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Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011MathematicallogicmodelsmathematicsMathematics↔ MathematicallogicLanguage-basicnotions symbols -Syntaxstatements formulasproofs formalderivations(⊢)Ontology- structures sets,relations,etc -Semanticstruth satisfactionrelationimplication logicalimplication(�)



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011Mathematicallogicmodelsmathematics
− excellentagreementbetweenontologyandsemantics:agroupisasetsuchthat...
− completeagreementbetweensyntaxandsemantics:GodelÈ 'scompletenesstheorem:⊢ = �

− hence:everyproofcanbereplacedbyaformalderiva-tion
− formalmathematics:toactuallyproduceformalderiva-tionsfrominformalproofs



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011Onthefeasability(complexity)offormalmathematicsN.Bourbaki:[...]suchaprojectisabsolutelyunrealizable:thetiniestproofatthebeginningsoftheTheoryofSetswouldalreadyrequireseveralhundredsofsignsforitscompleteformalization.[...]formalizedmathematicscannotinpracticebewrittendowninfull,[...]J.McCarthy:Proofstobecheckedbycomputermaybebrieferandeasiertowritethantheinformalproofsacceptabletomathematicians.Thisisbecausethecomputercanbeaskedtodomuchmoreworktocheckeachstepthanahumaniswillingtodo,andthispermitslongerandfewersteps.



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011Informalproofs...

− useinformalmathematicallanguage,combiningnaturallanguageandformulas
− canbestudiedlinguisticallyastextsinaspecialisedlan-guage
− aredirectedathumanexperts,omittingbackgroundthe-oriesandmanydetails
− canbestudiedwithinargumentationtheory



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011Bridgingthegap informallanguage
∪controllednaturallanguageofmathematics
↓computationallinguisticsformallanguage
↓TPTPfirstorderlanguage



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011Bridgingthegap informalargument
↓sequenceofTPTPstatements
↓automatictheoremprovers+backgroundtheoryformalderivationforeachstatement?
↓acceptance/nonacceptance



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011TheNaprocheproject:Naturallanguageproofchecking
− studiesthesyntaxandsemanticsofthelanguageofmathematicalproofs,emphasizingnaturallanguageandnaturalargumentation,relatingthemtoformalmathe-matics

− modelsnatural languageproofsusingcomputer-sup-portedmethodsofformallinguistics(naturallanguageprocessing,NLP)andformallogic(automatictheoremprovers,ATPs)
− withBernhardSchroderÈ , MarcosCramer, (DanielKuehlwein,MerlinCarl,JipVeldman)



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011TheNaprochesystem

− Todeviseastrictlyformal systemformathematics,implementedbycomputer,whoseinputlanguageisanextensivepartofthecommonmathematicallanguage,andwhoseproofstyleisclosetoproofstylesfoundinthemathematicalliterature.
− Naprochelanguage:controllednatural languagefor(partsof)mathematics
− backgroundontology(sets,functions,types,...)
− bridginggapsinproofsbyusingATPs



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011Linguisticanalysis

− formalgrammars,e.g.,phrasestructuregrammar
− standardtechniquesofcomputationallinguisticsliketok-enizing,parsing
− parsingmathematicalnotationlike∑

n=1

∞ 1

n2

incombina-tionwithnaturallanguageparsing
− discourserepresentations
− proofrepresentationstructures



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011LayersoftheNaprochesystem
↓ StandardeditororwebeditorTeX-styleinputtext

l Naturallanguageprocessing(NLP)Proofrepresentationstructure(PRS)
l First-ordertranslationFirst-orderlogicformat(TPTP)
l Proofcheckerorautomatictheoremprover(ATP)``Accepted''/``Notaccepted'',witherrormessages



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011E.Landau,GrundlagenderAnalysis,1930Theorem30:Forallx, y, z , x ∗ (y + z) = (x ∗
y) + (x ∗ z).Proof:Fixx, y.x ∗ (y + 1) = x ∗ y ′ = x ∗ y +
x= (x ∗ y) + (x ∗ 1).Nowsupposex ∗ (y + z) = (x ∗ y) + (x ∗ z).Thenx ∗ (y + z ′) = x ∗ ((y + z)′) = (x ∗ (y +
z)) + x = ((x ∗ y) + (x ∗ z)) + x = (x ∗ y) +
((x ∗ z) + x) = (x ∗ y)+ (x ∗ z ′).Thusbyinduction,forall z,x ∗ (y + z) = (x ∗
y) + (x ∗ z).Qed.



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011Chapter1fromLandauinNaproche
by Merlin Carl, Marcos Cramer, Daniel KuehlweinAbstractThis is a reformulation of the first chapter of Landau's Grundlagen der Analysis in the Controlled Natural Language of Naproche.Talk about sets is still avoided. One consequence of this is that Axiom 5 (the induction axiom) cannot be formulated; instead we usean induction proof method.Axiom3: For every x, x′� 1.Axiom4: If x′= y ′, thenx= y.Theorem1: If x� y thenx ′� y ′.Proof:Assumethat x� y and x′= y ′. Thenbyaxiom4, x= y. Qed.



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011Theorem2: For all x x′� x.Proof:Byaxiom3, 1′� 1. Supposex ′� x. Thenby theorem1, (x′)′� x ′. Thusby induction, for all x x ′� x. Qed.Theorem3: If x� 1 then there is au such that x=u′.Proof:If 1� 1 then there is au such that 1=u′.Assumex ′� 1. If u=x then x′=u′. So there is au such that x′=u ′.Thusby induction, if x� 1 then there is a u such that x=u ′. Qed.Definition1:Define + recursively:

x+1=x′.

x+ y ′= (x+ y) ′.Theorem5: For all x, y, z, (x+ y)+ z= x+(y+ z).Proof:Fix x, y.

(x+ y)+ 1= (x+ y)′=x+ y ′=x+(y+1).Assume that (x+ y) + z = x+ (y+ z). Then (x+ y) + z ′= ((x+ y) + z) ′= (x+ (y+ z)) ′= x+ (y+ z) ′= x+ (y+ z ′). So (x+ y) +
z ′=x+ (y+ z ′).Thusby induction, for all z, (x+ y)+ z=x+ (y+ z). Qed.Lemma4a: For all y, 1+ y= y ′.Proof:Bydefinition1, 1+ 1=1′.Suppose 1+ y= y ′. Thenbydefinition1, 1+ y ′=(1+ y) ′. So 1+ y ′=(y ′)′.Thusby induction, for all y 1+ y= y ′. Qed.



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011Currentprojects

− formalizingLandau
− majorrewriteoftheNaprochesoftwareforgreatermod-ularityandmorelinguisticvariants,includingaweaktypeformalism
− collaborationwithA.Paskevichet.al.onSystemforAutomatedDeduction(SAD)



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011Possibleapplications

− Naturallanguageinterfacestoformalmathematics
− Mathematicalauthoringandcheckingtools
− Writingtextsthataresimultaneouslyacceptablebyhumanreadersandformalmathematicssystems
− Tutorialapplications:teachinghowtoprove



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011Generalissues

− Linguistics:constructionandanalysisofamathematicallanguagewithadefinitefirstordersemantics
− Canthegapbetweennaturalproofsandformalderiva-tionsbenarrowed?
− Therearenatural(lylooking)proofsthatarefullyformalwithrespecttotheNaprochesystem
− Philosophyofmathematics:what isamathematicalproof?Naturalismversusformalism?



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011
ThankYou!



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011TheNaprochesystem:
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Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011TheNaprochesystemProofobligationfory= x:fof('holds(2,4,0)',conjecture,vd2=vd1).fof('holds(1,3,0)',axiom,vd1=vd2).
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Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011TheNaprochesystemAxiom1.Forall$x$,$y$,$z$,$(x*y)*z=x*(y*z)$.Axiom2.Forall$x$,$1*x=x$and$x*1=x$.Axiom3.Forall$x$,$x*f(x)=1$and$f(x)*x=1$.Lemma1.If$u*x=x$then$u=1$.Proof.Supposethat$u*x=x$.Then$(u*x)*f(x)=x*f(x)$.Byaxiom1,$u*(x*f(x))=x*f(x)$.Sobyaxiom3$u*1=1$.Then$u=1$byaxiom2.Qed.



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011TheNaprochesystemLemma2.If$x*y=1$then$y=f(x)$.Proof.Assume$x*y=1$.Then$f(x)*(x*y)=f(x)*1$,i.e.$(f(x)*x)*y=f(x)$.Hence$1*y=f(x)$,i.e.$y=f(x)$.Qed.Theorem1.$f(x*y)=f(y)*f(x)$.Proof.Let$u=(x*y)*(f(y)*f(x))$.Then$u=x*((y*f(y))*f(x))$byaxiom1.So$u=x*(1*f(x))=x*f(x)=1$.Thus$(x*y)*(f(y)*f(x))=1$.Hence$(f(y)*f(x))=f(x*y)$bylemma2.Qed.



Pe ter Koepke : N a tu ra l P roof C heck ing : T he N apro che P ro je c t , Ba rce lona, Ju ly 12, 2011TheNaprochesystemAxiom1.Forallx,y,z,(x ∗ y) ∗ z = x ∗ (y ∗ z).Axiom2.Forallx,1 ∗x= x andx ∗ 1= x.Axiom3.Forallx,x ∗ f (x) = 1andf (x) ∗x=1.Lemma1.Ifu ∗x= x thenu=1.Proof.Supposethatu ∗ x= x.Then(u ∗x) ∗ f (x) = x ∗ f (x).Byaxiom1,u ∗ (x ∗ f (x)) = x ∗
f (x).Sobyaxiom3u ∗ 1 = 1.Thenu=1 byaxiom2.Qed.Lemma2.Ifx ∗ y=1 theny = f (x).Proof.Assumex ∗ y = 1.Thenf (x) ∗ (x ∗ y) = f (x) ∗ 1, i.e. (f (x) ∗ x) ∗ y = f (x).Hence1 ∗
y= f (x),i.e.y= f (x).Qed.Theorem1.f (x ∗ y) = f (y) ∗ f (x).Proof.Letu= (x ∗ y) ∗ (f (y) ∗ f (x)).Thenu= x ∗ ((y ∗ f (y)) ∗ f (x)) byaxiom1.Sou= x ∗
(1 ∗ f (x)) = x ∗ f (x) = 1.Thus(x ∗ y) ∗ (f (y) ∗ f (x)) = 1.Hence(f (y) ∗ f (x)) = f (x ∗ y) bylemma2.Qed.
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