. (Recall that the ¢; satisfy
Ag; = Njo; for \j = }1 + t?. Note that not all of the ¢; are cusp forms and that
we might encounter the situation 0 < A; < 1.)

We have omitted most proofs in this section, because they are partly similar to
what we will do in the next subsection.

4.4. Infinite Volume Quotients. Let I be a geometrically finite Fuchsian group
of the second kind. Our goal is to sketch a proof the following theorem

Theorem 4.9 (Patterson, Lax-Phillips). Assume that the exponent of convergence

6 of T satisfies § > 5. Then the bottom of the spectrum N(F) = 6(1 — 6) is an
1solated eigenvalue of multiplicity one. Furthermore there are finitely many discrete

eigenvalues in the interval [0, 5) and the spectrum is continuous in [3,00).

Furthermore we will put some effort in deriving a technical tool resembling the
pretrace equality that we stated for I' with finite co-volume. We start by looking
at the model resolvents of funnels and cusps.

4.4.1. The Model Resolvent of a Hyperbolic Cylinder. The basic model for an hy-
perbolic cylinder is C; = [\H for T, = (z +— ¢'z). We have the fundamental
domain

Fi={zeH: 1< |z| <}
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There is a very convenient set of coordinates, called Fermi coordinates, given as
follows:

e+
= € -
er—1
for t € R/IZ and r € R. One checks that in the coordinates (r,t) we have
ds* = dr? + cosh(r)?dt*.

Recall that earlier we computed the resolvent kernel Rpy(s;z,z") for the full
hyperbolic plane. The analysis also shows that

Ru(s, z,e"2') = O(e sIM1),
Hence we can define

Re,(s;2,2") g Ru(s; z,e"2').

kEZ

This defines an analytic function of s as long as Re(s) > 0. Note thatthis already
establishes the analytic continuation of R, (s; 2, 2) across the critical line Re(s) =
% supporting the (expected) continuous spectrum. With a more detailed analysis
one can show the following result

Proposition 4.10. The resolvent Rc,(s) has a meromorphic continuation to s € C
with poles at s € Z o + %Z.

One can go further and compute an explicit Fourier decomposition for the re-
solvent kernel. We will omit the details.

For the spectral theory of infinite volume hyperbolic surfaces the resolvent for
funnel ends F; will be of great importance. A Funnel end F; is exactly half of a
hyperbolic cylinder. We can model it on {z € F;: Re(z) > 0}. This corresponds
to r > 0 in the Fermi coordinates. This implies that the funnel resolvent is given
by

Rp (s;z,w) = Re,(s; z,w) — Re,(s; 2, —W).
This yields a meromorphic continuation of the the funnel resolvent. Analysing the
pole structure shows that the poles of Ry, are precisely those of R¢, with odd real
part.

4.4.2. The Model Resolvent of a Parabolic Cylinder. A parabolic cylinder has the
standard model Cy, = I'(o\H where I', = (z — 2z + 1). The resolvent kernel can
be written as

Re. (s;2,2") ZRHszz—k)
Recall that we can write Ry(s; z,2') = gs(0(z,2)). Furthermore, analysing the
description of g, as hypergeometric function yields

N-1
1 I'(s+n)? e
gs(o) = Z Eﬁa—s —n+0(c™ ).
n=0
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Define
J(a,bys) = [(a+k)+b".
kcZ

It can be shown that J(a,b;s) has a meromorphic continuation to s € C. These
observations give us

N-1
1 T'(s+mn)? e
. N — I S b 4 /\s+n I k)~ N ]
Re..(s:2,2) Z 7T Ty (@b o) (gy) " +0 <Za< ) )

From this it is easy to deduce

Proposition 4.11. The resolvent Rc,,,, (s) for the parabolic cylinder has a mero-
morphic continuation to s € C. The only pole of is at s = %.9

4.4.3. The Spectral Theorem. Let X = I'\H be a geometrically finite Fuchsian
group of the second kind. In particular X has infinite volume, is non-elementary
and features at least one funnel end.

Key to the spectral theory is the analytic continuation of the resolvent Ry
originally define by

1 1
Rx(s) = (Ax — s(1 —s))"! for Re(s) > 5 and s & [5, 1].
Recall that by using the truncated Nielsen region we obtained a decomposition

X=KUFUC,

where K is the compact core, F' is the disjoint union of funnels Fi, ..., F,, and C
consists of the cusps Cy, ..., ..

A key ingredient for the analytic continuation of the rsolvent is an appropri-
ate compactification of X. Put Q(I') = 0H \ A(I'). Any (Dirichlet) fundamental
domain F for I' will meat Q(I") in a finite collection of discjoint arcs each corre-
sponding to a funnel end. let P(I") denote the parabolic fixed points. We have

X = D\(HU Q) UP(T)).

We derive the smooth structure from the compactification of a Dirichlet funda-
mental domain in the Riemann-sphere topology. Functions f € C*(X) are simply
functions f € C°°(X) that behave nicely at infinity. We define the boundary

defining function
2¢7"  in F
= ’ 7
pr) {e‘r in C. (™)

We extend p to a smooth non-vanishing function inside K.

9To show this final statement concerning the pole one has to work a bit harder. This can for
example be deduced by computing an appropriate Fourier decomposition.
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Theorem 4.12. Let X be a geometrically finite hyperbolic surface. For N > 0
the resolvent Rx(s) extends for Re(s) > &+ — N fo a finitely meromorphic family
of operators™’

Rx(s): pNLA(X) — p N L*(X).

Proof. We briefly sketch the proof. At each funnel F; C F we let R, (s) denote
the resolvent for A|f, with Dirichlet boundary condition at the boundary geodesic.
Further, we define R, (s) as the pull back of the model resolvent R¢,(s). We group
these resolvents together and write

RF(S) = EB]’RFj (S) and Rc(S) = @ZRQ(S)

We view these as operators for the full surface acting by 0 outside the funnels or
cusps.

Define cutoffs x, which is a smoothed version of 1,<,, where r is the geodesic
distance form the compact core, with support in r < a + 1. We define

M; = x2Rx(s0)x1 for some fixed Re(sg) > 1,
My(s) = (1= x0) Re(s)(1 — 1),

Me(s) = (1 = xo)Ro(s)(1 — x1) and

M(s) = M; + My(s) + M.(s).

One computes
(Ax —s(1—9))M(s) =1—L;(s) — L¢(s) — Le(s)

for some error terms L;, Ly and L.. The goal is to show that these errors are
finitely meromorphic and compact on the weighted Hilbert space. Once this is
established, the result follows from standard resolvent estimates (establishing the
combined error is invertible at some s) and the analytic Fredholm theorm.

That Ly and L. are nice can be deduced by studying the corresponding model
resolvent. Let us only sketch the idea for L;. One checks that

LZ(S) = —[A, XZ]RX(SO)XI + (S(]_ - S) - 80(1 - 80))Mi.

This is polynomial in s, so that we only need to show compactness. To this end
we observe that [A, x2]Rx(so)x1 is a smoothing operator. This is due to the
disjoint supports of [A, xs] and y;. On the other hand M; is compact because
A is a second-order elliptic differential operator in the interior (standard elliptic
parametrix construction). d

10A family of bounded operators A(s) on a Hilbert space H, parametrized by s € U C C is
finitely meromorphic if for each point @ € U we have a Laurent series representation A(s) =
g (s — a)® Ay converging in operator topology in some neighbourhood of a, where the
coefficients Ay, are finite-rank operators for k < 0.



THIN GROUPS AND APPLICATIONS 40

Due to the explicit understanding of the spectral theory for funnel and cusp
ends one can describe the structure of Rx(s) in much more detail. Pursuing this
would go beyond the purpose of these notes. We will now turn towards establishing
important properties of the spectrum itself.

Weyl’s criterion says that A is in the essential spectrum of A if and only if there
is a sequence ¢,, € L*(I'\H, p) with

(A = N)énl|| = 0.

Proposition 4.13. For geometrically finite I' of infinite co-volume the interval
[1,00) is contained in the essential spectrum of A.

Proof. Note that X = I'\H must contain at least one funnel. After possibly
conjugating the group we can assume that

{z € H: |Re(z)| < 1, Im(z) < 1} C F.
We define pick 1, n C*°(R?) such that

0 if|x|>1andt¢|0,n],
o 1) = if |2 1 [0, 7]
1 if|z|<5andte[l,n—1].
We can do this in such a way that the derivatives of second order are bounded

independently of n. For Re(s) = 5 define

un(z) = yswn(xa - 1Og(y))
One checks that ||u,||* > n — 2 and
[(Ax = s(1 = s))unl| = O(1)
. Taking ¢,, = u,/||u,|| now satisfies
I(Ax = s(1 = s))dul < n™".
A slight modification making this sequence orthogonal (for example by making the
supports disjoint) allows us to apply Weyl’s criterion and conclude the proof. O

Proposition 4.14. For geometrically finite I' of infinite co-volume the discrete
spectrum consists of finitely many eigenvalues in the interval (0, %)

Proof. This follows by Stone’s formula for the spectral projectors. The argument
being similar to the one in the proof of Theorem 4.3. One sees that the spectral

projectors +(Pa,b] — P(a,b)) are zero away from the points A = s(1 —s) < 1
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where s is a pole of Rx(s). Since Rx(s) is finitely meromorphic there can be only
finitely many poles in the relevant region. U

Proposition 4.15. For a non-elementary geometricall finite I' with infinite co-

volume A has no L*-eigenvalues in [, 00).

Proof. The proof relies on a unique continuation principle and is quite technical.
We omit the details. Let us just note that this phenomenon holds due to the
existence of funnels in the infinite volume case. U
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4.5. Patterson-Sullivan Theory. Given a point x € B we let v, denote the
corresponding point measure at . Now define the probability measures

1
M(s) _ (Z esd(x,'yx)) Z efsd(x,'yz)y’m'

yerl’ yel’

We can take x = 0 to be the origin in the disc model B. By Alaoglu’s theorem we
find a sequence s; — d such that 1(%3) converges weakly to some limiting measure
1. The support of this measure is on the unit circle OB.

Lemma 4.16. For £ € I' we have
En=1¢1p.
Here & p(E) = p(§.E).
Proof. Let E be a Borel subset of B, £ € I" and s > §. By definition we have

1
Iu(s) (fE) _ (Z 6—5d(a:,'ya:)> Z e—sd(w,vx)

yel ver,

v.z€.E
-1
_ (E e—sd(r,vx)> E e—sd(fflx,vx)‘
~yel vyel',
yxeE

Now we need the following property of the Poisson kernel P(z, q) = l;_;z:
/ P(Z
lim ed(zw)—dzw) — M for q € OB.
w—q P(z,q)
With this at hand we observe that
e sUE ww) e_Sd(z’w)P(f_lx, q)° for w — gq.

(Note that since ¢ € OB and = = 0 is the origin we have P(0,q) = 1.) Now
the Poisson kernel satisfies P(yz,vq) = |7/ (¢)| = P(z,q) for z € B, ¢ € 0B and
v € PSU(1,1). We obtain P(§ 'z, q) = |¢/(q)|. For a sequence ;2 — ¢ € A(T') we

have
e—sd(fflﬂﬁmx) -~ e—sd(x,7j$)|£’(q)|s.

Since p is supported on the boundary the result follows. U
We now define

F(z) = /a Pl duta) ®)

which we may call Patterson function. Note that F' is I'-invariant and thus de-
scends to a function on I'\B. One checks that

(A —5(1— 8))F = 0.
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Theorem 4.17 (Beardon). For any nonelementary Fuchsian group T’ we have
0 > 0. Furthermore, if I' contains parabolic elements then 6 > %

Proof. Suppose 6 = 0. Then g is I'-invariant. If 7" € T' is hyperbolic with fixed
points g+ € OB, then we can partition OB \ {¢+} into a countable finite collection
of disjoint intervals that are mapped to each other by powers of T'. By invariance
of 1 and because the total mass is finite we conclude that (0B \ {g+}) = 0. We
further conclude that {qg.} is a finite orbit of I". This implies that I' is elementary.
(A similar argument works if we assume that 7" is parabolic.)

Now assume that I' is non-elementary and contains a parabolic element 7". Con-
jugating I' if necessary allows us to assume that T fixes 1 and maps 7 to —1.

Therefor
T 1+in/2 —in/2
in/2 1—in/2)"
One checks that
(") (2)] = 1+ in(z — 1)
Let £ = {e¥: 7/2 < § < 7}, so that {T"E: n € Z} forms a disjoint cover of

OB \ {1}. Since I' is non-elementary p can not concentrate entirely on {1}. We
conclude that p(E) > 0. We obtain

> (@B (1) = ST Z/\T” Pdu(=) > u(B) Y (1 + 4n?)?

n

However, the right hand side converges only for ¢ > % U

Proposition 4.18. For I' non-elementary and geometrically finite, the measure p
has no atoms.

Proof. The proof relies on the following characterization of limit points. We call
q € A(T") radial limit point if there exists a geodesic ray 7, in B with endpoint
q and an orbit I'w such that {z € T'w: d(z,n,) < r} is infinite for some r > 0.
(Example: If ¢ is an attracting hyperbolic fixed point of T € T', then ¢ is radial.)
It can be shown that if I is geometrically finite, then all points in A(") are either
parabolic fixed points or radial limit points.

It is now easy to see that there can be no atoms at radial limit points. Indeed,
without loss of generality we can assume that ¢ = 1 and take a geodesic ray n
ending at 1 such that d(v;'0,n) < C for some sequence 7, € I'. This implies that

v} approaches 1 within a sector of the form

{|Im(2)| < cRe(1 — 2)}.
(This can be best seen geometrically by drawing a picture.) We obtain

1_|7n10|2
vl = 1n 12
710 — 1
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so that |7/ (1)] — oo. Furthermore we know that

p({1}) = 71} = [y (D {1}
This implies that {1} = 0, so that there can not be an atom at 1.
The argument that there are no atoms at parabolic fixed points is more involved.
We omit the details. (Note that in our applications later we assume that there are
no parabolic fixed points anyway!) 0

It is well known that the geodesic flow (on SX) is ergodic with respect to the
Liouville measure. This, together with the fact that p has no atoms implies the
following result

Proposition 4.19. The action of I' on OB is ergodic with respect to . Further-
more, the product action T: (q,q") — (T,,Tq") of ' on (0B x OB)_ = {(¢,¢): ¢ #

q'} is ergodic with respect to fi. Here dfi(q,q") = %‘%?).

Theorem 4.20 (Patterson, Sullivan). Let T be a geometrically finite Fuchsian
group of second type. Then dimy(A(L')) = 6. Even more, if I' has no parabolic
fized points then the Patterson-Sullivan measure p is a constant multiple of the

Hausdorff measure H® |A@)-

Proof. We sketch the proof only for the case of I' with no parabolic elements. (IL.e.
if the convex core F\N is compact. Sometimes this property is refereed to as I'
being convex cocompact.)

Given w € B and r > 0 so that 0 ¢ B(w,r). Then we define the shadow of
B(w,r)on 0B by

I(w,r) ={q € dB: d(]0, q], w) < r}.
If r is constant and |w| is bounded away from zero we have the estimate
[I(w,r)] <1—|w|.

for the euclidean arc length. A key input for the proof is Sullivan’s shadow lemma,
which states that for fixed (sufficiently large) r and all but finitely many v € T" we
have

(1 (0;7)) = [1(70,7)[°.

To use this one shows that all small intervals in 0B can be approximated by
shadows of the form I(70,r). It is here were our simplifying assumption on I'
comes in, since it can be seen that neighborhoods of parabolic fixed points can not
be approximated this way. More precisely, (if there are no parabolic fixed points)
one can show the following. For ¢ € A(7) let I, denote an interval in 0B centered
at ¢. There exists € > 0 such that for any |I,| < € we have u(1,) < |1,|°, uniformly
in q.

With these technical pre-requisites taken for granted we can conclude the proof.
Indeed we easily see from the definition of the Hausdorff measure that p(A) =<
H°(A) for any Borel set A C A(T'). This means that p is absolutely continuous
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with respect to H°. More precisely du = fdH?® for some f on A(T"). Note that the
function f is I'-invariant, so that by ergodicity it must be constant.

Thus we have seen that g = c¢- H|yr). Since p(A(')) = 1, the statement about
the Hausdorff measure follows directly. O

4.5.1. Resonances. Recall that we are working with geometrically finite Fuchsian
groups I of the second kind. The key to the proof of the spectral theorem was the
meromorphic continuation of the resolvent Rx(s), where X = I'\H.

Definition 4.1. The poles of Rx(s) are called resonances. We write Rx for the
set of all resonances.

We will mainly be interested in resonances for § < %, because in this case A x has
no discrete eigenvalues and the resonances are somehow the natural replacement.
Note that if § < %, then I' can not contain parabolic elements.

Theorem 4.21 (Patterson). Assume that I'\H is geometrically finite, non-elementary
and of infinite volume. There is a resonance of multiplicity one at the point s = ¢
such that

ress—sRx (s;z,w) = ¢(I")F(2)F(w),

where F' is the Patterson function defined in (8). Furthermore, there are no other
resonances in the half-plane Re(s) > 4.

Proof. Again we only give a rough sketch of the proof. The key technical input is
the following result concerning the resolvent kernel. Recall the Poincaré series

Pr(e,wss) = 3 e

~er

of I. One can show that
4571 T (s)?
m I'(2s)

for Re(s) > 0 and a function H(s;z,w) which is holomorphic for Re(s) > ¢ — 1.
This follows directly from our explicit knowledge of Rpy(s; z,w) and the relation
Rx(s;z,w) = o Ru(s; z,yw), which is valid for Re(s) > 4.

The next step is to show that Rx(s;z,w) as well as Pr(z, w; s) both have a pole
at 6 = s. This can be seen by alluding to Landau’s theorem, which says that a
Dirichlet series has a pole at its abscissa of convergence.

To identify the residue we have to recall the construction of the Patterson-
Sullivan measure. Note that we can do so using an arbitrary base point:

—1
MS) _ (Z esd(O,ww)) Z efsd(ﬂ,ww)(s’yw

vyel vyel

Rx(s;2,w) = Pr(z,w;s) + H(s; 2, w),
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and fi,, = limg; 5 qu ) Tt turns out that by 18 absolutely continuous with respect

to the original Patterson-Sullivan measure p = 9. One computes that

.. Pr(z,w;s)
| P (o) = i ZES

A quick computation shows that Pr(z,w;s) has a pole of order 1 at s = §. This
implies that the corresponding pole of the resolvent also has order one. It is a
general result that then we can write

Rx(s;z,w) = Z W + (holomorphic),
k=1

for linearly independent, real valued generalized eigenfunctions. We obtain that

/8]BP(Z q) dp(q) = Zcbk )i (w

By choosing points wy, ..., w, suitably we find a matrix (A ;)i so that

¢k(2)=/ P(z,q)°hi(q)dpo(q) for hpdpo = ZAkngw]
OB

One checks that hy is (almost everywhere) I'-invariant. By ergodicity we conclude
that hy is constant for all k. This implies that ¢ = 1 and ¢ = ¢ - F' as desired.
Finally we need to show that there are no other resonances on the line Re(s) = 0.
We argue by contradiction assuming there is such a resonance . The idea is that
we can run the same construction that led to the Patterson-Sullivan measure with
¢ replaced by 6. We get a measure
o= lim(s; — () Z e~#140705(50).

S5
IandY o

One goes on to show that o has the same properties as p and is absolutely contin-
uous with respect to u:

do(q) = ¥ (q)du(q)-
Furthermore
v(va) = 17 (@)|°¢(q).

Similarly one constructs ¢, which is absolutely continuous with respect to fi. Using
ergodicity one finds that ¢ = ¢ji, so that

D(@)(d) = clg — ¢,
for almost all ¢,q’. With a bit more work this identity can be extended to all
(¢,4') € (0B x 0B)_. Taking the limit ¢; — ¢ in A(I") and using continuity of ¢ we
get ¥(q)? = 0. But this implies that o is 0, contradicting the existence of (. [0
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4.6. Pre-Trace Inequality and the Convolution of Kernels. Recall that a
point pair invariant was a compactly supported smooth function k: H x H — C
satisfying k(gz, gw) = k(z,w) for all z,w € H and all g € SLy(R). We abuse
notation and write k(z,w) = k(u(z,w)), which is possible since k depends only
on the hyperbolic distance. The associated automorphic kernel (with respect to a
geometrically finite Fuchsian group) is defined by

Kr(z,w) = Zk’sz
~yel'

The convolution of two kernels is defined by

[ky * ko] = / ki(z, z)ko(z, w)dp(z).
H
We are interested in a very specific point-pair invariant:
ki(z,w) = Ly w)<(x-2)/4- (9)
This is of interest since we have

Ki(z,w) = Zkl(z,fyw) =t{y el du(z,yw)+2 < X}.

yel’
In particular, taking z = w = 4 this simplifies to
N(VX,T) = Ki(i,i) = ¢{y € T: [[7]* < X}. (10)
We will need to establish a good estimate for the self-convolution of this kernel.

Proposition 4.22. Let k = k; x k1. Then we have

7 p(zw)

k(z,w) < e~ 2 if p(z,w) <2T
and 0 for p(z,w) > 2T, where e¥' + e 1 = X.

Proof. To prove this it is more convenient to work in the disc model B.
By definition of the convolution we find that

k(z,w) = Area,(B(z,T) N B(w,T)),

here B(z,T) is the hyperbolic disc with center z and radius 7. Denote B(z,T") N
B(w,T) = E. Obviously E = () if p(z,w) > 2T'. Thus we can assume the contrary
and without loss of generality we take z = 0.

Note that p(0,() = T is an Euclidean circle centered at 0 and with radius R
determined by

sinh(7/2) = or equivalently tanh(7'/2) =

R
V1—R?
Thus, if p(0

, = s, then we can assume that w has euclidean coordinates
(tanh(s/2),0)

w%’ut d = tanh(s/2).
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Next we observe that the set of points p(w, {) is a Euclidean circle of radius Ry
centered at (ag,0), where

1-R? 1—d?
0= e = I e
We consider the hyperbolic triangle (0, w, (), where p(0,() = p(w, () = T. By the
hyperbolic cosine law we get

tanh(s/2)

cosh(T") = cosh(s) cosh(T") — sinh(s) sinh(7") cos(«) and cos(«) = Tanh(T) -

Let v = (s/2,0). Then our goal is to show that £ C B(v,r) for cosh(r) =

CZZZIEgQ) Once this is established we are done since, by the hyperbolic area formula

for discs, we get

Area,(B(v,r)) = 4nsinh(r/2)? = 27 (%(Sg) - 1> < elT — 5/2).

To see the inclusion we let A, B be the points where B(0,7") intersects B((,T).

Let C is any point in B(w,T) with p(C,0) = T and denote the angle Czv by ¢.
We must have ¢ < a. Using the hyperbolic cosine law once again we find that

cosh(T)
h(p(0,0)) < ————=—.
COS (p( ? )) — COSh(S/2)
A similar estimate holds for C' € B(0,7T) with p(C,w) = T. This shows the
claim. 0

Spectrally expanding the automorphic kernel Kr associated to k = ky * ki we
obtain the following very important pretrace inequality.

Proposition 4.23. Suppose I" is a geometrically finite Fuchsian group and take

k = ky * k1 be as above. Let )\, .. ., Aj be the discrete eigenvalues in |0, 4) with
corresponding eigenfunctions ¢y, ..., ¢;. Then

Z |h’1 | |¢7« 9

X<t

where hy is the Selberg/Harish-Chandra transform of k.

Proof. We first note that the Selberg/Harish-Chandra transform translates convo-
lutions into products. In particular we have

/H ke, 9) () du(y) = [ (D)]26().
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By the spectral theorem for A on L*(T'\H, 1) we know that there are finitely
many eigenvalues in [0, 4) which make up the discrete spectrum:

)\i<%

The rest of the spectrum is absolutely continuous and covers [+, 00) (there are no
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embedded eigenvalues). Put Vo = L2 ([\H, p), so that L*(T\H, p) = V; & V.

By construction as a convolution the integral operator Ty : L*(T\H, ) — L?(T'\H, )
is non-negative:

(Tif, f) >0 for all f e L*(T\H, u).
Spectrally expanding the automorphic kernel yields

= D Im(t)16i(2)fF + B(z,2) (11)

)\<*

where B(z,w) = K(z,w)=)_, <1 h(X\;)¢i(2)¢i(w). It turns out that B is the kernel

for the operator T = Pry, o Tk, which is obviously non-negative. For fixed z we
define

fn(w) - 5d(z,w)§1/n (12)

and observe that
B(z,z) = li>m<Bfn,fn) > 0. (13)
Thus we can drop B(z, z) from the pre-trace formula and the result follows. [

Finally we remark that the Selberg/Harish-Chandra transform of k; can be
computed explicitly (Exercise) and one finds

(s —3)
In(t) = 2Vr =3 T 1)

Here A = s(1 — s) and s = § + it.

1
X5+O(\/_)for§<s§1.

4.7. Spectral Theory on the Group Level. So far we have looked at the
spectral theory of the Laplace-Beltrami operator A on quotients T\H. Put G =
SLy(R). Since we can identify H = G/ K for K = SO5(R) and A is G-invariant, the
spectral theory of A is equivalent to the decomposition of L*(T'\G) into irreducible
G-modules. Here G acts on L*(T'\G) by right translation.

The Cartan decomposition of G reads G = KA'TK, for

7e7): ¢ >0},
Note that K is abelian and can be parametrized as

B _( cos(0) sin(6) |
K ={ky = (_ sin(6) cos(Q)) 10 €[0,2m)}.

+ = {a, = diag(e
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Let I' be a Fuchsian group of second type with critical exponent § = dr > %
We order the eigenvalues of the Laplacian on I'\H below }1 by

1

Another parametrisation of the eigenvalues is \; = s;(1 — s;) with s; > % The
corresponding Laplace eigenfunctions are denoted by ¢;.

As mentioned above the group G acts on the Hilbert space V = L?(T'\G) by right
translation. The G-span of ¢; in V' will be denoted by V.. As a G-representation
it is isomorphic to the complementary series representation with parameter s;.
(We are normalizing everything so that the principal series lie on the critical line
Re(s) = £.) This gives us the decomposition

V=V @V @ ... 0 Vi @ Viemp-

The spaces V,,; will be called the automorphic model of the corresponding G-
representation. We will now also recall the line model. Given a function f: R — C
we define

2110 = [ e

Further, we introduce the pairing

<f17f2>Z/Rﬁ(x)[ffg](x)dx.

Let V, denote the space of f: R — C with (f, f) < co. The G-action on this space

is given by
n ((ZL Z)) fl@) = |=bx +d|7>f (—_“Zx;‘fd) .

We have constructed a G-representation (m,V;). This is the line model for the
complementary series with parameters s. (As mentioned above we have V,,, = Vi,
as G-module.)

Write H for one of the irreducible spaces V,,,. The (dense) subspace of smooth
vectors in H will be denoted by H*>. We have the following decomposition on

K-isotypic components:
o — @ ;’_[(Qk)7

kezZ
where H (%) = C - vy,. This simple structure of the K-isotypic parts is due to the
fact that K is abelian and thus its representation theory is very easy. Indeed vy
is a function of weight 2k, that means it satisfies

2ik0

var(gke) = e var(g),

for all g € G.



THIN GROUPS AND APPLICATIONS 50

Recall that the Lie algebra g of G acts on H* by differential operators. A basis
of g = sly(R) is given by

1 0 01 00
= (0 _1),62 (O 0) ond f — (1 O).
In the complexified Lie algebra gc we define the two important operators
R=h+ile+ f)and L=h—i(e+ f).

These operators go by the names raising and lowering operator. We will need
the following expressions for them in KATK (ie. g = kg,atkg, <~ (01,t,65))
coordinates:

R = %02 <—z’csch(t)i + 22 + icoth(t)%) and
2

20, Ot
. 0 0 0
__—2i09 . s
L=e (zcsch(t) 20, + 2_825 i coth(t) _892) .

The proof is a straight forward but cumbersome computation that can be found
in [7, Lemma 2.7]. Another important operator is the Casimir operator

1
C= §h2+ef—i-fe € U(ge).

It acts on H™ as scalar multiplication by —2A = —2s(1 — s). The following
expression in Cartan coordinates is well known:
2

1 9, 9] 0*  0? 2cosh(t)  9?

-C=— th(t)) = h(t)? (= + = | — : :

2C = g T (eoth(t) 7 + esch(t) (a&% * aeg) Snh(1)® 96,06,
Finally we can change variables (0,t,0y) «~ (61,7,02) for r = tanh(¢/2) or (al-
most) inversely ! = . One has

1-r
0o 1 0
e R
o~ 2 g,
Note that csch(t) = 1;:2 and cosh(t) = % Thus we have

1 (1—r2)2.8_2+(1—7’2)2‘é+(1—7’2)2'(82 a?)_1—7~4 o

§C - 4 or? 4r or 1672 062 * 062 82 06,06,

, 1—72 0 0 1+r% 9
R = % (—z' r e (1 =)= 4 o ) and

2r 00, or 2r 8_(92
, 1—72 0 0 1+72 0
20 [ T P 1_2__-—__ .
L=e (Z 2r - )87’ "or 802)

We turn our attention towards the line model H = V,. Here we can describe
the weight 2k element fo s € V2 element explicitly by

fors(z) = c(z — )" 5(x + i)+
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up to some constant ¢ € C. To see this we consider the action of Y =e— f € gon
f € Vi 1t is given by Y.f = ;2 = 2ikf. On the other hand, in the line model
Y acts on V; by

Y.f(x) = 2s2f(2) + (1 +27) f'(2).

Thus we get the ordinary differential equation 2sz f(z) + (14 22) f'(z) = 2ik f(z).
One checks that the proposed function fo s is the up to scaling unique solution.

We will now derive a suitable basis for H using the weight 2k elements vy Start-
ing point is a weight 0 (i.e. K-fixed) vector vy, which we normalize by (vg, vg) = 1.
The raising (resp. lowering) operator takes H) to H*+2 (resp. H?2). However,
it does not respect the norm. Thus we need the following computation.

Lemma 4.24. let X € {R,L}. Then, for any k > 0 we have

B 22kr(s + k(1 —s+k)

(A o, X'uo) T(s)T(1— 5)

= b s-

Proof. We do the case X = R. The remaining case is left as an exercise. Recall
that

LR=2C+Y?>+2iY, forY =e— f.
Therefore this operator acts on H?*) by scalar multiplication with
— 4\ + (2ik)* + 2i(2ik) = —4(s + k) (1 — s + k).
Note that (Rv,w) = —(v, Lw). With these facts gathered we can compute
(X vy, XFv0) = (—1)"(L¥R v, vo)
= (=1)"(=4(s) 1 = s)(=4(s + (A — s+ 1)) - - (—4(s + k = 1)(1 — s + k — 1)))(vo, vo)

B 5 kL (s+E)I(1—s+k)
= UV T O Ty

For vg fixed as above we now define the convenient basis
1 RFvy itk >0,
Vop = ———= "+
2k w/b|k|75 E‘MUO if £ <O.

The next goal is to connect vy, in the automorphic model to the functions fo
in the line model. To do this we need the following result:

Lemma 4.25. We have
475 (=1)*r(2s — 1)

L faws] = T(s — k)[(s + k) fobas-
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Proof. Since the intertwiner Z preserves the group action we must have Z fo, s €

VI(E];). Therefore it must be a multiple of fo, 1_, and it suffices to compute Z foy, 5(0)
to determine this multiple. This boils down to evaluating the integral

_ N\k—s \—k—s
/ (y — )"y +1) dy.
R |y[2(1=9)

Computing this and recalling that fy.;_,(0) = (—i)*~(1=%).;7%=(0=9) concludes the
proof. O

It is now easy to compute the norms of fo :
Lemma 4.26. For fy s as above we have

frosp?(—1)Fr2s—1) -

(for,s» fors) = (s — I)(s + ) = b s.

Proof. This follows directly from the definition of the inner product and our com-
putation of Z fo, s above. O

We have established how to generate the full G-module V; from the original
eigenfunction ;. This was done by using the ladder operators R and £ go generate
a nice basis in the automorphic model. Furthermore we understand the image of
this basis in the line model. The latter is very useful for explicit computations as
we will see below.

Given vy, € H®*) we write vor (61,1, 02) = var(ke,arke,) and we can also apply
the change of variables t to r described earlier. One obtains the Fourier expansion

Vo (01,7, 03) = €2%92 Y " o (1)

neL

(Note that we only pick up even frequencies because the center of G acts trivially.)
Applying the Casimir operator to the Fourier expansion (term wise) yields the
equations

1 — 2\2 82 1— 2\2 8
% : ﬁvm,%(?") + % : Ev2n,2k(r)
1—1r2)? 1

+ (—% (n? + ¥?) +

_
2r2

nk + s(1 — s)) Vo an (1) = 0.

We want to solve this equation, but to do so we need to have some regularity. Since
v, is regular at the origin (actually everywhere) also wvg, o) is regular at r = 0.
Approximately we have

2 1+0(r)0 1+0(r)

(1+O(T’>)W+f§ T—z(n_k)QZO'
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This gives us an asymptotic solution of the form
(crr™F 4 corbt=™)(1+ O(r)) ifn#k
(c1 + cxlog(r) (1 + O(r)) if n = k.

We find that ¢ = 0 for n > k and ¢; = 0 for n < k. Either way there is
a multiplicity one principle so that vy, o is a constant multiple of the unique
solution @y, o1 to the ODE above. Explicitly one computes

Doy 0 (1) = (1 — r2)8r|”_k|2F1(s — €nik, s+ €npn; 1+ |n— k| 7’2)

1 ifn>k
Enr =
' —1  else.

for

For convenience we write
2iné 2ik6
Doy, on (Ko, arky,) = "1 Doy, o (1) e,
We have obtained the Fourier expansion
var(9) = Z Con 2k Pon 21(9)-
nez

Given the coefficients cg, = cop 0 0of v9 We can determine cy,, o1 for all k using the
ladder operators. To do this one computes, see [7, Lemma 2.27], that

—(n—k) if n >k,
RPopor = —2Pop 2142 X {(s+k)(1s+k) . and
o fn<k

CBzeb) g >
Lo, 01 = —2Po,, 052 X 1+n—k -
a2k a2k {—(k;—n) if n < k.
One deduces that
Rfvo(g) = (=1)¥2° Y~ d(n, k) - conPan 2(9),

nez
for £ > 0 and with

I'(n+1) .
(= )kr(n k+1) ifn >k,

= n_L(nt+ DI (s+k)T(1—s+k) ,
d(n; k) - ((l l) )Féc n—)‘,—l()l—‘(s—‘,-n)) (1 s+n) lf 1 S n S k — 1’
D(In|+ DT (s+k) T (1—s+k )
T (k+[n[+1)T(s)T(1—s) if n <0.

Similarly we can work out the action of £* on the Fourier coefficients. This shows

Proposition 4.27. For k > 0, the value at the origin of vy acted on by ladder
operators is related to its Fourier coefficients by

RFvg(e) = cop2"T(k + 1)
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and
LFvg(e) = c o 2T (k + 1)

We conclude this discussion on Fourier expansions by remarking that in general
the coefficients ¢y, can be rather complicated. However, since the first eigenfunc-
tion g can be described using the Patterson-Sullivan-measure p we can be more
precise. Indeed we simply have

i 1—1? 0
o009 = || (=g ) )

The Fourier development discussed above reads

o(b1,7,02) = Z C2nq)2n,o(7’)€2m91-

nez
Define the 2n-th Fourier coefficient of u by

f(2n) = / e du(a).
0
Proposition 4.28. The relationship between the coefficients co, and fi is given by
1 T+ n|) .
Cop = . —2n).
" =0 T )
Proof. Recalling the shape of ®y, ¢ in terms of the Gaufl hypergeometric function
yields

chnr|”|2F1((5, 5+|nf; 14 |n|; r?)e?mo = / (r?—p (! 07200 120200 L 1) =00 (a1).
- 0

The result follows by writing down the appropriate series expansions of both sides
and comparing coefficients. U

For the record we state the following asymptotic of ®g, o5 as t — oc:
F(S — en,kk)F(s + emkn)

Dop ok (ar) = 4% (1+ O(nke™)).

This is [7, Lemma 2.30].
We turn towards matrix coefficients. If © denotes the tight-regular representa-
tion on the irreducible space H, then we write

Mo 2k(g) = (7(9) 2k, Van)-

Here vy, € H (¥ is the normalized basis element constructed from vy by applying
the ladder operators. We observe straight away that

Moy o1, (Ko, gko,) = € Moy 21, (g)€*™2.

Since My, o are also eigenfunctions of the Casimir operator one sees that Moy, o, is
a multiple of @, 9. For example, if n = k one directly obtains Ma, 2,(9) = Pop.2n-
The general case is treated in the following lemma.
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Lemma 4.29. For integers n, k € Z we have
(=1)*41 =572 (25 — 1) Do 2k (9)
L1+ |n—k|)T(s — €xn)(s + €y k) ,—Ek ; :

Proof. To prove this result we switch to the line model, where we can work ex-
plicitly. Of course it is enough to look at ¢ = a;, for ¢t = t(r) as usual. We

have
M%,Qn(at) = <7T(6Lt)vzk, U2n> = <7T(at)f2kvs’ f2n,8> ‘

bk,sbn,s

Moy.20,(9) =

The inner product is now given by

o ) = e

LEY ) ()

Az =)= (g 4 4) = (=9)da.

We know already that in r this is a constant multiple of ®of9,. Thus it suffices
to asymptotically evaluate the integral as » — 1. This can be done for example
using Laplace’s method and one obtains

/R G = :) (G t:) o i)k—s ((1 t:) v “) _k_s-(w — )79 (2 4 ) T (79d

B (=) xT(s + €, xn) o ()
T T+ n— E)D(s + enpk)

Combining all the constants completes the proof. O

Finally let us cite some results concerning the matrix coefficients of tempered
representations.

Lemma 4.30. Let (7w, V) be a tempered unitary representation of G. Then, for
any vectors v,w € V whose K-span is one-dimensional, we have

[ (7 (ky acko, v, w)| < te”2[[o]|2 w5
with absolute implied constant when t — oo.
Another estimate can be given in terms of the Sobolev norm
Sv = |[vlla + [|dm(h).vl[2 + [[dm(e).v]|2 + [|dm(f).v]l2.

(Recall that h, e, f are an orthonormal basis of g acting on H infinitesimal by dr.)
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Lemma 4.31. Let © > $ and (7, V) be a unitary representation of G which does
not weakly contain any complementary series representation with parameter s > ©.
Then for any smooth vectors v,w € V> we have

(7 (Ko, acka, Jv, w)] < e O (v |w]]) 2 (SvSw)?

as t — oo with absolute tmplied constant.

5. EXPANSION, LATTICE POINT COUNTING AND SPECTRAL GAPS

We will first introduce the three players in this section and then dedicate a
subsection too each. Note that since these concepts are highly intertwined the
structure of this section is not linear.

First let us briefly talk about lattice point counting. This typically means count-
ing certain elements of a discrete group (i.e. lattice) contained in an archimedean
ball. More precisely let || - || denote the Frobenius norm on 2 x 2 matrices. Given
a subgroup (or more generally a subset) I' of SL(Z) we define the congruence
subgroups I'(q) as the kernel of the natural projection SLy(Z) — SLo(Z/qZ) inter-
sected with I". Then we are interested in the size of

Ni(T,T(q)) = #(I'(¢) N Br) = #{y € T(q): 7| < T}

Of course there exist many variations of this counting problem.

Recall that given X = I'\H we have seen in the previous section that parts of
the discrete spectrum of A may be contained in the interval [0, ). We call such
eigenvalues exceptional eigenvalues. Of course there are at most finitely many such
eigenvalues and we number them by 0 < Ag(T') < A(I) < -+ < Apax(T) < 1. A
deep result due to Selberg states that for congruence subgroups I' of SLy(Z) we
have the lower bound % < X;(T'). This is what we call a (quantitative) spectral
gap. It is uniform in the sense that it holds for all congruence subgroups.'' Here
we are mostly interested in the following situation. Let I' be a finitely generated
non-elementary subgroup of SLy(Z). In particular, X has infinite volume and we
write 0 = §(I") for the Hausdorff dimension of the limiting set of I'. We have two
very different situations. If 3 < § < 1, then we have seen that A\o(I') = 6(1 — 9).
On the other hand, if § < %, then A has no discrete spectrum. In this case one
needs to consider so called scattering resonances to make sense of the spectral gap.

Finally we turn towards expansion. Given an undirected k-regular graph G with
vertices V' and a subset X of V| the expansion of X, called ¢(X), dis defined by
%, where N(X) is the set of neighbors of X. The expansion coefficient of a
graph is

c(G)= inf ¢(X).
1X <346

HThe assumption that I' is a congruence subgroup can not be lifted completely, since one can
construct I' with arbitrary small eigenvalues. However, in the congruence case the value 1—36 can
be slightly improved.
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We say that a family of k-regular graphs G, forms a family of expanders if there
is a fixed constant C' > 0 so that

liminf ¢(G,,) > C.

n—oo

The connection to the topics above lies in considering Cayley graphs of I'/T'(p) for
p large.

5.1. Lattice Point Counting. We start with the following counting result.

Lemma 5.1. For a prime p we have
T2+6 T1+e
M(T,Kp)= > 1<—+

yeK (p),IIVIST

+ 1.

The implicit constant is independent of p.

Proof. We follow the method of Sarnak and Xue. The problem obviously trans-
forms into counting (a, b, ¢, d) € Z* with

|al, 16l |c], [d] < T,
ad — bc =1,
a=d=1mod p and
=c =0 mid p.

We claim that we get the congruence conditions together with the determinant
restriction yields the strong condition

a+d =2 mod p* (14)
To see this we write
a=14+Mp, b= X3p, c= X pand d=1+4+ M\p.
We get the equation
(L4 Xip) (14 Aap) — Ashgp” = 1.
This can be rewritten as
(A4 X2)p = (Ashg — A do)p?.
With this at hand we get
a+d=2+ A+ A)p =2+ A3\ — A\ A2)p? = 2 mod p°.

The case a = d = 1 contributes O(% + 1) possibilities. This is since b or ¢ must
vanish and |b|, |c| < T as well as p | (b, ¢).

The case |a|] > 1,d =1 or a = 1,|d| > 1 contributes at most O(%) . This is
since there are O( ]%) choices for a or d due to (14) and since bc = 1 — ad we have
O(T*) possibilities for (b, c).
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Finally, if |al,|d| > 1, then we choose a in O(%) ways and a + d in O 1%) ways.
This determines (a, d) and we conclude by observing that there are O(T*) choices
for (b, ¢) due to the divisor bound. O

Using spectral theory different types of lattice point counting results can be
obtained.
Theorem 5.2. Let ' be a finitely generated subgroup of SLy(Z) with or > % Let
qo € N be given so that T'/T(q) = SLo(Z/qZ) for all square-free q with (q,qo) = 1.
(Such a qo exists by the strong approzimation combined with Gorusat’s Lemma.)
There is € > 0 depending on T, so that for any square-free q with (q,q0) = 1 and
any g € SLy(Z/qZ) we have

c T26 .
Hyel: q =T WdVEgmf?dQ}:m+O(q3T% h)-
Proof. The starting point is the observation
lglI> = a® + b* + & + d* = du(g.i,7) + 2 (15)

Recall that cosh(d(z,w)) = 142u(z,w). Thus we define the more general counting
problem

Nr(X;z,w) =t{y € T': d(z,yvw) < X}.
A spectral argument due to Lax and Phillips yields

o §
[Ne (X 2.0) = D e505(2)pga(w)ee™| = O(¢* X E7?).

J

Here we are summing over the exceptional part of the spectrum A;(I'(q)) = s;,,(1—
s;q) With associated eigenfunctions ¢;,. Note that so, = 9.
Note that the L?-normalization of the ground state implies

1
0 L)

Inserting the spectral gap and translating X to T" completes this proof (sketch). O

The method of Lax-Phillips to prove lattice point counting results using spectral
theorem fails for I with ép < % In these cases one has to use a different approach.

Theorem 5.3 (Bourgain-Gamburd-Sarnak 2011). Let " be a finitely generated
subgroup of SLe(Z) with 0 < ép < % Let qg be the ramified modulus coming from
strong approximation. There are ¢, > 0 and C' > 0 depending on I" so that for
square-free q with (q,q0) = 1 and any g € SLa(Z/qZ) we have

CFT26

u{’YEFmBT’}/EngdC]}:m

(1 + O(e*c\/m)) + O(q“T%),
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To give a proof here would go beyond the scope of these notes. As mentioned
above spectral theory can not be used directly here. Instead one rewrites the
counting problem as a renewal equation and uses dynamical methods. More pre-
cisely one encounters the (dynamical) Ruelle zeta function, which is closely linked
to the transfer operator. The resonances appear as zeros of this zeta function.
Note that expansion is still crucial for the proof to work.

We will later need a version of this theorem for the semigroup I'4 (or even I'y).
However, since 0 < %, the group I' can not contain parabolic elements. This is
crucial for the proof. It turns out, that, since I'4 satisfies this as well, the proof
can be easily adapted to that situation.

Later we will need another basic counting result for I' = SLy(Z). Since this
seems to be the appropriate place we state them now.

Lemma 5.4. Let X > 1. There exists a function
Yx: SLQ(R) — RZO
which approrimates the indicator function of an archimedean ball. More precisely

ox(g) > 1 for|lg|| < X

and

Z px(€) < X2

£eSLa(Z)
Furthermore, for any y > 1, and any o € SLo(Z/qZ) we have
1

> ex(©) = 1STa(Z)4Z) > ex(§) +0(x2).
@), £€SLa(2)

Proof. This can be deduced easily using spectral theory using Selberg’s 3/16-
theorem to control the exceptional eigenvalues. U

5.2. Spectral Gap. We now proof Gamburd’s E—Theorem, which features a uni-
form spectral gap for a family of principal congruence subgroups I'(p) C T for p
sufficiently large under the assumption § > %. If I is given this spectral gap is in
some sense quantitative.

Theorem 5.5 (Gamburd). Let I' = (Ay, ..., Ag) be a finitely generated subgroup
of SLy(Z) with § > 2. Let F(p) = T'(p)\H. For p large enough we have

) 5
—) =Q(F(1 0(1=196),—=).
o) = AFO) N[5 - 8), o)
In particular Q(F(p)) has a spectral gap, that is for p large
5)
) %)

QF(p) N [6(1-9)

A(F(p)) = min(A (F (1))
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Proof. Take p large enough so that I'/T'(p) = SLy(F,). Further assume that

F () 1 [5(1 = 6), =) # AF(1)) N[5(1 - 6), 1),

If this is the case we must have a new discrete eigenvalue A in (6(1 — 4), ). Let
V\ be the corresponding eigenspace. Since the Laplacian commutes with deck
transformations (i.e. I') V) must contain a non-trivial irreducible representation of
SLy(F,). (This is a theorem due to Frobenius.) Since any non-trivial representation
of SLy(FF,) has dimension at least 2+ we find

m(\ F) 2 P

We will now use spectral theory to give an upper bound for the multiplicity and
thus obtain a contradiction.
Recall the point pair invariant (9):

kl (Z, w) - lu(’z’w)g X4—2

and k = k; x k;. The corresponding automorphic kernel is denoted by K (z,w) =
Kx(z,w). Let IC, be the compact part of F(p). Then we have

K(z,z)du(z) Z/K (z,72)du(z)

€L (p)

Z Z/ (612, v6 1 2)du(2)

~ED(p) €T /T(p

<<p32/ (z,v2)dp(2)

~vel'(p

<pt ) /’Ck(z,’w)du(z}-

YEK(p)

Ky

As noted in (10) the kernel K evaluated at (i,) counts exactly Ni(v/X,T(p)).
This generalizes to

K =21 = (¢ ) €T £0) = Llabed) < 25,

for some homogeneous positive-definite quadratic form in a, b, ¢, d. The dependence
on z is continuous. Thus, since Ky is compact there is o, so that

il
<)< ollv|?,

for all z € Ky. We get
Klyé(iai) S KI,X(Z7Z) S KI,UX-
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Recall that cosh(T") = 244X . Thus by Proposition 4.22 together with our counting
result we get

_p(z:y2)
S [ Mo < [ 5 gty
K1 Ky

yeK(p YEK (p)
1
< X sup Z —5u(z,’yz)§X2
€K1 S u(z,vz)

<X Y M«X > [ﬂ+1]

l<X?, 1<X?,
dyadic dyadic
2+€
1
< + X't

This gives
/ K(z,2)du(z) < X*T + pP Xt
K

On the other hand we can lower bound the automorphic kernel using the pre-trace

inequality:
/Kzzdu > [ 3 Xl ) Paute).

Ko Njp<i

To further estimate this expression we need to take care of the cusps and funnels of
F(p). Indeed by concretely estimating the integrals of ¢, over the regions around
cusps and funnels one can show'?

4MMM@»A@mww

We get
[, Z P 20 3 3 [ lenopa)
Kp A Jp<7 F(p)
< > X m(Ny).

Ajp<i
Dropping everything but the contribution of one eigenvalue 0 < A < % we get
m(\, p) < X20=9+e g8 y1-2ete,
Choosing X = p? yields
m(A,p) < p* 7.

12This is technically the most difficult part of the proof, which we omit!
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Combining this with the lower bound for the multiplicity we get (for p large
enough)
6(1—s)>1.

This translates into s < % or \ > %. ]

Remark 5.6. The proof can be generalized to give the following stronger result.
Let I' be a Fuchsian group of the second kind with § > %. Then there is N = N(I)

so that .
QF(p)) N[0(1 = 90), 5=) € AUF(T)),

" 36
for all ¢ € N with ¢’ = (¢, N).

Next we give a generalization of this result to all % < 0. However, the result is
slightly weaker.

Theorem 5.7 (Bourgain-Gamburd-Sarnak 2011). Let I' be a finitely generated
subgroup of SLy(Z) with § > 5. There is an € = €(T) so that

M(T(g) > Xo(T(q)) + ¢
for all square-free ¢ > 1.

Proof. The proof can be found in [3, Section 2]. In contrast to what we have seen
above, to prove this theorem the expansion properties of the associated Cayley
graphs are established using combinatorial techniques. The spectral gap then
follows from Theorem 5.10 below. U

We turn towards the case § < % Note that for this to be the case I' can
not contain parabolic elements. This is a key property in what follows. Indeed,
the same methods work for the semigroup I"4, precisely since the latter does not
contain any parabolic elements.

Recall that the resolvent was the meromorphic continuation of Rx(s) = (Ax —
s(1 —s)) for X = I'\H. In the absence of exceptional eigenvalues we have the
spectral gap is replaced by a resonance free region. Recall that Rx(s) has a
simple pole at s = § and no further poles on the line Re(s) = §. This resonance
replaces the base eigenvalue. One has the following result

Theorem 5.8 (Bourgain-Gamburd-Sarnak 2011). Let I' be a finitely generated
subgroup of SLo(Z) with ér < % For g > 1 square-free we write X (q) = I'(¢)\H.
There is € = €(I") > 0 such that Rxq)(s) is holomorphic, with exception of a simple
pole at § = s, for

1

1 .
"log(1 + Im(s))>
This is also proved using dynmaical methods and we will not give any details.

Let us just mention, that the resonances can be interpreted as zeros of the Selberg
zeta function. The latter turns out to be the dynamical zeta function that we

Re(s) > § — emin(
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already mentioned in the lattice point counting section. The result above is thus
equivalent to a zero-free region of this zeta function. Again expansion plays a huge
role in establishing this zero-free region.

5.3. Expansion.

Theorem 5.9. Let S = {Ay,..., Ay} be a symmetric set of generators in SLy(7Z)
and let I' = (Aq, ..., Ag). If the Hausdorff dimension of the limit set 5(I") > %,
then G, = G(SL2(Z/pZ), S) is a family of expanders.

Proof. We start by reformulating our spectral gap theorem on the group level.

Write

L*(T(p)\ SLa(R)) = V,, @ L§(I'(p)\ SL2(R))
as (unitary) SLy(R) representations. (Here ¢ is the ground state with eigenvalue
Ao(T").) Then we define

R= | J{r € SLy(R): Hom(m, L3(I'(p)\ SLs(R))) # {0}}.

p>1

When SLy(R) is equipped with the Fell topology, then the spectral gap tells us
that V,, is not contained in R.

We will now use Fell’s continuity of induction to deduce the trivial representation
po of I' is isolated from certain other I'-modules. We define

H(p) = L*(SL(FF,)) = 1 & Ho(p)- (16)

In particular,

Ho(p) = {f € H(p) Zf

Note that I' acts on H(p) and for p sufficiently large the decomposition in (16) is
true in the sense of I'-modules. (Where ~vf(x) = f(z7).)
By induction in stages we have

IndISQI(“;)(R) 1= Indls}2 In dF )1 = Indp S2®) 50 IndSLQOR Hy(p).

Note that 7, r) C Ind?LQ(R) po. Let

Then py is isolated with respect to 7. (Otherwise one gets a contradiction to
our spectral gap for I'\ SLy(R) using that 7; — po implies that IndSL2 )Tj —
SL2(R)
I (py) 2 1))
Recall that from the definition of the Fell topology it follows that there is € > 0
depending only on I and S such that for all f € Hy(p) we have

IS = fII > ell £l
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for some v € S.
From here it is easy to conclude. Let A be a subset of V,, = SLy(F,) of size a.
Denote the compliment of A by B and write b = n — a, where n = §V,,. Define

fa) = {b if v € A,

—a ifzeB.

Obviously f € Hy(p). We have
I£1I* = nab.

Let
E(A,B)={zeV|re Aand xy € Borz € B and zy € A}.
Then
Ivf = fII? =n® - £E,(A, B).
Now there is v € S so that
1 Ivf = fIP _ eIFN? _ sab _ € gA
EN(4) 2 3154, B) m: = o2 Con 2 w )

Since € does not depend on p we are done. U

This theorem has a direct generalization.

Theorem 5.10. Let I' = (S) be a finitely generated subgroup of SLo(R) with
I(A) > % Further let N; be a family of finite-index normal subgroups of I'. Then
the following are equivalent:

(1) The Cayley graphs G(I'/N;,S) form a family of expanders;

(2) There is e = €(I') > 0 such that \{(N;) > Ao(N;) + €.

Proof. The implication (2) = (1) is a direct extension of the argument featured
above.

We turn towards (1) = (2). Let us set some notation. Write V; = L*(T'/N;)
equipped with the right regular representation R;. Then we consider

H; ={F:H—V,: F(yz) = Ry(7)F(2) for all v € T'}.

Let oo be the ground state (i.e. the eigenfunction corresponding to the bottom of
the spectrum) with eigenvalue \o(I"). Let Hy; be the subspace of H; orthogonal
to ¢o ® Id. We need to show that

[VFIdn = (o +) [ PP
F1 F1

where F; is a fundamental domain for I'.

Recall that by the expansion property we have € > 0 depending only on S such
that for all F' € Hy(q) we have

[F(v2) = F(2)|| = el () (17)
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for some v € S.
Write f = ||F|| and decompose it as

f(2) = ago(2) + b(2).

Here

| @i =0and [ 11@Pde=a+ [ ploPdu=1
Fi1 F1 Fi1

Further write F'(2) = (F1(2),..., F,(2)), where k; = fI"/N;.
One computes that
IVEI*(2) = [VfI*(2).
We obtain
f]—'l IVE|*du > f]—'l (Af, fdu
Jr IFIPde =[5 1f(2)]%dp

= / (adowo + Ab, agpy + b) = a* Ao + (Ab, b)
F1

ot On =) (=)l
F1

Since there are only finitely many discrete eigenvalues we have A\; —\g = ¢1(I") > 0.
If we have [, |b(2)|*du > €1 > 0, then we are done.
Let us consider the critical case when [, [b(2)[*du = 0. in this case we can
assume that a = 1 and we write
k;

F(2) = u(2)po(2) with [lu()|* = 3 Jui(=) = 1.

i=1
Computing with derivatives yields
1Vepoull® = [Veol* + @l Vel
This implies
Jr IVE|Pdp S5, po(2)?[|Vuldp
s = A0
Jr IFPdp S5 leo(2)ldp

Our goal is to show that the remaining quotient is bounded from below.
Assume that

Iz, wo(2)?IVul*du
I leo(2)|dp

Our goal is to reach a contradiction for small k. By some foliation argument
(applied after savely removing regions around funnels and cusps) one obtains

/ o2 lulz) — u(2)||du(z) < / wol2)dp,
B(z,0)

B(z,9)
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for all v € S. But by (17) we reach a contradiction for some v € S. This completes
this sketch of a proof. O

In general one has the following result

Theorem 5.11 (Bourgain-Gamburd-Sarnak 2010). Let I' C SLy(Z) be finitely
generated and Zariski dense SLy. Let S be a finite symmetric set of generators of
[. Then, for squarefree q the graphs G(I'/T'(q),S) form an expander family.

Proof. A key technical input is a sum-product estimate for subsets A C Z/qZ.
The proof can be found in [2]. O

6. COUNTING RESULTS FOR THE SEMI-GROUP ['4

For thin groups I' with § < % (i.p. there are no parabolic elements in I') the
counting result Theorem 5.3 is a key ingredient for the execution of the affine
sieve. This has been discussed in [3, Theorem 1.6 and 1.7]. For the applications
to Zaremba’s conjecture we will need similar counting results for the semi-group
I'4. In this section we state the relevant results and make a couple of remarks
concerning the proofs.

Theorem 6.1. Recall the definition of the semigroup I' 4 and take A = 2. There
15 an absolute square-free integer B > 1, absolute constants ¢,C > 0 and an

absolute spectral gap © > 0 so that for any square free ¢ = 0 mod B and any
w € SLy(Z/qZ) we have

4 SL,(Z/B7Z)
ﬂSL2(Z/qZ)
+O0({y €Nt [yl <Y} -&(Y59),

tH{yeTaNBy: vy=w mod q} = #{y €ToN By: v=w mod B}

where

e~ VIee)if g < Clog(Y),

&(Y;q) = { £Y°  ifg> Clog(Y).

Proof. Note that I'y is free and every non-identity element is hyperbolic. For this
reason the proof of Theorem 5.3 directly generalizes to this setting. (The error
term is a consequence of a zero-free region for the congruence transfer operator
coupled with a Tauberian theorem. One should note the similarity to the typical
prime number theorem error term.) O

This result will be used in the proof of Theorem 1.12 to construct a set Il in
which it taylored for the execution of a sieving argument. In this context the
restriction to square-free moduli ¢ is no obstacle. However, in the application to
Zaremba’s conjecture (Theorem 1.4) we will need a similar result to construct a
set which is suitable for the application of the (orbital) circle method. In this case
it is crucial that all moduli ¢ are allowed.
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Theorem 6.2 (Theorem 8.1, [5]). Let T' = 'y be the usual semigroup. There exists
an integer B = B(A) > 1 and a constant ¢ = ¢(A) > 0 so that the following holds.
For any (¢,B) = 1, any w € SLs(Z/qZ), any o € T' and parameters T, H — oo

with H < eV1°6T) there is a constant C() > 0 so that

tH{yel:v=w mod q, |v —vo| < H ' and 0l <T
Y Y +\7

ol
_ 2 IU(I) 20  —cy/log(T

Here T is the interval of length H=' about v and the implied constant does not
depend on'T', H, q, w or .
Similarly, if B | ¢ we have

17oll

H{yel:y=w mod q, vi(y) €T and B <T}
§SLy(9) 770l
= el v=w mod*B,v €7 and <T
Sz ) T

+ O(T2667c\ / log(T)) .

Proof. Again the methods from the proof of Theorem 5.3 carry over to this set-
ting with not much modification. (This is because I'y is a free semigroup with
only hyperbolic elements.) The bottleneck is that the expansion property from
Theorem 5.11 only holds for square-free q. Luckily the relevant results to lift the
square-free assumption are known by now. This allows one to prove the theorem
as stated (and also Theorem 5.3 holds for arbitrary g¢).

Finally, note that the condition ””77%”” < T can (essentially) be phrased as

The latter expression appears naturally in the dynamical approach to Theorem 5.3.
O

What we will actually apply later is a direct corollary of this result. Unfor-
tunately we need some notation that is only introduced in Section 9 below to
properly state the result:

Corollary 6.3. With the notation as in Theorem 6.2 we have for any T, H, H; —
oo with Hy = o(H) and H < V6D and any (q,B) = 1, w € SLy(Z/qZ) that
T

tH{yeT:y=w mod q, [vi(y) —o| < H ' and |\(v) = T| < T
1

- C(U)T%%(l +O(H ' + %)) + O(T%e_‘\/@),
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Here T is the interval of length H=' about v and the implied constant does not
depend on'T', H, Hy q or w.
Similarly, if B | ¢ we have

T
tH{yeTl:y=w mod q, vi(y) €Z and |A\(v) = T| < T
1
~ 1SLa(Q) o~y — _ T
= ﬁSLQ(Z/qZ)ﬁ{7 el'ty=w mod B,vi(y) €L and |A\(vy) —T| < i
+ O(TQ‘SG_‘N“O%(T)).
Proof. Later we will see that
Ay _
) (14 Ol ).

M= T T

Suppose 7, 7o both lie in Z (an interval of length H~! about v) and that |||, |0l >
H. Then the above yields

)\(70)

70l = m(l +O(H™))

and

A(Y)A ()

70l = m(l + O(H)).

This leads to

[l _ 1

Now we observe that C(vy) approaches a constant C(v) as vy (y) — v and ||| —
00. U

To implement this corollary we have to combine it with a (standard) randomness
extraction argument. In absence of a better place we record the relevant lemma
here.

Lemma 6.4. Let = pug be a probability measure of finite subset S C SLy(Z):

u(v)zﬁ%zﬂé‘:v-

Fizn >0, let g9 < Q be a fivzed modulus, fix wy € SLa(Z/qoZ) and let Q = Q,, C
[1,Q] be the set of moduli g < Q with qo | q. Assume that for all ¢ € Q and all
w € SLo(Z/qZ) with w = wy mod qo the projection



THIN GROUPS AND APPLICATIONS 69

is near the uniform measure on SLo(Z/qZ) conditioned on being = wy mod qq,

§ SLo(Z/qoZ) C max e lul(w) — SLy(Z/qoZ)
Tolpt] = ¢SLo(Z/qZ) = esmax  [mglul(w) SLo(Z/qZ)

w=wo mod qo

| <

Loo'Ewo mod qq

Then for any T with
n—21og(Q) < T = o(1/15)

there exist T' distinct points vy, ...,yr € S such that the probability measure v =
UTm,..yp defined by

1
= (0 o+ 5y)

has the same property. That is, for all ¢ € Q the projection m,v is also nearly

uniform:
1 SLo(Z/quZ)

max TV — ————= <.

qEQ ( q[ ] ﬁSL2 (Z/qZ) Loo|2w0 mod qq 77
Proof. We define

T
1 f SLa(Z/qoZ) T
D = max max ’— ﬂvjzw mod ¢ — —llu( )<7)7
~veSL2(Z)T aed ngSLIIi((J%qu r j= ﬁSLQ(Z/qZ)

where p(*) is the product measure on SLy(Z)T and v = (v1,...,77). This is the
expectation with respect to p of quantity we are aiming to estimate.
Using our assumptions gives the bound

D<n+ » > max max I—wa%,& 1 () (T (8),

)T et q€Q weSLy(Z/qZ)
2 2

for
fw(’}/ja 5]) = IL'ijw mod ¢ — ﬂszw mod q-

Note that for fixed w, f,(7;,&;) are independent mean zero random variables
bounded by 1. The contraction principle gives

D<n+) > DENED(MuT(E).
v £

Here
T

DO =27T Y max max (=3 e ful1,8)] (18)
1

€9 weSLa(Z/qz) T
ee{+1}7T 1 Y 2(Z/e2) Jj=
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For a p chosen later we can apply Khintchine’s inequality to get

T

ERSEL D DI b DI DI S NS¢

ec{£1}T \ ¢€Q weSLa(Z/qZ) Jj=1

<> > 2" > I—Z@fmpﬁj)l

q€Q weSLa(Z/qZ) ee{£1}7T Jj=1

2> )p;(zlfw%,é} )p

4€Q weSLy(Z/qZ
< Q%p%T*%.
We choose p = log(Q) and get
D(7,€) < log(Q)2T 2.

[un

For T > n21og(Q) we get
D <.

Note that the number of T-tuples v with distinct entries is (ﬁgST), = (#9)7 for
T = o(v/15). This concludes the proof. O

7. HYPERBOLIC SECTOR COUNTING

In this section we supply several technical counting results that will be needed
later on. We will mostly focus on the infinite volume case. In the classical case of
finite co-volume such estimates were given for example by Good.

Define the Sobolev type norm

Seorf = max sup |dw(X).f(g)|-
= By S0 S(0)

We start with some technical discussion. We start by working with a Fuchsian

group I' C G = SLy(R) of the second type with § > 1. As before we write

2
K = SOy(R). The point spectrum of the Laplacian acting on L?(T'\H) is

1

We write \; = s;(1 — s;) with s; > 1.

First we will (asymptotically) evaluate

N(T) _ Z 62in01('y)62ik92('y).

€T,
||’Y||<T
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This will be done spectrally as follows. For g € G define

fr(g) = 2@k g

The associated automorphic kernel Fr: I'\G x I'\G — C given by
h)=> fr(g”'7h)
vyel

satisfies Fr(e,e) = N(T).
Fix n > 0 (in terms of 7') and choose a smooth function ¢: '\G — R with
fF\G 1 = 1 and compact support in a ball of radius n around e € G. Consider the

integral

H(T) = (Fr,¢ @¢) = /F y F\GfT(g,h)w(g)z/z(h)dgdh.

Lemma 7.1. We have
H(T) = N(T) + O(n(1 + |n| + |k)T*).

Proof. We write Fr(g,h) = N(T) + (Fr(g,h) — Fr(e,e)). Inserting this in the
definition of H(T') using that 1) has mass one we obtain H(T) = N(T) + E(T)
with

N / (Fr(g, h) — Fr(e. e))(g)(h)dgdh
NG Jr\a

>/ (Frla™40) = F2) ol dgdh

~el .mma\G JT\G

We consider several cases exploiting the support properties of fr and :
o If ||7|| > 17’ then fr(g~'~vh) and fr(v) vanish.
o If m < |7l < %7, then we have the trivial estimate

|[fr(g™ vh) = fr(v)] < 2.
o If ]| < 11 L then ||[g~'yh|| < T and ||y|| < T. Since |e2nf1(6™"7h) _ o2in01(7)| «
|n|n we deduce that
[fr(g™ vh) = fr(v)] < (Inf + k).
Combining these observations we get

ET) < Y. +(nl+ [k > 1

~yel, vyel,
T T T
Z<lhl< i< 2

< nT® + (|In| + [k|)nT*.

Here we have used a standard counting argument due to Lax-Phillips. U
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Lemma 7.2. The inner product H(T') can be expressed as follows

/fT (9), ¥)dg

Proof. We insert the definition of F(T") into the definition of H(7"). By unfolding

we get
g H(T) = / . ( /G fT<g>w<xy>dg) V(@) de.

We conclude by interchanging integrals and recognizing the desired inner product.
O

Next we decompose v into its Fourier series:

ng Z 1/)2771 21m9 )

mMEZ
Inserting this above yields

/fT 9)Vom, Y dg—/fT (9)V—2k, V—2n)dg

To obtain the Second equality we observed that the G-integral vanishes unless
m = —k and | = —n by orthogonality.

At this point we expand the matrix coefficient (7(g)w_ok, ¥_2,). spectrally. To
do so we recall that the first frequency is A\g = (1 — ) and it comes with the
corresponding eigenfunction ¢y. Let V' be the closure of the G-span of ¢g. We
obtain

(m(g)th—2ks Vo) = (-2t v—2k) - (V-2n, Yn) (T (9) V24, V-2m)

-~

= (3, 0—k) — (02 )

+ (m(9) VL V)

We can now prove the following estimate

Lemma 7.3. AsT — oo we have

2log(T)
H(T) = (v, v-2k) (V-20, V) /0 (m(ar)v-ak, v_a,) sinh(t)dt + O([|¢ [T log(T)).

Proof. The main term comes directly from our observations above, so that we only
need to estimate

| 1@yt i)
By the triangle inequality and mixing (i.e. Lemma 4.30) we get the bound

617 | erte™ sinb(t)dt < 63T og(T).

Here we used the explicit description of the Haar measure da; as sinh(t)dt. 4
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We are now ready to proof the following master theorem

Theorem 7.4. Let I' be a Fuchsian group of the second kind with critical exponent
§> 1 Let
2

1

be the exceptional eigenvalues of A on I'\H. Then, for integers n and k there are
constants ¢y, ...,cy € C depending on n and k such that

, , (s — 1 N
Y ) - ﬁ(%)ﬂ(%)ﬁ—l“(( o ii T4 ci(n, k)T
~yel', j=1

IvI<T
+ (T2 3 og(T)7 (1 + [n] + [K])7)
as T — oo. Here |cj(n, k)| < |c;j(0,0)|,as n and k vary and the implied constants
depend only on T'.

Proof. Recall that we want to estimate precisely N (T) and we already related this
to H(T) up to an negligible error. We start directly from the last lemma.
Recall that v had unit mass. This implies

(V_20,9) = v_2a(e) + O(n) and [[¢[|* < n-3.

(The last exponent is 3, since this is the dimension of G.)
We end up with

2log(T)
N(T) = v_gk(e)v_gn(e)/o (1(ay)v_gk, Vo) sinh (t)dt4+O (n(1+|n|+|k|) T +n—3T log(T)).

Choosing 1 optimally gives the desired error.
It remains to evaluate the main term. This follows from the considerations in
Section 4.7 and is left as an Exercise. O

From this theorem we can derive several important consequences that will be
used later.

Theorem 7.5. Let I' be a Fuchsian group of the second kind with ér > %. Fiz
v € I' and a congruence subgroup T'1(q) C T' of level ¢ > 1. Let f: G — C be a
smooth function with |f| < 1. There is a fized integer B depending only on T’ such
that for ¢ = q1q2, q1 | B,

Y. fG T rl( )] ) +E, +O<T¥5+%(1+Sm7Tf)g)'

y€v0T1(q),
Iv<T Ivll<T

Here &, < T?~% with ag > 0 and all implied constants are independent of g,
and .
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Proof. The ramification number ‘B is constructed using strong approximation. Re-

call Remark 5.6 for the corresponding spectral gap. We write
1
0<d(l=0)=XMN << <XJZV(‘1)<Z'

We call an eigenvalue coming from smaller levels old-forms. In particular, due to

Gamburd’s % theorem all eigenvalues below %(1 — %) are old, except for possible

finitely many that come from level ¢;.
We view f in KA"K-coordinates: f(g) = f(01(g9),t(g9),02(g)). We define
fr(9) = f(g9)Ljg)<r and

Fr,q(g: h Z fr(g~'yh).

v€To(q)
Clearly we have

Fraw D) =Ny(T)= > f(v)

v€v0T1(q),
Ivll<T

Fix n > 0 and a smooth tes function ¢»: G — R with unit mass (i.e. fG g)dg =
1) and compact support in a ball of radius n around 1. We write

= > ¥(y)
v€l'(q)

and ¥, ., (g9) = Y4(709). As before we consider the integral

Hy(T) = (Fr, Wy, ©0,) / / (15 9, B)W,(9) 0, (h)dgdh.
T(g)\G JT(g\G

This is a good approximation to N,
Hy(T) = Nq( ) + 01+ Soor)T*).

One further computes

T) :/Gf:r’(g)@r(g)‘l’q»‘I’q,fm>r(q)\cd9-

For notational purposes we make the following assumption on the exceptional
spectrum. The spectrum below 5 consists only of

e The base eigenvalue \y = 5 (1 — ) with ground state

P @ = [[: T(q)]2¢;
e One eigenform from
1

S —
I': T'(q)

@ [C: D(qu)]e' ™)

from the bad level g¢;.
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Here 90(1) € L*(T'\G) and L*(T'(q1)\G) are normalized newforms. We write V/
(resp. V) for the irreducible subspace of L*(T'(q)\G) generated by ¢(q) (resp.
¢@). We can decompose
= \Dq‘V + \I]q’f/ + \I'ql
accordingly. A similar decomposition holds for ¥, ... The projections are given by
Uly =Y (Vo 050l
keZ

and so on. We use this decomposition to write
H(T) =W, (T) + Wq(T) + WqL(T).

The pieces are given by the obvious expressions, for example

/fT DYelv, Yoo lvir@nady-

A simple computation shows that

1
specy,atest(¥,, QOth“(q)\G - T@<\Pb gpgbr\G

1 1
and (7(9)¢5), oS rane = (T(9)ely, Phpine.

These calculations are straight forward from the definitions, but it is important to
get the volumes right. This leads to

1
Wq(T) = le(T) for W1 / fT \I/1|V, ‘Iﬁ|v>p\G
The same argument yields
~ 1
T)=—++=E&,(T
Wq( ) F: F(q>gq1( )7

for
5‘11(T) = [F F(ql)]/G‘fT(g)<7T(g)\Ijq1|\~/7\IIQ1,’7()|\~/>F(q1)\G-

This integral can be estimated independent of ¢» and by taking the supremum over
7 € I'(q1)\I', making the estimate independent of .

Finally we can estimate qu using the spectral gap. Indeed we have ||V, || < 77—%
and SV, < n—3, so that

WHT) < T8, 28T, < Tin™°

by Lemma 4.31.
Putting everything together yields

Ny(T) = m(ﬂﬂ@ + €, (1)) + O(T5n—6 + (1 + Socr /)T).
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We conclude by choosing n = (1 + Sw Tf)—%T—Z(‘S—%)/? O

Theorem 7.6. Let vo,w € Z* and assume thatn € Z, 2= < |n| < N, [w| < N7,
[vo| <1, and |n| < |vo||W|N?. Then

> Liwowniegi) >

~v€erT,
[vII<N?

Proof. We decompose v = kya,k, € KATK. We have 1 < p = ||7||, so that p < T'.
Write v = (a,b) and w = (¢, d) and compute
[(vy, W) —n| = [(a,b)kuayks(c,d)" —n|
~ |p(acos(u) — bsin(u))(—csin(v) + dcos(v)) — n|
- N
2Ky
This follows by direct computations expanding the product k,a,k, and we omit

the details.
We can rewrite this as

200

+0(fo< 1129 Jog(N)1).

N
|plv]|w]cos(u) cos(v) —n| < 5= oK,
or
n Nl—a

p
— COS(U) cos(p) — <
v costu) cose) =TIl | < SR wim,

where u is the angle between (a, b) and (cos(u), — sin(u) while v is the angle between
(¢,d) and (cos(v),sin(v)). We definte A = and B = Y2

N”lvllw\ [vilwl*
Note that cos(u) and cos(v) range in intervals independent of K. Dividing these
intervals in sectors: u € ¥, and v € ®g yields

1 o 50
Z ﬂue\yaﬂve\pﬁ > F() (M(qja)ﬂ<q)ﬂ)coj\[25 + ZCjN2 J )

el J
N"(A—%)<IIVII<N"(A+%)

+O(T+ 2 log(T)).
by (smoothing and) applying Theorem 7.4. Note that ¥ = U, ¥V, and & = UgPg
are Ky-independent intervals we have (W), u(®) > 1. This completes the proof.
U

Theorem 7.7. Fiz (c,d) € Z* and y = (y1,y2) € Z* with |y| < VN, |(c,d)| < N?
and |y| < N2=°|(c,d)|. Then

0(1—20)

(3-0)(R26+3)
> Lean- s my Hedp=y mot o} < s o + AN o
verl,

1
vll<NZ2™7
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Proof. Writ I'y(q) for the subgroup of I' which stabilizes (¢,d) modulo ¢. This
subgroup obviously has level ¢ (i.e. it contains I'(¢)). We decompose v = vy € T’
with vy € I'g(q) and 718T¢(¢)\I'. Using Theorem 7.5 we get

Z IL{l(c,d)v—y\<‘/—Kﬁ} L{(c.dyy=y mod g}

'yel“,1
Ill<N2=7
= 2 Ledmzimeaq ) Licam-v< )
M€l (\I' VEFO(Q)l"m
Iyll<N2=7
1 1 12 5
- (3-0)(Ro+3)
ST To(o) ZF Ltcappicsy T O,
’yev
Ill<ni=e

It remains to estimate

N = Z 1{|(c,d)vfy|<§}'

~ver,
1_
Iv[l<NZ277

This is again done by writing v = Kya,k, in KATK coordinates with 1 < p ~
7] < T'. To analyse this we let u bet the angle between (¢, d) and (cos(u), — sin(u).
Similarly let v be the angle between (y;,y2) and (cos(v), sin(v)). A direct compu-
tation shows that
N
K?
We break this inequality in two pieces.
First consider

> (p-|(e,d)| cos(u) — |y| cos(v))” + |y[*(1 — cos(v)?).

N
2 > |y|*(1 — cos(v)?).

YN This forces v to be contained in an interval ® of length

This requires v < YK
< 4.
The second piece can be written as

1
|

E7

cos(u) — Al <«

1
50

for A = N;#ﬂ(d)'cos(u). Since p < T, u ranges over a constant interval W.
277 c,

Breaking the sum into sectors and using Theorem 7.4 yields

1 )
Lyegl, — (W) ()N (z=0)2,
N < ; cvlyecr K KM( )M( )

1_ 1
ANE=7 (1= ) <|lyl| <AN 2+ (1-%)
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Note that [I': To(q)] > ¢?. One completes the proof by observing that since
|®| < K~ we have u(®) < K~2. O
The following lemma is of similar flavor as the results above.

Lemma 7.8. For (qK)? <Y < X, and vectors n,n' € Z* having co-prime
coordinates with |n| < £ and || <Y, we have

X Y \?
Lo(Z): ||y]| < Y, [y — 0| < — = .
Hy € SLa(Z): [Vl =Y, [y — 17| < o and vmodq}<<<qK)

The implied constant is absolute, but it depends on the implied constants in the
assumption.

Proof. Write G(Z) = SLy(Z) and let

Gy(q) ={y € G(Z): yn = n mod ¢}

the stabilizer of n modulo q. We write G(Z) = G(Z)/G,(q) % Gy(q)-
We define the region

X
—R= Lo(Z): gl lgn — '] < ——1.
Ryx = R={g € SLy(Z): ||g||Y, |gn ?7\<YK

The methods from this section apply in this setting and give estimates of the form

E ]l’yGR]lfynEn’ mod ¢ — E lwnzn’ mod q E lw‘y’GR

YEG(Z) weG(Z)/Ty(q) v'€Gq(Z)
Y 2
< Z ]]‘“”7577' mod ¢ ((q—K> + Y2®+6)
weG(Z)/Ty(q)
Y 2
o Y26+E. 19
< (q K) + (19)

Here we take © = % + 614 to be the best known bound towards the Ramanujan

conjecture. The first term dominates as long as ¢>?K? < Y3, Note that % +e< 1—53

for € small enough. This concludes the proof sketch. U

Later we will also need a sector estimate for the semi group I'4 (actually the
result also holds for the more general version I'y introduced later).

Proposition 7.9. Let vy (7y) be the expanding eigenvector of a matriz v € I'4.
Further take a density point x € €4 (the limiting set of T'4) and put v = (e l)

VA
There is a constant ¢ = c(A) > 0 so that as long as H < e¢“V'*5(1) we have
T26

Hyela: Wl <T and vy (y) o] <H'} > —

as T — o0.
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Proof. Let Z be an interval of length H~! around v. Asymptotic estimates like
Hy € T 7l < T and Jo, (3) — o] < H} ~ C - T¥(T) (20)

are well known for non-elementary convex-cocompact (i.e. no parabolic elements)
subgroups of SLy(Z). Here p is the d-dimensional Hausdorff measure lifted from
the limiting set A(T') to P! by setting du(z,y) = du(z/y). Note that the proof of
these results uses symbolic dynamics and the renewal method. It is here were it
becomes essential that there are no parabolic elements.

The same method can be set up for I' replaced by the free semigroup I'4. (In
this case the transition matrix turns out to be trivial, since all words are allowed.)
One obtains the asymptotic (20) with an error term bounded by

T26efc\ /log(T) ]

The result follows since v corresponds to a density point of €4, so that u(Z) >
H~%=¢. The constraint on H ensures that the error term is nicely dominated.
This concludes this quick sketch. U

8. PROOF OF THEOREM 1.2

We are now ready to put things together. The proofs of the Theorems stated
in the introduction all rely on a version of the Hardy-Littlewood circle method.
However each one has its own intricacies. We start by proving Theorem 1.2 in
detail.

To complete this proof we closely follow the original analysis from [4]. The
basic idea is to apply standard circle method analysis to the coefficients of the
trigonometric polynomial

Z e((voy, wo)0).

~er,
[Ivll<N

But for technical reasons we need to consider a modified version of this sum.
Recall that I' C SLy(Z) is finitely generated, free and contains no parabolic
elements. Suppose aq,...,q; are the free generators of I'. Thus each element in
I' can be uniquely written as a reduced word in the letters aq,...,q;. We write
I(7y) for the word length. Let ¢ denote the Hausdorff dimension of the limit set of
I' and assume § > %
We define

Er={{el: €] < Nz, [(¢) = k and the reduced word giving £ does end on «ay}.
For some o < i we set
N={wel: |w|]< N2 and the reduced word giving @ does start with ai}.

Without loss of generality we can assume that a; # o "
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Exercise 8.1. Show that there is kg € N so that =5, > N°log(N)~! and fI1 >
N°(=29) with an explicit constant only depending onT. (Hint: Pigeonhole principle

and log([|7][) <r 1(v) <r log([7[)-)

We put = = =y, for ky € N as in the exercise. For fixed N and 6 € [0, 1] we set

Sn(0) = Z Z Z e((voy&w, wo)b).

(€2 well  ~el,
[lvll<Ne

The nth Fourier coefficients of this trigonometric polynomials are given by

Ry(n) = Sy(n) = /O Sy (0)e(—nb)do

:ZZ Z L{(voream,wo)=n}-

(€2 well  ~el,
[vll<N?

The point is that the products @ are unique, since the last letter of £ can not
cancel with the last letter of . Thus, since I' has no parabolic elements the
vectors v&éw are all distinct. The additional element v needs to be included in
order to make it possible to apply spectral methods, for which it is impossible to
detect restrictions on the letters.

We will split the integral defining Ry(n) into major and minor arcs. This is
done by setting Qg = N and Ky = N"°. The major arcs are given by

9ﬁ={0=g+ﬂ: q < Qo and|f| < Ky/N}.

Of course the minor arcs are simply the complement: m = [0, 1] \ 91

Exercise 8.2. Almost all (with respect to Lebesque measure) 0 € [0,1] are of the

form 6 = %+5 with g < N%, (a,q) =1 and |B| < ]\1[% (Hint: Consider irrational
q

numbers.)

For analytic reasons we will also introduce the triangle function

0 if |z| > 1,
Yr)=<C1l—a if0<z<l, (21)
1+ if —1<z<0.

Exercise 8.3. Show that 1 is a self-convolution and compute its Fourier transform

~ . 2
to be Y(y) = (%) . In particular it is positive.
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We need some more definitions:

Unieo(B) =Y _ ¥ ((B+m)N/Ko),

meZ

= > ) Uy(0 ),

1<q<Qo (a,q)=1

/zmsN n6)do

/ m(60) Sy (0)e(—nb)do.

We will proceed by giving a lower bound for My (n) the so called major arc
contribution (or the main term). Later we will establish a mean square estimate
for Ex(n) the minor arc contribution (or the error).

Theorem 8.1. There is a set €(N) C [—N, N| of size §E(N) < N7 such that
the following holds. Suppose Ky = N" and Qg = N with

3 1 )
Ko < 50((5 — 5) and 21ag + 13k¢ < (20 — §)U'

Then, for |n| < N and n & €(N), the main term is
Moy (n) = {g> log log(10 + |n|) "t log(N) 1 N2-1 Z;_E A,
Proof. We fix w € Il and £ € = and write
w=wow £'.
Furthermore we define the congruence subgroup of I' of level ¢ by
I'(q) c T'(q) ={y € I': voy = vp mod ¢}.

Every v € T' can be written as v = y172 with 41 € T'1(q) and [y2] € T'1(¢)\I'. This
composition then gives

(Vo 7172, W) = (Vo - 72, W) mod g.
This allows us to split the sum

> e (twnwi +9)

ver,
vIl<N?

— Z 6(<V0"72,W>g) Z e ((vo 7172, w)B).

Y2€L(@\T 7€l (q),
lv1y2ll<N?
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An application of Theorem 7.5 (assuming a spectral gap (©,B) = (%, 1) for
simplicity) yields

1 8 (12545
Z e({vo - 1172, W)3) = T T(g)] Z e((vo -y, w)B) + O(KJ N7y,
7 €l(q), ’ ~er,
lvivall<Ne ||w||<NU
for |8] < &2, Inserting this in the main term yields
DWIPWP I r
[I': T1(q)]

&w q<Qo (a,q)=1 2l (g)\I'

Z / U ko (B)e(((vo - v, w) —n)B)dp
Irli<sre

+ O(NQ(S(l—O') S‘FG%K(?NU(I’;(S—FQSI))

Realizing that the a-sum yields a Ramanujan sum brings us to the following sin-
gular series:

1
Sreslt)= 2 oy 2 e e

The singular integral reads

TN£w Z /‘IJNKO ((vo -7, w) —n)B)ds.
||’Y||<NU

Thus the main term reads
K
=) GnewTnes(n) + ONPIIQi—2

5
K NoURS+E)).
N )
We begin by looking at the singular integral. By definition of Uy g, we obtain

2K,

1
| wnsaBreteas = [ w(pziewnis = T > S

The final lower bound follows since w is positive and one checks that zZ(y) > 0.4
for |y| < 3 using the exact formula. We obtain

TN,{,w(”) > 5N Z 1]-|(v0-'y,w) n\<2K0
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We want to apply Theorem 7.6 to give a lower bound for the v-sum. This can be
done for |w| < N'79 and we get

2K0 N250' KO
5N Ko +O(W
> N26U 1 +O( N N(25+3)J/4 lOg(N)i)

TN ¢ w (1) NEFH)/4 100 N)E)

On the other hand, if |w| < N'777¢ then [(vq -7, w)| < N'=¢ and the corre-
sponding values for n can be absorbed into the exceptional set (N). Recall that
Ky = N*o, The error term is fine since

3 1
—o(0 — ).
Ii0<20'( 2)

We define the Ramanujan sum

(a,9)=1
Exercise 8.4. Show that c,(x) isp —1 if x =0 mod p and —1 otherwise.

We turn towards the singular series. Let us pretend that I'(¢)\I' = SLy(Z/q7Z)
for all ¢. (The modification needed for the general case are minor.) The singular
series reads

Gwa Z IjSLQ Z/q ) Z CQ(<V077W> - n) (22)

v€SL2(Z/q7Z)

This can be extended to all ¢ € N. One sees that the full g-sum is eulerian and
that the main contribution comes from the primes:

1
(1 femm 5, v =

y€SL2(Z/pZ)

After changing representatives we can assume without loss of generality that vy =

= (0,1). Then (v¢y,w) = d,, where d, is the lower right entry of v. We first
treat the case p | n. An easy counting argument shows that there are p* —p choices
for v with d, = 0 mod p. Since §SLy(Z/pZ) = p(p* — 1) we find that there are
remaining matrices (i.e. ptd,) p* — p?. Taking the evaluations of the Ramanujan
sums into account yields

: 1 : sy L
mygg@%w@(dw—n) e [(p—1)(p* —p) + (-1)(p* —p*)] = Pt

On the other hand if p { n, then we first count matrices v with d, = n # 0 mod p.
One directly sees that there are p? such matrices. Accounting for the remaining
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matrices as before yields

1 1
e Y. ldn)=——— -+ (- -p —p)] = 5—
18La(Z/P2) | o ) p*—p p*—1
Combining both cases yields

1 1
Snew 1 1—— log 1 -1
V&, (”>>>H( +pz+1)H( p+1> > loglog(n)
pin pin
We end up with
Ky ¢
My (n) > N¥ Llog(N)tloglog(n)™! + O(N?1=2) 8+€W0K07 N"(Lf“?sl)).
Recalling that ()9 = N“° and looking at the error term we are done since
13 5
3ap+ —ko < (20 — <)o /7
7 3
by assumption. U

We will now deal with the minor arcs. To do so we will look at different ranges
a K
WQ,K:{925+5:<Q7Q):1>QNQ7 ’B’Nﬁ}

It will take us three (long) theorems to gather all the information we need.

Theorem 8.2. Write 92%—1—5 with ¢ < Nz, 18] < ]\1,l and || ~ % Then
gqN 2

1 !
Sn(0)] < N%TH <— + N84(655)(120)> _
S (0)] R

Proof. We set,
pa) = Lwer and v(y) = > > Lyypw (23)

{ee well  ~el,
Ivll<Ne

so that

SN<(9) = Z Z Z €(<V07w7WO€T>9)

£eE well el
Ivll<n®

— Z p(z)v(y)e({x, y)o).

Note that because v contains no parabolic elements we must have p(z) < 1 for all
z. On the other hand, due to possible cancellation between v and w we possibly
have v(y) > 1. However, for fixed v the value of vyyw is unique, and there are
N2 choices for «v. Hence we roughly have

v(y) < N*.
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Zu(x) = Zy(y) = N°.

Y

Thus we have

Let us also note that u(z) and v(y) vanish for |||, ||y|| > N2.
We break v =) v, in 64 pieces each of which is supported in a square of side

lengths LllN% and satisfies |v,| < |v|. We then have
1Sn(0)] < 1Sa(0)].

for
Sul) = 3 pl@)aly)e((a, 1)0). (24)
x,yEL?

Fix a smooth non-negative function T: R?> — R, which is bounded below by 1
on the unit square [—1,1]2 and with supp(Y) C B.1(0).

Inserting T and applying Cauchy-Schwarz yields

3
)

15a(0)] < (ZIM(%)IQ) (Z|Z va(y)e((w, y)0) T (

=

3
< NO/2 Vo(y)e({x,y)0 QTL .
;'%: (w)e((z,y)0)] (\/N)
Opening the square and interchanging sums yields

Sa@)F < N 3 velw)valy) 3 ellr,y — 10T (< )

Note that
[ ety = 0T e )de = NV 0y =) )

2

Thus, applying Poisson summation in the x-sum yields
[SalO)F < N1 Y S valy)valy') D T(NZ Oy — ) — ).
vy’ k

Due to the support of T there is at most one contribution in the k-sum. It is
< |T(0)] < 1. More precisely this contribution appears when

{8y —y)} < ﬁ,

where {-} denotes the distance to the closest Z?-lattice point. Let us have a closer
look at this distance. To do so we use that 6 = % + 5. We get

\§<y—y'>\ <100y — )| + 18y — ).

(25)
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Due to the support of v, we can bound |y — ¢/| < ‘fN2 Since |G| < \F we have

\/§
By =)l < = TN

[NIES
IA

»4>|S
NN

By recalling (25) we get

1 V2

+— <05-¢°!

{q(y y)} < TV

We conclude that y = 3’ mod ¢. This implies that

1By —y)={0y—9)} <

1
10V/N

We get
SN < Ny wly) Y v,
Y y'=y mod g,
ly—y ‘SW
Let |3| = £ and assume K > 1. (The opposite case is handled similarly and

left as an exerc1se.) Considering the inner sum for fixed y yields

Z Z Z 1 (c,d)wm= ymodq,

y'=y mod g, wel ~el, |(ed)w—y|< e
_ 1 <N° 10|8|N
ly—v'I< GBvw [l
Z D L feammymods.
wEF [(c,d)m—y|< T
10|8|N' 2

||7H<N ||w||<N§70

where we have written voy = (¢,d). By making the exceptional set larger (if
necessary) we can assume tat [y| < N2 and |(c,d)| < N?. This assumptions allow
us to apply Theorem 7.7 to obtain

0—260 (o) (261 5)
1_0)(E5+=2
E I]_ (C’d)wzy modlq7 < —K1+5q2 + N 7 21
WGF, |(Cvd)w7y|§ T
1, 10]8|N 2
[wl<N?2

Going back to Sy(#) we observe that the v-sum contributes N2°° and the y-sum
gives a contribution of at most N°. Therefore we obtain

1
5+1 N5—25a L b . 1
Sn(0) < N7 (N‘U\f?‘” (K1+6q2 + N<2—a><75+21>)>

N(36+1)/2

S+ i4+60+(—0)(Co+3)
< —K(1+5)/2q + N°2 2 79742/,

This completes the proof. O
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Theorem 8.3. Recall that 0 = § + 3,
B with | 5] < gyw and let

PQ,ﬁZ{QZZJrﬁ: q~Q,(a,q) =1}
In particular we have $Pg 5 =< Q. We have
> SO < NUHQ (@7 + N7+ N Q).
9Py 5
Proof. We write

SO0 =33 3 eltvor wol€m) )

£€E well el
Ivll<N

= > D owu x,y)0),

XEBNl o yEBNO'

where p and v are certain measures supported in Byi-- and Bye respectively. We
can write them explicitly as

Z Ly—wo(ew) and v(y Z Ly—voy

£eE,
well H7||<N”

By constructions products of the form £w are unique, so that the sums have at
most one term (i.e. u,v < 1). We choose ((6) € S* so that |Sy(0)| = ¢(0)Sn(0).
For any © C [0, 1] we have

/Q 1S (6)|d6 = gub«);u(y) / CB)el(x

We now want to apply Cauchy-Schwarz. To do so we recall the properties of the
function T defined the previous minor arc estimate. We get

/ |SN(9)\d9§<Zu(X)2) (Zrz ) [ oty

Recall the bound

1

o)

> o)< px) < NP,

Using this estimate and opening the square yields

JAENOIE (Z V) [ [ QO S el y0 —y OV

)dodo' )

[N
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We apply Poisson summation in the x-sum. Since T has support in By, there
is only a contribution if yf — y’6’ is in a small neighborhood of an integer lattice
point. We get

2
/Q |SN(6’)|d0<<N(5+1)(1‘”)( / / Liyo—ymrl<— d9d9> . (26)

Of course the same argument works with the integral over €2 replaced by a sum
over a discrete set of #’s. More precisely we replace fQ by > ge Pos The result is

D ISn@O] < NN uynly) D Y Loy

0€Pq,5 vy 0€Pg 3 0'€Pg 5

This is essentially a point counting problem which can be described as follows. We
are interested in the number of elements of a set A C B%, X Péﬁ. An element
(y,¥',0,0') € Ais determined by the numbers y = (y1,42), ¥’ = (y1,%5), 0 = 5+
and ¢ = ‘;—:4— B. Exploiting the support properties of our sums we get the following
conditions:

(1) |yl |y'| < N° primitive;

(2) v,y # (0,0);

(3) [[1h8 —y10|| < 1()1\/% and ||y20 — y50'|| < 1()1\/%’ where || - || is the distance
to the nearest integer.

A first computation shows that

/ / a / a /a/ / a /a/
yoyr — yhye)— Il = lva(— —vi—) — iy~ — 15—
ICatn =) Ul = Ml =1 7) = o =5

!/

! a /a’/ ! a /a’
< IIyg(yla — yﬁ)H + IIyl(yQE — y2?>||-

Now we use that § and 6" come with the same /3, which satisfies |5| < Q2 T

a ,d 1 ! 1 2
a a@ < 9_ 6 _ < . 2N0..
Hqu Y1 q,H < Nl =0l + 180 — i)l < 1o + QN:

Recall that yj is an integer bounded by N?. Thus we get

I NS o v

The same agument works for yé = y’l, y1 = yo and ¢y = y,. We get

, . .a 1 SN2
— | < ]
(Y231 yl’yz)qH < syice T ON?
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We conclude that

20 20
q +8qN < 11 8N '

—_— T _l’_
5N QN2 ~ 5N: N

Choosing o so that N7 < %N% (le. o< 3 — lfgg((ﬁ[))) we find that

| (voyr — Yiy2)al| <

N|=

(291 — yrge)all < 1.
Since (a,q) = 1 and we are dealing with integers we conclude that

Yoy — ¥iy2 = 0 mod g.

Similarly we see that
Yoy1 — Y192 = 0 mod ¢

Let ¢ be the least common multiple of ¢ and ¢’ (i.e. ¢ = [g,¢']). Then we have

3Q <7< Q% and
Yoy1 — y1y2 = 0 mod ¢.

We will distinguish three cases:
o y1y5 — youyy # 0 (call this region A;);

o y1ys — Yoy = 0 but y1y2y1y5 # 0 (call this region Ay);
o y1ys — Yoy = 0 and y1y2y1y5 = 0 (call this region As).

Before we estimate this contributions individually let us recall that

D 1Sn(O)] < NODU= /A = NI oA, 454, + 1 As.

HEPQﬁ

Claim 1: The contribution of points with 1195 — yoy] # 0 (i.e. Case 1) to A is
bounded by 4, < NI+9)27(),

To see this we argue as follows. First observe that since

G| (yay1 — y1y2) and 0 # |ypys — yige| < 2N*7,
we must have ¢ < 2N?°. We obtain the bound
G < min(Q? 2N%) < V2QN°.
We can now deduce that |[y1§ — y’lg—:H = 0. Indeed, by assuming the contrary we

obtain the inequality
1

1 a a
- < = < - /_ < 0 _ /9/ _|_ _ /
JaoNe G S I, = w1l < lnf =18l + 150 —93)

< 1 N 4N°
~ 10N'= " QN3
Using Q < V/N and N%7 < % N we can rewrite this as
20 20
1 QN 4N < 1 1

< S T
BN T UN 160 T
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which is a contradiction.
We conclude that

/

a
Yy1— = yi—, mod 1.
q q
A similar argument yields
a a’
Yo— = y;—, mod 1.
q q

To put these observations to use we need some more notation. Put d = (g, ¢’) and
write ¢ = dq; as well as ¢’ = dq}. Of course we have (q;,q;) = 1. We obtain

yiaq; = yya'qy mod dgi4;.
We can read off the divisibility properties:

@i |y, @ vz, ay |y and g | w5
At this point we recall that y = (y1,y2) is a primitive vector. Thus (yi1,y2) = 1,
forcing ¢ = 1 and d = ¢. Similarly we obtain ¢} = 1 and d = ¢’ so that ¢ = ¢’. So
we can write our congruences as

y1a = yia’ mod ¢ and yea = yha' mod gq.
Now we are ready to count this contribution to A. Observe that there are < @
choices for ¢ and < ¢? choices for (a,a’). Furthermore there are << N2°° choices

for primitive pairs (yi,y2). At this point y; and vy, are determined modulo g.
Therefore we have < N27¢~2 choices for them. Combing this we get

N2
ﬁAl < ZQQNQJ(S q < N2o( 1+5)Q (27)
~Q
This proves Claim 1.

Case 2: The contribution of points with y1y5 — y2y; = 0 but y192y1y5 # 0 (i.e.
Case 2) to A is bounded by A, < N200+eQ? 4 N200+o—l+e)d

In this situation the divisibility condition is vacuous, but we know that yi, yo, 1}
and y) are all nonzero. Using that y = (y1,y2) and y' = (¥}, y5) are primitive and
yoy1 = Y,y we find that

y1 = ty; and yp = £y,
Thus there are < N2°° choices for y and y’.

Set ¢1 = (y1,q) and ¢; = (v},¢") = (v1,4¢). Since ¢, ¢} both divide y; there are
< N°€ choices for ¢; and ¢. Without loss of generality we can assume ¢; < q;. We
fix ' and ¢’. There are << p0351b111tles to do so.

Write y1 = ¢121 and q = q1q2 Then

!/

a ,Q p
—_ —_ —_ < J—
Hqu oy + By — )l TONT=
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can be rewritten as )
10N’

where 1) = yi‘;—: — B(y1 — ;) is already completely determined. The grid in the unit

a
21— —¢[ <
q2

interval of possible values of zl(% as a and ¢y vary has mesh of size at least 4¢Q 2.
Hence the set of values of 21(;12, which are as close as required to ¢ bounded by

< +1

giN'=?
Fix a point 12 in the grid with 21(;12 = 15 mod 1. Since (¢o, @, z1) = 1 this determines
¢ uniquely. Now also a is determined modulo ¢,. Thus we have ¢; = ¢/¢2 possible
values for a.

Combining everything we can count

MY X @ g (i)

/
q
q1ly1 1

qi |y17
q1<qy <min(Q,N°)

< N2U§+6Q2 + N20’5+(771+€Q4'
This is exactly Claim 2.

Case 3: The contribution of points with yiy5 — 214 = 0 and y19291y5 = 0 (i.e.
Case 3) to A is bounded by 43 < N7Q?.

This case is particularly easy. Without loss of generality we assume y; = 0.
Since y is primitive we get yo = £1. The equation y1y, = yoy), then yields
(without loss of generality) 7 = 0 and 35, = +1. From here we can argue as in the
proof of Claim 2 (with ¢; = ¢{ = 1) and we find
Q2

ﬁA3<<Q'Q'<1+F

This establishes Claim 3.

><<Q2+Q4NU_1<<Q2+Q2NU<<Q2NU.

Combing the three claims we get

D 1Sn((9))] < NCFVO=2) /BA| + 54, + §A;

GGPQ’@

< N(6+1)(170) (N20(1+5)Q + N205+6Q2 + N206+071+€Q4 + NUQZ)%
< N(5+1)(1—U)QNU(1+5)+6 (Q—% + N—O’Q4 + —%—%Q) )

This completes the proof. O
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Theorem 8.4. We have

| 18x(0)Pds < og(N) (VS (B)arg o + NFH7).
WQ K

Proof. We first prove the following. Let © C [0,1] be a finite union of open
intervals. Then

/Q|SN(9)|d9 < max (N9, N6+(1_U)/2|Q|%). (28)

To see this we rewrite (26) as

1
2

[ 101100 < o0 <Zu<y>u<y'> VOI({(6,): 031 — 611 16092 — 034l < <1 (,}>)

vy’

—h Y
(0,6") — (0,0")Y is a measure preserving map modulo (1,1). We get

Put Y = ( yl, yQ,). We treat two cases. First, if det(Y') # 0, then the map

VOI({(6,6): 163 — 011 60 — 054 < =) <€ N7
Furthermore there are up to N° choices for y and y’.

If det(Y) = 0, then we must have y = #y’. In this case there are only N27°
choices. Without loss of generality we can assume y; # O Fixing #' € Q con-
tributes at most |€2|. Then 6 must satisfy ||y10 — 6p]| < for some fixed 6.
Hence we get a contribution of N27%|Q|N°~L,

Putting both cases together yields

Nlo‘

/lSN(0)|d0 < N((S—‘rl)(l—o)(N405+2a—2+|Q|N205+0—1)% < N5(1+J)+N6+(1—a)/2|9|%
Q

which is exactly (28).
We put Wg ¢ = Q. The trivial bound is Sy (#) < N? and we can take a dyadic
subdivision M < N% of < log(N) terms and decompose € into level sets

Q=] | (29)

according to the size of |Sy(0)|. More precisely, if 6 € Q,, then & < |Sy(0)] < M
with M = M, < N%.
We have the trivial estimate

o |/ 1S3(6)[d0 = sup|Sx(0)].

0€Qy
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We will now use this observation and (28). This yields

/ Sx(0)db < log(N)sup | |5 (6)d
Q o

< log(N) sup sup|SN ) / 1S (6)]d6

< log(N) sup sup|Sy(6)| max (N(”+1) ,N‘5+(1_U)/2|Qa|é>

a 0eQq,

< log(N) max (N(UH)‘S sup|Sn(0)|, sup N5+(1_U)/2|Qa|_% / |SN(¢9)|d9>
a Qa

0eQ)

«

< log() max (V175 supl i (8)]sup 254072

< log(N) (N[ Sy (6)[allee + N*+177)
and completes the proof. U

The next step is to gather the estimates above and deduce that the minor arcs
are small. We do this for the choices

@ = N“ and K = N*.

We assume «, k € [0, 1]. We first deal with those # for which m(#) =1 (these are
most). We will now derive 3 lemmata each dealing with different situations. The
first one works only if K or @ is large. The second lemma deals with both K and
(@ that are small but still to large to be covered by the major arcs.

Lemma 8.5. As N — oo we have

/ |Sn(0)?d6 < N*°=1=n
WQ K

if
1490 3
(1 -
at — n>2( §) + do
o>2(1-9¢) and
_ 1326131
7S796.0—10

Proof. Using Theorem 8.4 and then Theorem 8.2 to estimate [|Sy(6)|w, x|loo We
get

/ 1Sy (0)2d0 < NOCHDHEI+1)/2 ( 1
WQ,K

- — L (1-20)(66—5) 2%+1—0
iz TNE ) +N :

The assumption o > 2(1 — §) is needed to control the last term on the right hand

side. For the middle term we need o < 322=131 ‘Finally, a4+ 40 > 3(1—6) +do
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is needed to control the first term of this bound. (Observe that we require § to be
close to one. This implies that we essentially need a++ > o for this estimate.) O

Lemma 8.6. As N — oo we have

| Isx@pds < o
WQ,K

for
1—4
)

1—5+/€+20¢<$(65—5)(1—20).

K > and

Proof. Note that Vol(Wg k) =< QQ%. We apply Theorem 8.2 and get
3041

K[ N 1
Sv(6 2d8 27 N—f2(65—5)(1—20')
. Isvtorin < @ (e + v

N36
T KS
The conditions follow directly when fitting this bound to our claim. U

+ Q2KN36—$(66—5)(1—20’).

Lemma 8.7. As N — oo we have

| Isx@pds < o
WQ,K

for

1-0)Kk+30-1) <a,
NKr/24+3(1—-6)/2 < o,

5)k/2 4+ 3(1 = 8)/2 +a < (1+0)/2,
1
84
31— 6)/24 K +a< 8—14(65—5)(1 — %) 40 and

(
(1-
(1-

3(1—06)/2+ k + /2 < —(66 — 5)(1 — 20),

1 1
31-0)/2+Krk+2a< @(65— 5)(1—20)+0/2+ 5

Proof. By applying Theorem 8.2 and Theorem 8.3 we get

K
2 E—
/WQ,JSN(Q” d9<<esup |5N(9)|N E SN (0)]

Wia 0€Pq,p

K

1 + N_814(66_5)(1_2U))-—'N6+1+6Q (Q—% + N7+ N—a/?—%@) )

K+9)/20)

N (35+1)/2
< N
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Each condition comes from one of the 6 terms that one gets after multiplying out
the bound above. U

Lastly we need to estimate the contribution of those €, where 6 is non-trivial.
We obtain

/W#J m(O)PISn(O)d0 < Z/

q<Q (a,q)= |B|<K/N

36+1

(BN/K) Wd@ < N¥K9.

Here we used the bound from Theorem 8.2, but only the first term of the estimate
is required.

To finish of the minor arc estimate we need to make sense of all the constraints
on 0,6, and k. More precisely we need to find values for § and o, so that each
(o, k) either lies in the major arcs or satisfies the conditions in one of the lemmatas
above.

Theorem 8.8. Assume that § > 0,9999493550. Then there exists a choice for o
such that as N — oo there is some n > 0 with

1
> el = [ Im(@)P[Sw(6)Pds < N
In|<N 0

Proof. This is basic but cumbersome. First, one can plot the region in the (o, )
plane in which the following conditions hold:

o>2(1-9),

21((1 = 8)(1 = 6)/6 + 3(1 — 6)) + 13(1 — 6)/6 < (26 — g)a and
1326 — 131
966 — 10
Solving for the minimal ¢ in this region one finds that it is the largest root of

1020 — 88972 — 501022 — 128883,

(The lower bound on ¢ given in the statement is an upper approximation to this
root.) The proof is concluded by looking at all the other conditions to see that
together with the major arcs the full (o, k) plane is covered. U

g <

We can now proof Theorem 1.2:

Theorem 8.9 (Bourgain-Kontorovich 2010). Let I" be thin, free, finitely generated
with no parabolic elements and assume that & > 1—5x107°. Then there is 9y > 0

so that
(SN [L,N])
§(AN[LN])

This can be read as (a quantitative version of) for almost every n we have that n
is represented (by (', vo, wo)) if and only if n is admissible.

=14+ 0O(N"™).
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Proof. Let €(N) be the set of exceptions up to N. Let Z denote those integers
passing local obstructions. (For simplicity in our treatment of the major arcs we
assumed that Z = Z.) We now apply Theorem 8.1 and Theorem 8.8 to get

EN) = > 1
nGZﬁBN,
|En (n)|>My (n)

< > 1.

In|<N,
N25—1
|gN (n)|>> log log(n) log(N)

< Z |Ex(n)|? loglog(n) log(N)N?~4
In|<N
< N'%log(N)loglog(N).
This finishes the proof. U

9. PROOF OF THEOREM 1.4

In this section we follow [5] to present the proofs of the theorems concerning
Zaremba’s conjecture. Let us recall (and slightly generalize) the statements.

Fix a finite set % C N, which we call an alphabet. We write €y to denote the
collection of all z € (0,1) with continued fraction expansion = = [ay, as, . ..] with
a; € A for all © € N. We further write

b
ﬂ%m:{c—iz[al,...,ak]:0<b<d, (b,d)=1and a; e A for j =1,... k}.

Finally let ®g C N denote the set of denominators that appear in fRgy. Of course
we have seen all this if 2 = NN [1, A]. In this case the subscript was simply A.

Let dg denote the Hausdorff dimension of €y. We state the following fixed
version of Hensley’s generalization of Zaremba’s conjecture.”

Conjecture 9.1. If 0y > %, then the set of denominators Dg contains every

sufficiently large admissible integer.
We will prove the following theorem

Theorem 9.1. There exists 6g < 1 so that, if the dimension dy exceeds oy, then the
set of denominators Dy contains almost every admissible integer. More precisely,
there is a constant ¢ = ¢(2A) so that

{@aN[N/2,N]) _ )
W@z Ny e

I

3Hensley formulated this conjecture without the extra admissibility condition. However,
Bourgain and Kontorovich observed that 2 = {2,4,6,8,10} satisfies the Hausdorff dimension
condition but Dy modulo 4 contains only 0,1,2. Thus integers congruent to 3 modulo 4 can not
be represented.
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where Ay = {d € Z: d € Dy mod q for all ¢ > 1} is the set of admissible integers.
Furthermore, each d produced above appears with multiplicity

> N0~ 0m
Remark 9.2. This implies Theorem 1.4 by taking 2 = {1,...,50}. As noted above
there are no local obstructions in this case. Of course one needs to verify that in
this case dg > dg. But it can be computed that dy < 0.986, while the proof yields

dp =< 0.984. Later &y was improved to 5/6 by Huang allowing A = 5. It is unlikely
that the methods can be pushed all the way down to §y = %

Recall that 'y is the semigroup (freely and finitely) generated by the matrix

products
0 1)\ /0 1 ,
(1 a) <1 a’) for a,a” € .

We write I' = Iy. If I'y is the semigroup in GL2(Z) generated by the matrices

((1) ClL) with a € 2, then we can consider the orbit Oy = fg[ - e9. We find that

@Q{ = <OQ{, €2>.
Since we want to work with a semigroup in SLy(Z) we observe that
0 1
OQ[:FQ['€2UUFQ[' (1 CL) €9.
acU
This allows us to work without loss of generality with I' in place of Ty

Remark 9.3. The reduction of I' modulo ¢ is all of SLy(Z/qZ) for all ¢ co-prime
too a certain bad modulus B. This follows from Goursat’s Lemma and strong
approximation as discussed earlier. For the alphabet 2 = {1, 2} (and all alphabets
containing it), it is easy to see that B = 1.

For simplicity we assume that the reduction of I' is full from now on.'* Given

= <Z Z) € I'\ {1} one obtains (using induction) that

1 <a < min(b, ¢) < max(b,c) < d.
Recall that we have the inequalities
1
Sl = Te(v) < 2fl]]
for the Frobenius norm. Furthermore we have

[Vlloo = d < [yea| = V2 + & < [l7]| < 2]ves] < 4[7]le0,

This is anyway true for all alphabets containing 1 and 2. The modifications needed for the
general case are minor.
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for v € I
Given v € T' we denote the expanding eigenvalue by A(v) = A (y) and the
contracting eigenvalue by A\_(vy) = ﬁ The normalized eigenvectors are denoted

by vy () and v_(7v) respectively. Of course we have

A(y) = Tr(y) + 2T1"(”y)2 —4 -

(In particular I' contains no parabolic elements, since all the eigenvalues are real.)
Proposition 9.4. Let v,7 € I'. Then we have
A7) = 2ANAE) 140 (Jor(v) = o (O + 1972+ 1V 172)] -
Furthermore,
[0 (1Y) = v (M| < V172 and Jo- () —v- ()] < [IVII7*
Proof. First, for large v we have
_Tr(y) + VTr(7)* —4

A7) 5 =Tr(y) + O] ™).
We can also approximate the eigenvectors by
b, A\ (v)—a b,d _
o) =2 =9  Od) -2 g
VE+OL(y) —a)? VB +d

o (d — A (7)7 C) _ (_da C)
v-(7) = =
V@ ()P t+e VETE
Taking the inner product yields

+O0(|7]*) and

be + d? 1
T 2
vy (7),0-(7) )| = +O([I%) = 5
042):0- ()TN = — e + O 2 5
for large v. Thus the angle between expanding and contracting eigenvector does
not degenerate. We will only proof the almost multiplicativity of the (expanding)
eigenvalues, since the eigenvector estimates are similar. Note that by our first
observation it suffices to look at the traces:

Tr(y) = Tr(y) Te(7')| = [(ad’ +d + b + dd') — (a+ d)(a' + d')]

d bdd d cb'd
<_ _ ! g/ - _
_d” y ad|—|—d 7 ad|
d bd' d’ b'd
<_1 /__ / _1 -7
< A +dl—= =V + = (14— = b))
d d y , b v
_E+E+(Cd —i—Cd)’a—E.

We can clearly estimate
b U

2= 2 < s () = o () + I+ )2
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We conclude that

Te(vy') = Tr(y) Te(v)| < dd'(Jo () = o (V) + 172+ [17]17%)-
which implies the first part of the statement. O

We now set up the (orbital) circle method. We can not simply sum over {7y €
[: ||v]| < X}, since for this our treatment of the minor arcs does not work. Instead
we have to replace this nice set by a more complicated one which we construct
now. Given a density point z € € = €y we let

(z,1)
V1422
_ 307

be the corresponding unit vector. We let N be large enough and let 6 > dy = 575.
Define

bp=1v, =

1
1000
Let ap > 0 be a parameter chosen later. Put

B = N’ and = e®0V!os(N)

b (5—50)>0.

and define
B 99 2B 1 99
U=Tug= 2 cu< 2 Biu—uyc2 NYC|—B 22
{uo =100 <v = 1B v € 55 N Cligg B g

The cardinality of U is roughly Q%*:

B.

iU = Q°.

Proposition 9.5. For each u € U, there is a non-empty set N, € ', all of the
same cardinality (i.e. X, = X, for all u,u’ € U), so that the following holds. For
every a € N, its expanding eigenvector is restricted by

lvy(a) — 0] < Q7

and its expanding eigenvalue is restricted by

B
In particular A(a) € (%,B} for large N. Moreover, for any q < Q, any w €
SLo(Z/qZ) and any w € U we have

i,
1SLo(Z/qZ)

where the implied constant does not depend on q, w or u.

We define
N=| |R,

ueU

fHlaeN,: a=w mod ¢} = (14+0(Q™1),
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Proof. We set R = §SLy(Z/BZ). Furthermore, define

Be
= P2 nd T =nNe
% = 3op ’

for ¢ as in Theorem 6.2 and a small parameter ¢; to be determined later. Finally
put

H=0"%and H = Q°
and define the set

B T
S(T)={yel:|vp(y)—v| <H ' |An) = T] < s
We have the crude estimate

ES(T) > T?Q 7' 4 O(T? e VIsD),

36\
cp > (E) (30)
e—cw/log(T) < 9—30‘

Thus, applying the pigeon hole principle. we find s7 € S(T) so that
S'(T)={se€ S8(T): s =sr mod B} (31)

As long as

we have

satisfying
S(T
8S'(T) > W > T®Q18,

For this set the counting statement from Corollary 6.3 remains significant. Indeed,
for ¢ < Q with B | ¢ and any w € SLy(Z/qZ) with w = sy mod B, we get

tH{s € S'(T): s=wmod ¢} =#{s € S(T): s =w mod ¢}

| #SLa(Z/B2)

B 8 SLo(Z/qZ)

_ #SLy(Z/B2)

a 8 SLa(Z/qZ)
By our observations above the main term is > T?Q~2' and therefor dominates
the error.

Since R is the order of SLy(Z/BZ) we find that each
v e S (T)si

satisfies ¥ = 1 mod B. We pick representatives {vi,...,vr} = SL2(Z/BZ) and
take x1,...,xr € I" so that

#{s € S(T): s = w = s mod BH1 + O(Q %)) + O(T*Q )

1S (T)(1 + O(Q7%)) + O(T* Q™).

=y, mod B forr=1,....R
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To ensure the existence of these elements we use the assumption that I'/T'(q) =
SLy(Z/qZ) for all q. We can assume that the z, are of size =g 1.
We still need to fix a single auxilliary element fy € I' with

A(fo) = B0 and |v (fo) — v < Q7°.
We obtain
v (s - 55 o) = v(1 4+ O(Q79)),
for any s € §'(T"). Furthermore
As - 5¥_1f01‘r) = TR/\(fOxT)(l + O(Q_6))'
For each u € U, u < B and each r = 1,..., R we take T' = T,, , so that
TEX(Foz,) = w.

This boils down to T, = Bior = Nior. This determines ¢; and (30) is easily
satisfied.

In summary we have defined sets

er = S,(Twn) . (ﬁTuﬂ,)R_lfofL‘T cr
for each u and r.For each a € 9B, , we control the expanding vector
|'U+<a) — U‘ < 976
and the eigenvalue
AMa) =u(1+0(279).

By construction we have, for all ¢ < Q with 8 | ¢ and all w € SLy(Z/qZ) with
w = for, mod B, that
4 SLy(Z/BZ)
8SLa(Z/qZ)
But we can bound the cardinality of B, , from below by > N°¢.

For fixed u we apply Lemma 6.4 to 9B, with n = Q7° and ¢y = B. This way

we obtain sets B/, . C B, of size > N¢ for which (32) still holds. Without loss
of generality we can assume that the cardinality of 8/ _ is independent of . We

u,r

t{a € B, ,: a=wmod ¢} = 198,.,.(1+0(Q77)). (32)

define
) R
R, =||B,,
r=1
For B | ¢ < Q and w € SLy(Z/qZ) we record that
3 §SLy(Z/BZ) 5
N,:a= dqg} = "—"F—=78,,(1 .
t{a € a =w mod ¢} Sy (Z/d2) 19B,,(1+0(Q7))

ﬁ&u

7 SO that we have

Here r is given by w = fox, mod B. Recall that ﬁ%;m =
i,

SLZ/iZ) (1+0(27?)).

t{la e R, a=wmod ¢} =
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Finally we drop the condition B | ¢ by summing over certain arithmetic pro-
gressions. This is possible since %6 <y 1. This allows us to apply Lemma 6.4 again
to Ny with n = Q75 and ¢y = 1. We obtain the desired sets

R, C Ry.
Obviously we can ensure that they all have the same cardinality. O
Proposition 9.6. Given M > 1 and H = ¢*V'¥M) there exists iM <L <4M,

an integer k =< log(M) and a set = = Z(M,H;L,k) C T' with the following
properties. For all v € Z, the expanding eigenvalue satisfies

(1~ @) <) <L,

the expanding eigenvector is controlled by

1
0, (1) = o] < =,
and the wordlength metric I (in our usual generators of T') is exactly
l(v) =Fk.
Furthermore, we have
L26

W <<]jE<<L26.

Proof. The set is constructed using the following algorithm:

(1) Let S; C I" be defined by
M _
Si={yel: 5 <yl <M, |vi(7) - o] < H'}.

By Proposition 7.9 we have #5; > M*H~!.
(2) Note that the expanding eigenvalue of v € S; can be bounded by %M <
A(y) < 4M. By the pigeon hole principle we find an L in this range so that

26

Hlog(L)

1
ﬁ;{vesl: L(l_log(L)) < A7) <L};>>

=S5(L)=5,

(3) Finally we note that {(y) =< log(]|v]|), with implied constants only de-
pending on 2. (In other words the metrics [ is commensurable with the
archimedean one.) We can use the pigeon hole principle again to find some

k with ”s
A(y) =k —_—.
=Z(M,H;L,k)=E




THIN GROUPS AND APPLICATIONS 103

We will now use the set X and the sets =(M, H; L, k) to construct an ensemble
Qy that is used to set up the circle method. We start by taking

M=+N/B=N:"and H=2"

Note that the parameter ap was chosen sufficiently small so that H < eV log(M)
Using the previous result we find sets =, = =Z(M, H; L, k) with L = oy M for
oy € (i,4) Set
N, =L=aN2" N, = BN, = a; N2 and 5, = RZ,.
Note that the representation of an element in =; as a product of elements in N
and = is unique since the wordlength of elements in =; is fixed. We have the easy
estimate B B
JjEl > ﬂzl > N12576 > N5726676.
The first step is now to (re)-set

N

1
N? N
M=—1= and H = log(M).
(07] \/ 01
Generate the set =9 = =(M, H; L, k). Further set Ny = L = aa M, where L is the
newly obtained parameter while constructing Z(M, H; L, k) and ay € (}L, 4). We
have

26
2

= oV
We now iterate the first step as follows. We start with j = 3 and iterate up to
j=J—1, where 277! = clog(N). (The constant ¢ will be determined in a bit but

is independent of N.) For each j we set
NZ N2
M=""= — and H = log(M).
o1 o2 1%{2 . ..O@—J“
We then generate the set Z; = Z(M, H; L, k) and set N; = L = o; M for o; €
(3,4). Note that

26
2 1 . i
E;>» ————and —N*’ < N; <16N*".
o R P G ATILT: g
The final set (i.e. j = J) is constructed with
Ny_
M = —J=% and H = log(M).
71
As before we take =; = Z(M, H; L, k) and define
N2 .
Ny=L=—" =N —er <

2—J+1
aJ_l...al



THIN GROUPS AND APPLICATIONS 104
Finally note that }l < Nj/M = ay < 4, so that

Nl---NJ_BﬁlNQ---NJ

= < 4.
N N

1<
4

Set

—_ —_
—

QN::q"':‘J:N':‘l':Q"‘»—aJ-

We will now record some properties of {2 that follow directly from its construction.
For v € Q) writhe

F:aégg---ngithaeN,gl €5, and {; € =5 for 2 <5 < J.
Due to the wordlength restrictions this decomposition is unique.
Lemmjl 9.’N7. Forany 2 < j1 < jo < J, any & € Zj for j1 < j < jo and any
a e N & € =1 we have the following inequalities
i & &)) =0l < Q7
L A& &)

= 2

2 N]l 'sz ==

2 NNy -+ N,

1 E 6. . L.

1 Mabb&)
2 Aa)N;Ny---Nj,

Proof. We first look at the eigenvector estimate. Observe that

0 (6o &g) — 0 < Jua(& - & &) — v (&) + e (& — 0] < &2+ Q77

This establishes the first estimate. We will only prove the first (second in total)
of the three eigenvalue estimates, since the remaining two are very similar to
establish. First observe that as above we get

04 (6 &) — 0] < log(N;)

We claim that

1 1

This is obvious for j; = jo and if j; = jo — 1 we have

M&ja-1852) = M&ha-1)ME) (1 + 0w (-1) = v (€)] + 161172 + 11€5117%))

1 1
= Njy_q1 - N~2 -[1+0 + .
2 ’ ( (log<Nj2—1> log(sz)))
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The general case follows by induction using the estimate
A&+ &)
= )\(é'jl)A(fjl‘i‘l e §j2) ' (1 + O(|U+(§j1) - U+(§j1+1 o '£j2)| + |’§j1 H_2 + ||§j1+1 T '§j2||_2>)

= N )M+ &i) - (1 + O(log(lel) " 1og(z$jl+1))) '

We can rewrite this as

V6= (100 (H2))

The claim follows when taking the constant ¢ (remember earlier ...) sufficiently
small. N

A direct corollary of this is the bound on the (archimedean) norms:
7]l < 2A(7) < 16N.
We can also estimate the size of )y as follows:

N226 N26
log(N>)?  log(N,)?
This ensures that the set Qu is not to small. Of course we also have

ﬁEj . JjEJ > (N] . NJ)Qde—c(J—j)loglog(N]-).

We define the all important trigonometric polynomial

Sn() = e(0{es, e2)).

YEQN

HOy = 15 - =y > N2e. > V2200

The major arcs (of level ) are defined by
a 9
ST =]
9<9 (a,q)=
We define .
a

Q) = o7~ Z e (—<W€2,€2>> .

18La(Z/42) | 3 2 N4

Theorem 9.8. There exists a function wy: R/Z — C (given explicitly below)
such that

(1) The Fourier transform wy: Z — C given by

_ /O o (0)e(—nf)d6

18 real-valued and nonnegative with

ZWN <K ﬁQN
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(2) For £N <n < tN we have

. Q

(3) On the major arcs § = ¢ + B € Mq we have
Sw(; + B) = wla)mx(8)(1+ 02 ™))

Proof. We write Qn = RQ with ' = El:g -~ = 7. This lets us decompose
0)=> > elf{ayes,er))
aeX e
Recall the properties
v (a) = 0] < Q7 v () — o] < Q7
and A\(a) =<
We have (z,y)* = (—y, z). Furthermore one has the elementary decomposition
{w, v2) (w,vy)
= T V4 T v_
(e oDy o od)

for any linearly independent v,,v_ € R? and w € R?. We deduce that for any
unit vector w € R? and any large ¢ € I' we have

(w0, 0(€))
CRGRE G (1 +O(I|§|I2)> '

(w, v=(8))
(v:(6),v=(8))

Applying this our present situation gives

(62,0 (7)) |
s () oty (1 ! O<D5>)

(€2, v (a))
(vi(a7), v2(ay)
= )\(a)/\(7)< <€(27) (](2» (v, e5) (1 + O(QS)) )

Combining the last two equations yields

(ayes, e2) = Aa)(vez, e2) + O(NQ ™).

§w = ()
We obtain

(€enes) = A(©) (0:(6), ) (1 +O(||§H2)> .

(vea, €2) = A(7)

Similarly we get

(ayez, e2) = A(ay)

et (140(35))
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We turn towards computing Sy(6) for § = 2+ 8 € My with [5| < 2. From the
deﬁnition we get

ZZ ga762,62 e(B{avyes, €2))

aeR yeY/

=303 el amren ca)e(BA@) e ) + O *52)

aeX e
=>> Z e(Somese)) D e(BA(@){yen e2)) + O(Q )
vEQ weSL2(Z/qZ) q aeR,

a=w mod ¢q

We take a closer look at the inner most sum, using the construction of N in
terms ot the N,’s:

> eBMa)veae)) =D Y e(BAa)(ver,en))

aeN, ueU  aENy,
a=w mod ¢q a=w mod ¢q
= Z e(Bulves,er)) - H{a € R,: a=wmod ¢} - (1+0(Q7Y)).
ueU

The cardinality of all N, is the same and by construction we have

i y
stz O )

tH{a e N,: a=wmod ¢} =

The implied constant is absolute.
Inserting this above yields

1 —4
WG+ = remm L Al g T elutien e (140@7)

w€SL2(Z/qZ) ’yeﬂ’ ueU

—vg(a)

It remains to polish the archimedean contribution. For now consider v and u
fixed. If m € Z satisfies

|m — u(yeq, e2)| < B{vyea, es) 070

we have
e(Butres, ) = e(Bm)(1 +0(Q).
There are 2B({vyeq, €2)Q7° + O(1) integers m in this range. We obtain

QE)
e(Bul{vyey, ea)) = 3B(rer. e) > e(Bm)(1+0(Q™)).
’ meZ
| ey ~uISBA™

With this in mind we set

o Q°
wn(B) = w ;w W Z e(Bm) Z llﬁwlsmfs-

€9, €
€2, €2 meZ ueU
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This gives us "
SN(& +8) = vy(a)wn (8)(1 +0(Q7))

as required. It remains to verify some properties of @y ().
The Fourier transform of wy is given by

~ N Q°
= § = § 1 n yi<po-
En(n) tu = 2B{vyes, ;) “~ | Tregregy —uI<BA™

and clearly has the desired properties.

We can estimate
N AN

E < <’)/€27€2> < F

Thus for % <n< % we have
B - n - 99
100~ (yeq,e9) 100

By the spacing in U/ the innermost sum has at least one contribution. We obtain
the lower bound

B.

_ ) Q° R - QN
wn(n) > — > = .
w(n) s g 2B(ves, €3) N N
This completes the proof. O

This is all we need to treat the major arc contribution. Recall the triangle
function defined in (21). We rescale this function to

N

v(e) = ¥(Za)

and make it periodic by averaging:

Un(0) = n(0+m).

meEZ
The desired function, which has support on the major arcs, is

a
Tan(@) =) > Tn(--).
4<2 (a,9)=1 ¢

The set up is now very analogous to the one in the proof of Theorem 1.2. The
representation number is

Ru(n) = Gx(n) = /0 Sw(0)e(—n),

We split Ry(n) = My (n) + Ex(n) into major arcs and minor arcs (or error) by
setting

My (n) = /0 Tan (0)Sn (0)e(—nb)do.
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Of course we then must have
1
Ex(n) = / (1— Wqy n(6))Sw (6)e(—n)do.
0

Theorem 9.9. For %N <n< 1—10]\7 we have

i

My (n) > N -loglog(N)’

Proof. Fix n € = [N 2N]. We first rewrite the major arcs as

=> > / T SN(e)e(—ne)de

q<9 (a,q)=
=> Z / Uy (8)Sn (% + B)e(—nB)dB. (33)
<9 (a,q9)= q

Inserting the approximation for S N(‘—L + () on major arcs yields the following:

-3 X ule 1) [ waOmn(@e-ns)sro@al na,

4<Q (a,q)= 0

Note that this expression is already split in archimedean and modular component:

Dy () = Galn) Ty (n >+0<‘j§g>
for
=2 2 ul
<9 (a,q)=
and

1
() = | Ox(Bmv(B)e(-np)ds.
0
The singular series already appeared in (22). The treatment there showed that
Gq(n) > loglog(n)~".
Turning towards the singular integral we first observe that

m) = 3 Tl —m)@n(m) = & 3G (0 - m)) @ (m).

meEZ meZ

Recall that t is positive and satisfies 12( ) > 2 for |y| < 3. We get
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For N sufficiently large the summation condition forces mN &€ [%, %] Using the
properties of @y in this range gives
Q N 1Oy QN
I — ==
O T R i
This completes the proof. U

We turn now to the treatment of the minor arcs. As usual this will be quite
involved. The goal is to estimate

Slenl = [ 11— Bax(OFISyO)Fa.

We consider the regions

a Q K K
[/'/ = = — L < == 1 e < — .

The parameters K and () will vary dyadically in the ranges

1
2

Q<N%andK< .
Q

Note that if K < 1, then we interpret the condition on 8 as |5] < N1

Proposition 9.10. Let N,Q, K be as above and write 0 = § + 8 € Wq . Then
leé
Sn (6 N® [ ——
svi6) < 5% ()
as N — o0.

Proof. We write
QN:El-Q’ for Q,:EQ"'EJ.
Recall that for v € Z; and w € Q' we have
Iy e, jwes| < 50N,

Furthermore, =, Q) < N°.
We rewrite Sy () as follows

Sn(0) =) > px)v(y)e(d(x,y)),
X€EZ2 yeZ?
where p and v are (counting) measures defined by

p(x) = Z 1y—y7e, and p(x) = Z Ly—ve,-

YEETL we!
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The projection w — w - ey is one-to-one. (This is so because the continued fraction
of a rational number, if restricted to have even length, is unique.) Similarly the
map 7 — ' - ey is one-to-one. Thus we have

1tlloo: I7[loe < 1.
At this point we decompose v into (say 100000) blocks

V= Zy(o‘)

so that if y,y’ € supp(r®), then we have
1. 1
—y'| < =Nz,
ly =y < 5Nz
We bound [Sy ()] < 32,15\ (6)] with

SV(0) = 32 D nlxr D ()e(0(x,y))

x€Z2? yeZ?

We will estimate each S](\?) independent of o obtaining the desired bound for Sy.
Take a smooth test function T: R? — R, as follows. On [—1,1]? the function
is bigger than 1 and the Fouriertransfrom T is supported in Bj(0).
Applying Cuachy-Schwarz, artificially inserting T and opening the squares leads
to

2

(0)] < (Zm)?) (an} )2 o ety - y>9>>
X X

<<N5/2

Using Poisson summation in the remaining x-sum and exploiting the support of
T we obatin

2
« 1.4 « «
IS (O)] < N (Z v (y)! )(Y'>1||<y—y'>e<501ﬁ) '

vy’

Here || - || is the distance to the nearest lattice point in Z?. We have

1 K 1
+ < —.
50N 2VN @

Since g < @ we find that ||(y — y’)%H = 0, which implies

/a' / !
||(Y—Y)§|| <y —=y)oll +ly =18l <

y =y’ mod q.
We obtain

vIN
I
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So far we found

[NIE

’S](V 0) < Nzt (ZV )Z ly=y’ mod %)

VN
y’ ly—y'|< 5

1
Using ) < % and estimating the y’-sum trivially yields

N % N1+5
Eys <>\<<N2*2(ZV QW) <K

This bound already suffices to treat certain parameter-ranges.

Theorem 9.11. Assume Q < VN and K < QN. Then

2 < ()P N
/QQ,K|SN(9>M9<< N A

Proof. Estimating trivially using the proposition above yields
146 N2(1-9)

K, ([ N7\?
S 02d9<<—Q2( ) K N ——
[, Isvora < 3o (g .
We conclude by using §Qy > N20-20b—¢ O

For the next (bilinear form) estimate we introduce

PW:{@:Z+6:%§Q<Q, (a,q) =1}

Proposition 9.12. For all ¢ > 0 we have

1 1
Z |SN( )| <<6 N2§Q2N1 —0+¢ ( + 1) .
QEPQﬂ Q2 QN8

Proof. Set V' = =125 and Q" = Z5---Z;. Of course we have Qy = Q'Q". Fur-
thermore,

Iy es| < 300N and |wes| < 2000N7,

for v € ' and w € ”. Recall £ < N3 and #Q" < N%2.
Proceeding as in the proof of the previous proposition (also using analogous
notation) we need to bound

Sk —ZZ” Je(0(x,¥)).

The difference being that we arrange v(® so that for y,y’ € supp(v®) we have

1

1
—y'| < —Ni.
Y =¥ < 0000
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We proceed by writing
v OI=2 Z (o
Je(0(x,y)).

> Iy
=2 Z UPIPILL

GEPQﬁ

=@ (a,q)=1
Choose the bump function T essentially as earlier but assuming that the Fourier

transform is supported in a ball of radius 1/40 of the origin. Applying Cauchy-
Schwarz, inserting T, exchanging order of summation and applying Poisson sum-

=

x,y))I”

mation yields
> Il < N SN 3 o X v
9P, " 300N 1 =0
Q.8 ()=
< N3(6+1) XQ
for
X=Xop= > > V@) ey
.9 aad y.y’ 12000N 4
1

Coordinate wise the condition in the sum reads
Y10 — 10| 11120 — 50| < ———
316 = 510 16 — 3] < ———

Note that y;y2y)y5 # 0. Recall that |3
DBl <
. 12000N7  1000N7Q

a a
1= =i =1 < Nl — vi0'l + | (n

n yll
/
— Y1Ys.

A similar estimate holds for ys, ¥/

We put YV = ( ) The determinant is given by
Y2 Yo

Y =det(Y) = 1195

1

a a) | <
—p- ) <5
q Q

We can estimate
a / a / a/ / /
9202 b (% = 5 ) 1+ 1 (147
This forces Y = 0 mod ¢. Running the same argument with the roles of a,q and
if g =lg,q],

a’, ¢ interchanged we get ) = 0 mod ¢’. Thus, if q = [q,¢'], we have
Y =0 mod q.

Note that 3Q < q < Q*.
We decompose X = X} + Ay according to YV # 0 or Y00. The desired bound
will follow directly from the estimates for X7 and X,, which we will prove now
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We start by considering X;. Here we need to make use of the condition ) # 0.
Observe

1
VI < (v = w2) |+ [(y1 = y1)ge] < N2
Since q | Y and Y # 0 we have

q< min(QQ,N%) < Q@QN1.

I

This forces / /

a a a a
Yi— — yi—/ =0 mod 1 and y,— — yé—, = 0 mod 1.
q q q q
Introducing ¢ = (¢,¢'), ¢ = ¢:¢ and ¢’ = ¢} G so that q = ¢1¢}¢ and
yraqy = yia'qy mod q and ysaq) = yha'qy mod g.

We deduce that ¢; | y; and ¢ | y2 since (a,q) = (d,¢') = 1. But (y1,y2) = 1, so
that ¢; = 1. Similar we deduce that ¢; = 1. This implies that ¢ = ¢’ = q.

Fixing y,y’ € Q"ey determines ). Since ¢ | Q this leaves N€ choices for ¢ and
< @ choices for a. But this determines a’ since y;a = yja’ mod ¢’ (recall ¢ = ¢)
and 1 < a < ¢. We arrive at

<Y vy Y Y 1< NTQ.

vy, q|Y, amodgq
Y#0 € <¢<Q
We turn towards the estimate for X5. Note that ) = 0 implies z—; = z—é By the
2
uniqueness of the continued fraction expansion we obtain y = y’. There are N%?2
. 3
choices for y and we fix one of these. To save space we set N’ = WlooN 1. Then
we have the condition
I~ Dl <
Y q q/ N/'

Put v = (y1,q), v = (y1,¢') and write ¢ = vr as well as y; = vz with (z,7) = 1.
Without loss of generality we have v < v'. Since v,v’ | 31, there are at most N¢
choices for these numbers. Now there are < @/v" choices for ¢ = 0 mod v’ and
< @ choices for (a’,¢') = 1. Having made these choices we fixed yl‘;—: mod 1,
which we denote by ¥. Our condition above reads

a 1
- —f < —=.
22— < 1
Define the set
U, = {ﬁ mod 1: Q/(2v) <r < Q/v, a < Q with (a,vr) =1}.
r
Points u € U, are separated by a distance of at least v?/Q* We conclude that

the intersection of U, with the interval [¢) — %, Y+ #] contains at most U?—;, +1

points. Once u = % € U, is determined we have v possible values for a mod ¢, as
q=rv.
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In summary we get

LD NEUD DS SIS SRS I

v, |y1, ¢'=0 mod v’ =1 fGZ/{Z ["/)—* w_,_N/} a<gq,

v<u! a=f mod r

2
<Tvo ¥ a1+ )
y

!
1}71) |y1 9
v<o’

< N5/2+6Q2 <Q_2 + 1)
Ni '

This completes the estimate of X, and therefore the proof. O

This leads to a minor arc bound, which is useful for large Q).

Theorem 9.13. Assume @ < N2 and KQ < Nz. Then

2
/ |SN(6)|2d9 < M . N2(1-8)+4b (Ll n 1 ) ‘
Wa.x N 0

Proof. We estimate

| Isx@Pd < sw |Sy)] G sup 3 ISw(®)
WQ’K

GGWQ K ’BAN GEPQ 8

Inserting the estimates from the propositions above yields

1 1
/ |Sn(0)]2df < N20+1Fe (—1 + —) .
WQ,K Q§ N§

The claim follows directly by recalling how large €2y is at least. U
We still need suitable estimates for the situation when K is small.
Proposition 9.14. Assume 0 € Wq i with 1 < KQ < Nzz. Then

eclog log(KQ)? )

|Sn(0)] < 1y <W

Proof. Since N; =< N2~ there is 1 < j < J so that

1OO(KQ)o < N; < (KQ)% < Nz.

We define the three set

00 — =ARRRIC IS 02 — =, and 06 — 1

[1]
<
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For ¢; € Q¥ and M = Njt1--- Ny we have the estimates

Note that logjzf—]jvj) < M < N;log(Nj) and J — j < loglog(M). Finally recall that

2 25
2) 7 3) -
fw' > log (N, )? and Q' > eTogloz(31)7

We are ready to start the estimation of Sy (6). First write

SO < Y > [ D ellgsea, g5 g1 e2)b)|.

g1€QM g3€Q®) | g2eQ(?)

For fixed g; put = g/ es and note that |n| =< % Continuing as previously we
J

obtain the estimate

N|=

ST ellgsen gl gl e)0)| < (2207 - M - (85)3,

g3€Q3) |g20(?)

for
1
§={(g.9) € [Q®]" < [Q®]":|[((g — ¢, eq)l| < 57 for i = 1,2},

Note that we have extended the gz-sum to a sum over gses € {z € Z%: |2| < M}.
Since 0 € Wk o we can write

1{(g — g')n, ei>g|\ = [[{(g — g")m, e)fll + [[{(g — g")n, e1) Bl

and estimate

/
_ : Niw—— =
For fixed ¢’ we can enlarge the count £S by allowing g € SLy(Z) with ||g|| < Nj.
An application of Lemma 7.8 with ' = ¢'n, X = N/M and Y = N; yields

2

N?
1S < Q- K2]Q2'
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In summary we have
N;j
K@
(MNj)l—(Seclog log(M)?2 lOg(Nj)3
K@ '

The result follows directly after executing the g;-sum trivially and recalling bounds
for N; and M. O

N

Z Z e((gsea, g1 g e2)0)| < (#QP 4@z . M .

93€QB) | g2eQ2)

< 103 .10

Corollary 9.15. Suppose that 1 < KQ < N%, then we have

—8)1% cloglo 2
(0P < ()% QU eeelelie)
Wi N N F1-(1-8) 12

Proof. This follows directly after inserting the > bound above in the integral. [
This is still not sufficient for all K.
Proposition 9.16. Suppose 1 < KQ < N3, then

S 1Sx(0)] < 10 - @? (”‘Q)“ ’

— %eclog log(KQ)? )
BEPQ 8

Nl

Q

Proof. Using the same decomposition Qy = QMQPOG) as in the previous proof
we follow the proof of Proposition 9.12. It is relatively straight forward to arrive

at
ST sn) < Y )z M- (187,
0Py 3 g1€Q)

for

1
S ={(8.0,9,9") € Pojs x Pos x [2P]" x [QP]": |[(98 — ¢8| < i
with 7 = g, e5. It is by now standard to the condition in S’ to deduce ¢ = ¢’ and
a(gn) = a'(g'n) mod q.

One obtains 2

Q2

After inserting this above it is easy to reach the desired estimate. U

18" < 10®@ .

Corollary 9.17. Suppose 1 < KQ < N3z, then

/ |SN(9)|2d0 < ()2 _ (KQ)(l —5) 14 Cloglog(KQ)Q'
Wk.Q N 0r
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Proof. This follows directly after combining the two previous propositions as ear-
lier. U

With these estimates at hand we can complete the analysis of the minor arcs.
Theorem 9.18. Assume 6 > &y. Then for ¢ > 0 we have

Z’g ’2<<ﬂN)Qc

nez
Proof. By Parseval, we have

Slen(ml = [ 1= B (OFISx(©)Fa.

neN

First, we estimate the contribution that overlaps with the major arcs. Note that
1 —(z) = |z| on [-1,1]. For K < N|j| we have the estimate

[ saa@rissorae <3 Y [ 1508 (Graye) @

<9 (a,q)=1
(B2w)?

<N

where we used Proposition 9.14. Note that here 0 < ¢ < (1 — 5)% < %.
To treat the pure minor arcs we decompose it inn dyadic regions:

[isvera < 3 Y Tax,
Q<\FK<r

where
ok = / |SN(0)|2d0.
WQ,K

Suppose () = N® and K = N” where 0 < a < % and0§/£<%—oz. We define
n=(1- (5)%. The different estimates we proved will be applied in different
regions of the plane («, k). Indeed

Ri={(a,r): Kk >2(1 —0)+4b},
Re ={(a,k): a>4(1 —0) + 8b},

7—\),3:{(0[,/{)177(01+,‘€)<Kanda+li<5%}, and
1 5
R4:{(0z,fﬁ):n(a+/€)<§a anda+/<;<§}

The only remaining job is to collect together the appropriate estimates. O

Finally we can complete the promised proof.
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Proof of Theorem 9.1. For the major arcs we have established

i
Nloglog(N)

as long as n < N. Suppose n is not represented, then the minor arcs must be as
big as the major arcs. Indeed we would have

En(n)] = IN(n) = Mn(n)[ >

My (n) > > N2~ 110w

iQN
Nloglog(N)

Let &(N) denote the set of n < N which have a small representation number
Ry (n). More precisely

E(N) = {% <n< % Rn(n) < %MN(n)}

The standard argument now proceeds as follows

<< E ﬂ 1N
‘>> O; O,
=N Nlogl g(N)

N?loglog(N)?
< og log(N) Z|5N(”)|

()2 =
N?loglog(N)*  (4Qn)* ¢ « Ne—eV/ios®)
()2 N
This completes the proof. U

10. PROOF OF THEOREM 1.12

We closely follow [6]. We start with some preliminary estimates. For these we
identify Myyo(Z) with Z* and observe that Tr(A"B) = A - B.

Lemma 10.1. For any square-free ¢ > 1 and any vector s € Z* with (s,q) = 1 we

have
3
Z eq(78) < g2
v€SL2(Z/qZ)
for any e > 0.
Proof. 1t suffices to consider the case ¢ = p (by multiplicativity and square-

a b
c d

other cases are similar). The degenerate case ¢ = 0 contributes nothing since

Z Z ep(ax + by + aw) = Z ep(ax + aw) Z ep(by) =0

€(Z/pZ)* beZ/pZ a€(Z/pZ)* beZ/pZ

freenes). Write s = (z,y, z,w) and v = ) . We treat the case p 1 y (the

by character orthogonality.
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Matrices with ¢ # 0 contribute

Z Z agp+ ad—l)y+62+dw)
€(Z/pZ)* a,deZ/pZ
= Z ep(cz — cy) Z ep(ax) Z ep(d(Cay + w)).

c€(Z/pZ)* a€Z/pZ deZ/pZ

The d-sum vanishes unless a = —cyw mod p, in which case it contributes p. The
c-sum is a Kloosterman sum which can be bounded by 2,/p. (This is Weil’s
bound.)

This together with Lemma 5.4 implies the following.

Proposition 10.2. Let px be as above. For any square-free ¢ > 1 and any vector
s € Z* with (s,q) we have

N ox(©eyl€ - s) < g X 4 gPXE
fGSLQ(Z)

Proof. The idea is simply to split the some into congruence classes and use the
previous estimates:

D oex(©e&-s) = D elys) D ex(9)

£€SLa(2) Y€SL2(Z/q) £€SLa(2),
£=v mod q

X2 3
<| Y. e(v-S)lig—mrr + 0*X2).
v€SL2(Z/qZ) : SL2<Z/QZ)
O

Next we proceed as in the proof of Theorem 1.4 and construct a convenient set

N.

Proposition 10.3. Given any Y > 1 there is a non-empty subset ¥ = X(Y') C
'y N By with the following property. For all square-free q and all ag € SLy(Z/q7Z)
we have
|jj{u€N:aEa0modq}_ 1
i 8 SLa(Z/qZ)

where & is as in Theorem 06.1.

| < B(Y;q),

Proof. The proof of this existence result is essentially as before only using Theo-
rem 6.1 (see Proposition 9.5) and we omit the details. O

Our main parameters will be

X=N*"Y=NVand Z=Nforx+y+z=1.
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We will take z > 1 — 1 close to one and y, z > 0 to be small. Let X = RX(Y) C I'y
be the set constructed in Proposition 10.3. Further put

Eo={¢ €T Jl§l < X} and Qg = {w e T': ||w|| < Z}.
We don’t have good control on the size of R but we know that
=, < X% and $Q) =< Z%.
By the pigeon hole principle we find that there is some [x < log(X) so that
E={y€E0:l(y) =Ix}

satisfies
12> X P log(X) 7.
The same argument applied to €y yields Iz < log(Z) and a set
Q={weQ:l(w) =1z}
with
1> 7% log(Z2) 7.

Define the product IT = =Z-R- €. Since I' is a free and finitely generated semigroup
the representation w =¢-a-w of w € Il as a product of ¢ € =, a € XN and w € ()
is unique. Furthermore we have

IIHcrn BlOON-

We now turn towards the sifting procedure. Define the sequence 2 = {ay} by
n) = Z ILTr(w)z—ZL:n-
well

The sequence is supported in {n < T} for T = N2. for a parameter Q and any
square-free q < 9 we set
A= > an(n).

n=0 mod q
We decompose |2,| as follows

|Q[q| = Z :H-Tr(w)z—450 mod q — Z Z I]-Tr(‘w)z‘c mod q-

well tmod q, well
t2=4 mod q

The congruence condition will now be detected using character orthogonality of
eq(+). This looks as follows

W= > D Z > elr(Te(@) —1)).

trnod q, wEH qlq r€(Z/qZ)*
=4 mod q
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Define

M= X T IY T (=) o).

t mod q, wEH qlq, T€(Z/qZ)*
=4 mod q q<Qo

This gives the decomposition
2] = My + &, (34)

We will now treat the main term 91,. But first we recall the following estimate
(Exercise):

#{t € Z/qZ: € = 4 mod q} = 2"@ 121,

Proposition 10.4. Let 8 be the multiplicative function given at primes by

o) =2 (14 ).

P p*—1

There is a decomposition

My = B(q) - $I1+ 71(q) + r2(q),

where
. 2 ; Cy -0
Sl < i) (e 06 )
and
S lra(a)] < 11 %

q<Q
Proof. We start by using the construction of II to write

Mm, = Z Z Z Z Z eq(r(Tr(fapw)—t))-#{a € N: a = ap mod ¢}.

t mod g, ge_ qla, r€(Z/qZ)* ao€SLa(Z/qZ)
2=4 mod qwel  ¢<Qo

Using Proposition 10.3 we can write

My = MY +71(a),

for
jo
t2t TOdZ q<\qQ re(Z/qZ)* 2 ao€SL2(Z/qZ)
mod ¢ q 0
and
[r1(q)| << ( Z ¢*B(Y;q).
ala,

Q<Q0
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An ['-estimate for this error is easy to deduce:

D lra) <Y ¢"B(Yig) ) | % < flT1og()? [bg(Y)Ce*cv 08 4 @SY*@] :

q<Q q<Qo q<Q
We now define the real main term as

imgz) — imgl) _ Z ﬁH Z Z = Z/q ) Z eq(r(Tr(ag) — t)).

t mod q, qlqg r€(Z/qZ)* ap€SL2(Z/qZ)
t2=4 mod q

Here we have lifted the restriction ¢ < QQg. We get

imgl) = imff) + 72(q).

Observe that

1 1 q°
gl — - IT- .
) < 7(0) AL 300 <

q>Qo
This implies the desired average bound.
It remains to evaluate szf). To do so we define

1 §
(p) = v E —Y)
P Lo(Z/pZ
£S 2( /p ) ~ESL2(Z/pZ) re(Z/pZ)*
on the primes. We get

MP =y HHpt

t mod q, plq
t?=4 mod q

Note that t = +2 mod p for p | q. An elementary computation shows that
1
-1
This directly implies smﬁf) = 5(q) - £IT as desired. O

pi(p) =

We still need to control the error €,. It suffices to do so on average. Define

e=YlEl=21 X XY Y at(t=)-y)

q<Q q<Q t mod q, wEH qlg, T€(Z/qZ)*
=4 mod q q>Qo

Theorem 10.5. For any € > 0 and any 1 > Qo < Q < N we have

1 1 0
— =+

E KNI (XZ)°
Qél 74 X1
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Proof. We define

e
C(q)—e—:-

This gives us

E=X i) Y XY Y ab(hiw)-0)

q<Q tmodq weH qla, re(Z/qZ)*
=4 mod q q>Qo
-y Z > eylrTr(w)) - Gi(g,r),
Qo<q<Q €(2/qz)* well
for
¢(q
Glg:r)=¢q Z (@) Z eq(—rt).
q<1, 9 t2=4 mod q
q=0 mod ¢

Now we decompose Il = = - N - Q and break the ¢g-sum into dyadic pieces. This

gives
E<Y Y —51 (Q:a),
aer Q0<Q<Q
dyadic
where
Z| Z Glg,r ZZeq r Tr(&aw)|.
q=Q re(Z/qZ)* £€E weN

We are done as soon as we can show

4
£1(Q;a) K NQ -2 -#Q - (X Z)'7° [Qli + é + %}

To temporary remove the absolute value in & (Q;a) we artificially introduce
another number ((¢q) € S'. Taking out the é&-sum and applying Cauchy-Schwarz
we obtain

2

E(Qa) <2 D wx(© D Gl D Glar)) ] e(r Tr(faw))
§€SLa(Z) 7=<Q re(Z/qZ)* we

Note that we artificially inserted the weight function ¢x and extended the £-sum
to all of SLy(Z). Note that we have the easy estimate (;(q,r) < Q°. The trace is
linear so that we can open the square to get

E(QaP <Y > Y | Y ¢X(5>€<5'E“”_gwl]>

0,4 <Q ww'€R re(Z/q2)* |E€SL2(Z)
r'e(Z/q'2)*
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At this point we write

r r S

—aw — —/aw’ = —,
q q 4o

We need some information on s and ¢qg. Both these depend on ¢, ¢, r,r’,w,w’ and
a. Let us introduce some more notation

i=(¢,9), a=qq ¢ =d¢qand ¢§=[9.¢] = qq1q.

All ¢’s are square-free. Observe that ¢i1q] | qo and qo | §. Further set o = (qo, q)
and G = qodo = q1}dodo- We must have go = g1,y and Q < ¢ < Q2
We also obtain the congruence

¢irw = qir'w’ mod .
Looking at the determinant yields
(¢1r)* = (@17)* mod o
Since 1 = (17, Go) = (¢}7, o) we find u with u? = 1 mod ¢y so that
¢;r = ugqr’ mod go.
The number of such « can be estimates by 2/(%) <« N¢. We deduce that
w = uw’ mod dy.

With this at hand we obtain

a@Qar<a-= Y Y Y Y > >

Q<K4<Q? qiqidoGo=4, uwmoddo re(Z/qZ)* r'€( Z/q’Z w'eN
q q140G0=<Q, ¢*=1 mod go qir=uqr’ mod do
q'=q1GoGo=Q,

q0=q1¢do

Yo ez YD ex(©eg(E-s)

weSLa(Z), £eSLa(Z)
w=uw’ mod §o,

/
s:qo(gaw—ﬁaw’)

We work from inside out. First, the &-sum can be estimated using Proposi-

3
tion 10.2 (contributing (gy 2X2 + ¢3X2)). Similarly we treat the w-sum (con-
tributing (¢;2Z2+ Z2)) and the w'-sum is treated trivially (contributing £€2). The
r’-sum can be estimated by and the r-sum by g. Together this makes

/ ! 2
99 _ 9% o @

qo0
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As noted earlier we can bound the u-sum by N¢. We are left with

€ - Q2q A 3 -3 3
E(Qia) (AN)“22- D0 30 S0 (6720 + 23 (g " X+ g X)
R<K§<KQ? q0Go=4
111 1 8
«n@uEpaz Y L La gl
RKGKQ? ¢ 1qz Zz Xz
This directly implies the desired estimate. O

We are now ready to put main term and error together.

Theorem 10.6. For any sufficiently small n > 0 there is A = A(n) sufficiently
large so that the sequence A has level of distribution

Q=Tn"

More precisely there is a multiplicative function f: N — R so that

[T 0 - sy <o (1250 )

wEpes log(w)

for some C > 1 and any 2 < w < z. (This is a quadratic sieve condition.)
Furthermore there is a decomposition

24| = B(a) - 411+ r(q),
so that for all K
gI1
2. < log(N)*"

9<8,
square-free

Finally, we can choose X = N'=" (in the construction of I1) so that #I1 > N2~

Proof. From Proposition 10.4 and Theorem 10.5 we get
[ = B(q) - 81T+ r1(q) + 72(q) + €.

g

r(a)
Recall that we had X = N*, Y = N¥Y and Z = N* with x +y+ 2z = 1. Further set

N =T%=N?*and Qy = N.

Note that we can estimate

> _lr(a)] < I+ log(Q)? (+ + QOCY—9> N
eV 1og(Y) 0

q<Q
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by Proposition 10.4. The first two contributions are controlled as long as y > 0
and 0 < ap < %. Finally £ can be estimated by Theorem 10.5. The so obtained

bound suffices for

% > (x4 2)(1 - d),

Z > (x4 2)(1 —9) and
% > 8a+ (x4 2)(1 —9). (35)

What is left is an exercise in maximizing « for which there is such a triple
(x,y, z). Let n be sufficiently small and put o = 3—12 — 7. Further assume 0 > 1—1n
and set © = 1 — 7. It is elementary to show that (35) is satisfied.

We set o .
U
=———— y=2—and o = =z.
11cj/e ¥~ g MmianTge
Further assume that 6 > 1 — m. We can guarantee this condition by making
A sufficiently large. (Note that X € I'y is independent of A!)

We have y% > ay as desired. Finally we observe

z

zZ Qg 5 1
-> = =— — 1— 1—90).
17 1 St <5 d> (x4 2)(1—-9)
Thus all requirements are met and the proof is complete. U

This level distribution theorem implies the following key sieving theorem.

Theorem 10.7. Let l1ap denote the set of @ € 11 for which Tr(w)? — 4 is almost
prime. That s

Hap ={wecll:p| (Tr(m)® —4) = p>N%},

Then for any sufficiently small n there is an A = A(n) sufficiently large and a
choice of X,Y, Z so that
i ap > N2,

Proof. Put a = 3—14. An application of Brun’s sieve (Exercise) shows that

41T
2 anln)> log(N)?’

n7
(n,Pz)=1

for Pz = Hp<zp and z < Ta/(9n+1) — T1/646 — N1/323‘ We can take z = Nﬁ Of
course any n = Tr(w)? — 4 co-prime to P, has no prime factors below z. The rest
of the theorem follows directly. O

It is an easy Exercise to show that
H{y € Tar Te(y) =t} < '
forall A<ooandt > 1.
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Proof of Theorem 1.12. Let a = ﬁ and n > 0 sufficiently small. We have already

fund A sufficiently large and a set II C T'y N By with #Il4p > N2~ Recall that
Map={well:p| (Tr(w)*—4) = p> N°}.
Also define
15, = {w € 4p: Tr(w)? — 4 not square-free}.
We can estimate
t{y € T4 N By: Tr(y)? — 4 square-free} > #{y € l4p: Tr(y)? — 4 square-free}
> N2 #T1Y,.

Suppose v € I15,. Then there is a prime p > N so that p? | (Tr(y)? — 4).
However, this implies that there is € € {£q} so that

(p* + €2) | Te(y).
This implies p < v/N. With these observations made we can trivially estimate

Mhp < ) > #{yeTanBy: tr(y) =t}

t<N,

1
o 2
Ne<p<N t2—4=0 mod p?2

N
< Z E . N1+6 < N2fa+e.
Ne<p<N3

We are done as soon as 26 > 2 — «. This can be arranged by assuming 6 — 3 >
1 — 1/700, which will fold for A sufficiently large. U
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